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Abstract

In this paper, we present an extension of dynamic Kantorovich’s inequality
on time scales by using the time scale Riemann-Liouville type fractional inte-
gral. Furthermore, we find generalizations of well-known Minkowski’s inequality,
Milne’s inequality and Nesbitt’s inequality on time scales by using the time scale
Riemann-Liouville type fractional integral. Our investigations unify and extend
some continuous inequalities and their corresponding discrete analogues.
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1 Introduction

We introduce here some well-known inequalities.

An interesting generalization of Kantorovich’s inequality was given by Hao [11, p.
122], which states:

Let 25, € (0,400), yx € (0,400) and wy, € [0, +00) for k = 1,2,...,n. Suppose

that 0 < my < 2, < Mjand 0 < my < yp < Mo, k = 1,2,...,n for some constants
1 1
mi, Mo, M1, and Ms. Further, let 0 < — < — < 1land — 4+ — = 1. Then
q p p q
1 1 IM
_ PSS wy ) 1+ ml -
(z w> (z —'f) <oMram (z wk) o
k=1 k=1 Lk (M1m1
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and

- P i1 (M Ms) + (mama)
(Z wiﬁi) (Z wk?/}%) <7 Z WETkYk (1.2)
k=1 k=1

(Mymy ) <M2m2>

1 1
Let) < — < - < 1land - 4+ — = 1. If 2, y;, and w;, are nonnegative real sequences,

q p p q
and 0 <my < xp < Mp,and 0 <ms <y < Myfork=1,2,...,n,then

(Z wﬂi) + (Z wkyi) <Q (Z wi (@ +yk)2> ; (1.3)
k=1 k=1

k=1

where
y (MiM>) + (m1m2)

(Mymy)s (M2m2) g

The inequality from (1.3) is called, in literature, Minkowski’s inequality as given in [16].

We will unify and extend these results on time scales. The calculus of time scales
was initiated by Stefan Hilger as given in [10]. A time scale is an arbitrary nonempty
closed subset of the real numbers. The theory of time scales is applied to combine
results in one comprehensive form. The three most popular examples of calculus on
time scales are differential calculus, difference calculus, and quantum calculus, i.e.,
when T = R, T = Nand T = ¢"° = {¢' : t € Ny} where ¢ > 1. The time
scales calculus is studied as delta calculus, nabla calculus and diamond-« calculus. This
hybrid theory is also widely applied on dynamic inequalities (see [1]). Recently, it is
proved that some dynamic inequalities such as Radon’s inequality, generalized Radon’s
inequality, Bernoulli’s inequality, Schlomilch’s inequality, Rogers—Holder’s inequality
and the weighted power mean inequality on time scales are equivalent (see [12]). Basic
work on dynamic inequalities is done by Ravi Agarwal, George Anastassiou, Martin
Bohner, Allan Peterson, Donal O’Regan, Samir Saker and many other authors.

In this paper, it is assumed that all considerable integrals exist and are finite and T is
a time scale, a,b € T with a < b and an interval |a, b]y means the intersection of a real
interval with the given time scale.

Q:

2 Preliminaries

We need here basic concepts of delta calculus. The results of delta calculus are adopted
from monographs [6,7].
For ¢t € T, the forward jump operator ¢ : T — T is defined by

o(t):=inf{s € T: s > t}.
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The mapping v : T — R = [0, +00) such that u(t) := o(t) — t is called the forward
graininess function. The backward jump operator p : T — T is defined by

p(t) :==sup{s € T : s < t}.

The mapping v : T — R} = [0, +-00) such that v(¢) :=t — p(t) is called the backward
graininess function. If o(¢) > ¢, we say that ¢ is right-scattered, while if p(t) < ¢, we say
that ¢ is left-scattered. Also, if ¢ < sup T and o(t) = ¢, then ¢ is called right-dense, and
if t > inf T and p(t) = t, then ¢ is called left-dense. If T has a left-scattered maximum
M, then T" = T — {M}, otherwise T* = T.

For a function f : T — R, the delta derivative f* is defined as follows:

Let ¢ € T, if there exists f A(t) € R such that for all ¢ > 0, there is a neighborhood
U of t, such that

(1)) = f(s) = fA@B)((t) = 8)| < elo(t) - 5],
for all s € U, then f is said to be delta differentiable at ¢, and f(¢) is called the delta
derivative of f at t.

A function f : T — R is said to be right-dense continuous (rd-continuous), if it
is continuous at each right-dense point and there exists a finite left-sided limit at every
left-dense point. The set of all rd-continuous functions is denoted by C,4(T, R).

The next definition is given in [6, 7].

Definition 2.1. A function F' : T — R is called a delta antiderivative of f : T — R,
provided that F2(t) = f(t) holds for all t € T*. Then the delta integral of f is defined
by

b
/ f(t)At = F(b) — F(a).
The following lemma holds [6].
Lemma 2.2. Assume that f and g are continuous functions on [a, blr. If f(t) < g(t) for

all t € [a,b]r, then
b b
/ f)At < / g(t)At.

The following results of nabla calculus are taken from [5-7].

If T has a right-scattered minimum m, then T, = T — {m}, otherwise T) = T.
A function f : Tp — R is called nabla differentiable at ¢ € T}, with nabla derivative
fY(t), if there exists £ (t) € R such that for any ¢ > 0, there is a neighborhood V of t,
such that

[f(p(1)) = f(s) = Y (0)(p(t) — s)| < elp(t) — s,
foralls € V.

A function f : T — R is said to be left-dense continuous (Id-continuous), provided
it is continuous at all left-dense points in T and its right-sided limits exist (finite) at all
right-dense points in T. The set of all 1d-continuous functions is denoted by Cy4(T, R).

The next definition is given in [5-7].
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Definition 2.3. A function G : T — R is called a nabla antiderivative of g : T — R,
provided that GV (t) = g(t) holds for all + € Ty. Then the nabla integral of g is defined
by

The following definition is taken from [2,4].

Definition 2.4. For o > 1, the time scale A-Riemann—Liouville type fractional integral
for a function f € C,, is defined by

:mﬂwz/Vwﬂudﬂvam @.1)

which is an integral on [a,t)T, as given in [8] and h, : T x T — R, a > 0 are the
coordinate wise rd-continuous functions, such that hy(t, s) = 1,

t
haar(ts) = / ha(r, $)At, Vs,t € T. 2.2)

t
Notice that Z, f(t) = / f(7)AT, which is absolutely continuous in ¢ € [a, b|T, see [8].

The following definition is taken from [3,4].

Definition 2.5. For oo > 1, the time scale V-Riemann-Liouville type fractional integral
for a function f € (), is defined by

tﬁﬂ®=/ﬁwﬁmmﬁ@Wﬂ 2.3)

which is an integral on (a,t]r, as given in [8] and he : TxT — R, a > 0 are the
coordinate wise ld-continuous functions, such that hy(t,s) = 1,

t
hot1(t,s) = / ho(T,8)VT, Vs,t € T. (2.4)

t
Notice that 7! f () = / f(7)V7, which is absolutely continuous in ¢ € [a, b]r, see [8].

We need the following results as given in [14].
Letw, f,g € Cyq (|a,blr,R) and neither w = Onor g = 0. If § > 0 and A > 1, then
foraa>1

(2.5)

(Zz (@I @lla(@) )", (Jw@)]|f @)
(¢ (jw(@)llg @) )" S“( 9(@)P? )'
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Let w, f, g € Crq([a,b]T,R). Then for a > 1

72 (@)1 £ (@)g(@)]) < (T2 (lw(@)|f @) (T2 (w@llg@)?) . @6

The next result is proved in [13].
Letw, f,g € Crq([a,b]r, R) be A-integrable functions, neither w = 0 nor g = 0. If
5> X>0,then

o+
/'“’ ||f |+Ax. 2.7)

Theorem 2.6 (See [1]). Let a,b € T and ¢,d € R. Suppose that g € C..q([a, b]r, (¢, d))
b
and w € C,q ([a, b7, R) with/ lw(s)|As > 0. If ¥ € C ((c,d),R) is convex, then the

generalized Jensen’s inequalityais
A
NG _ I )% (gs) As o8
N Iw IAS N Iw \AS

If VU is strictly convex, then the inequality sign “ < ” in the above inequality (2.8) should
be replaced by “ < .

3 Kantorovich’s Inequality

In this section, we give an extension of dynamic Kantorovich’s inequality on time scales
by using the time scale A-Riemann-Liouville type fractional integral.

Theorem 3.1. Let w, f,g € C,q([a,b]T,R), ho_1(-,:) > 0 and neither f = 0 nor
1 1 1 1
g=0.Ifp,geR 0<-<—-<1land — + — =1, then fora > 1
p p g

(22 (Jw(@)If@)P)) " (T3 (lw()llg()))
(M M) + i (m1m2)

(Mymy)e (M2m2)%

1
p

(Zg (Jw(@)[f(x)g(=)])), (B.1)

with some positive constants my, ms, My and M, such that ﬁ <
2

the set [a, x|t, where Yz € [a, .
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Proof. We have

EM’_EE> <‘M‘_%)

(p o) " a3n) o) " me) =°
1M2_<1M1 1m1)‘f ‘ 1 Mym,
- p'g(y) pmy  q M qumQSO
1@2 lMlml (1M1 1m1)'f ’

- p‘gy) +qM2m2_ pme g M,

Multiplying by |w(y)||g(y)|*, we get

eI+ L e < (5500 + ) el el 62

pms g M,
Now, we have that

1

([ hastcowmlismPan) ([ o owmlullswiay)’

- (G % ([ ha_1<x,a<y>>|w<y>||f<y>|2Ay)‘1’

)
) (/ (%l:;;) h“1(9”’U(y))\w(yﬂlg(y)PAy)q
7 mhoé_1(x,U(?/))|w(y)| l|f(y)|2+1%1ml|g(y)|2 N
) (/ (i + 12

(Mm)‘l’ [ reateot) (S22 et

pma

where we have used the well-known Young inequality ¢ %né < g + Q, valid for non-
p g

negative real numbers ¢ and 7, and then (3.2). Thus,

1
q

(22 (e@)1f (@)?))? (Z¢ (Jw(@)llg@)?))

: (%ﬁj) (%%* ;Tj) (Z2 (lw@)lf (@)g(@)]) . (33)

Thus, (3.1) follows from (3.3). ]

Next, we give an extension of dynamic Kantorovich’s inequality on time scales by
using the time scale V-Riemann-Liouville type fractional integral.
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Theorem 3.2. Let w, f, g € Cyq ([a, b1, R), ha_1(-,-) > 0 and neither f = 0 nor g = 0.

1 1 1 1
Ifp,e RO< -<—-<land —+ - =1, thenfora > 1
q P p q

(2 ()| F(@)P))? 2 (wlolg(e >|2)>%

(Mle) + = (m1m2)

— | (T3 (lw@)|[f(x)g(2)]), (3.4)
(Mlml)q(Msz)? ] !

M
with some positive constants my, mo, My and My such that m < ’M’ < L on
2 9(y) ma
the set [a, x|t, where Yz € [a, .
Proof. This proof is similar to the proof of Theorem 3.1. 0

Remark 3.3. Ifweseta =1, T=Z,a=1,z =b=n+1, wk) = wy € [0, +0),
f(k) =x € (0,400) and g(k) = yi € (0,+00) for k = 1,2,...,n, then (3.1) reduces
to (1.2).
Further, if we replace wy, by % and set my =y, = My = 1fork =1,2,...,n,
k

then (1.2) reduces to (1.1).

4 Minkowski’s Inequality

In this section, we give an extension of dynamic Minkowski’s inequality on time scales
by using the time scale A-Riemann—Liouville type fractional integral.

Theorem 4.1. Let w, f,g € C.q([a,b]T,R), ha_1(-,) > 0 and neither f = 0 nor
1 1 1

g=0.Ifp,ge R 0< —-—<—-—<1land — 4+ — =1, then fora > 1
q p P q

D=

(@2 (lw(@)lg@)P))?
< Q(Z2 (Jw@)|(1£@)] + lg@)?) 7, @D

(Z2 (lw(@)[1f(@)*))

|

where
0 y (MiMs) + (m1m2)
(Mymy )t (Myms)
M
with some positive constants my, mo, My and My such that — < 'M' < Lon
M2 9(y) ma

the set [a, x|t, where Yz € [a, .
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Proof. From (4.1), we have

QT3 (Jw(@)| (|f ()] + lg(2)])*)
QL (Jw(@)|[f (@) (1 ()] + g(2)])) + QL5 (Jw(2)[lg(@)] (|f ()] + |9(=)]))
> (T3 (Jlw@)If@)) 7 (Z3 (lw(@)] (£ (@)] + lg(x)])))
+ (22 (lo(@)llg@)P)) 7 (T2 (lw@)| (@) + lg@)?))7

where we have used (3.1). Thus, the proof is complete. [

I
Q=

Q=

)
(

Next, we give an extension of dynamic Minkowski’s inequality on time scales by
using the time scale V-Riemann-Liouville type fractional integral.

Theorem 4.2. Let w, f,g € Ciq ([a, blr, R), iza_l(-, -) > 0 and neither f = 0 nor g = 0.
1 1 1 1

Ifpge R 0< -<-<1land -+ — =1, thenfora > 1
qQ P P 4q

3=

+ (7 (lw(@)lg()?))?
< Q72 (Jw(@)] (F@)] +g@)))7, @2)

(T5 (Jw(@)[[f()]*))

S =

where
(M My) + (m1m2)

(Mymy)s (M2m2)

1
Q:P

with some positive constants my, mo, My and My such that

< |fW ‘
9| = me
on the set [a, x|t, where Yz € [a, b].
Proof. This proof is similar to the proof of Theorem 4.1. [

(k) = W € [0, +OO),

Remark 4.3. Leta—lT—Za—lx:b: +1
oo) for k = 1,2, ..., n. Then inequality

f(k) = z), € (0,+00) and g(k) = yi. € (0,
(4.1) reduces to inequality (1.3).

5 Milne’s Inequality

In this section, we give an extension of dynamic Milne’s inequality on time scales by
using the time scale A-Riemann—Liouville type fractional integral.
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Theorem 5.1. Let w, f,g € Crq ([a, b]r, R) with |f| + |g| # 0 and he_1(+,-) > 0. Then
fora>1

T2 (o @ F)g(a)))
< (@ (w@)l (7@ + o) (22 (lu] ( 5724055)))

< (Z (lw@)If @) (Z2 (lw(@)llg(=)F) - 6.1
Proof. Case (i). Let |h(y)|* < |f(y)g(y)| on the set [a, z]r, where ¥V € [a, b]r. Then

T

/ (. 0()|w(y)||h(y) Py < / s (2, () (@)1 ()9 ()| A

a

Now,

xT

/xha—l(fva0(@))|w(y)||h(y)lﬁyS/ har(z, 0 (y))w@)||f (¥)g(y)|> Ay.

a

Applying the Cauchy—Schwarz inequality (2.6), we obtain

/ har(, 0(5) ()] h(y) | Ay
< ( [ ha_1<x,o<y>>|w<y>|rf<y>my) : ( I ha_1<:c,a<y>>|w<y>||g<y>my) y
Replacing |h(y)|, | f(y)| and |g(y)| by H(y), F(y) and G(y), respectively, and letting

Hy) = 1F @)Wl Fy) = 1F @) + l9(y)]? and G(y) = AL W9W)

W+ 1g(y)P?
[a, x|, where Vzx € [a, b]t, we get the desired result.
Case (i1). Now we prove the second inequality. We consider

|f(w)g)? ) Ay

| et ottty (If(y)|2 NPT

= [ hentr o) (If(y)|2 19
+ / s (@, 0 () ()| () 22y

_ /”ha1<x,a<y>>\w<y>|rf<y>my

S )l
[ et ot (y)|(!f(y)l2+\g<y)!2)Ay

< / o (.0 () ()| (1) Py

on the set
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N (J has(@, o (y))w(y)|| £ () PAy)”
I Paca (@, a(y))w@)| (1 F )12+ 9(y)12) Ay’

where we have used Radon’s inequality given in (2.5) for 5 = A = 1 and hence, the
second inequality follows. 0

Next, we give an extension of dynamic Milne’s inequality on time scales by using
the time scale V-Riemann-Liouville type fractional integral.

Theorem 5.2. Let w, f, g € Ciq ([a, b, R) with | f| + |g| # 0 and ho_1(-,+) > 0. Then
fora >1

(T (@I F @)’
< (72 () (5P + @) (7wl (522000 ))

|[f(@)? + [g(z)[?
< (T2 (lw@)]|f(@)?)) (Ta (hw(@)llg(@)?)) . (5.2)

Proof. This proof is similar to the proof of Theorem 5.1. [

Remark 53. Ifweseta =1, T=Z,a=1,z=b=n+1L,w=1, f(k) =z, € R
and g(k) = yx, € R with || + |yx| ZO0for k =1,2,... n, then (5.1) reduces to

n

g ’ " n 2,2 n
<; m%) < ; (27 +v7) ; xg’f];k < in Zyz (5.3)

k=1 k=1

The inequality (5.3) may be found in [9].

6 Nesbitt’s Inequality

The following result is a generalization of dynamic Nesbitt’s inequality on time scales
by using the time scale A-Riemann-Liouville type fractional integral.

Theorem 6.1. Let w, f € C,q([a,blr,R —{0}) be A-integrable functions and also
hao1() > 0. Ify =2 Lp = m > 0, m2 = 21, Qx) = I3 (lw(z)||f(2)|™) and
Q(z) > sup |f(y)|™, then for a > 1

yEla,x]T

<72 (1) (o) ) 60
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Proof. Take
— [ @Il sy, Vo e fa b
Applying Jensen’s inequality (2.8) for v > 1, we get

([ o (5 )f|"<>>Ay> 7
< ([ s [l (5 ) e 62

Now we apply generalized Radon’s inequality (2.7) for A= 1,5+ 1 = 2 and get

m
[ ol (5220
= /‘ ( ‘m nl‘m>Ay

([ e ‘Ay) _mf;\ww)! S)) [OREY

_(f!w \Ay)( Ax)  \n !
[T w(y) Ay —1) \ [ |w(y)|Ay
Therefore

(/ v ( ﬁ[’;"’)’m)Ay)’y .
; (f(f!wlw \A!,Ag)g (ffI@AUg;Ay) " 63

Taking into account (6.2) and (6.3) and then replacing |w(y)| by ha—1(z, o(y))|w(y)|,
we get the desired result. [

Ay

v

The following result is another generalization of dynamic Nesbitt’s inequality.

Theorem 6.2. Let w, f € Ciq([a,b]r,R —{0}) be V—integrable functions and also
ha-1(-) > 0. Ify > 1L, p = m > 0, m2 = 20, Qz) = I (|w(@)||f(z)|™) and
Q(x) > sup |f(y)|™, thenfora > 1

y€la,z]r

o (luo(z . (1)
<<Jaa{7151x>(|>)9 1>7) (Jaamxm)
<Je (’w(”' (mx'ffﬁ?ﬁl»m) ) - 69
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Proof. This proof is similar to the proof of Theorem 6.1. [
Remark 6.3. f weseta =1, T=Z,a=1,z=b=n+1,w=1, f(k) =z €

(0,+00) fork =1,2,...,nand Z x> max xk , then (6.1) reduces to

3

n2 _
n V(1) g
> o)t
k
k=1

n2
( ”1 7) < S S 6.5)
(n—1) n i B S
k=1

The inequality (6.5) may be found in [15].
Further, if we take vy = 1, = 1, n = 3, 21 = 7, vo = y and x3 = 2z, then (6.5)
takes the form

n2—1 72 n2 n2
§(az+y+z) o " y 2 6.6)

+ .
2 3 Ty+z z+x+x+y

The inequality from (6.6) is called the generalized Nesbitt’s inequality as given in [15].

7 Conclusion and Future Research

Fractional calculus was initiated by Abel, Riemann and Liouville, which is the theory
of integrals and derivatives of noninteger order. In the past several years, fractional
calculus on time scales has attracted a great deal of attention because of its utility in
many applications. By using the time scale Riemann—Liouville type fractional integrals,
the fractional integral inequalities and applications have been widely explored by several
researchers. In this research article, we have presented some dynamic inequalities in
hybrid and comprehensive form by using the delta and nabla integrals. Our work shows
that the inequalities such as Kantorovich’s inequality, Minkowski’s inequality, Milne’s
inequality and Nesbitt’s inequality can be refined and generalized on time scales.

In the future research, we will develop various results concerning fractional calculus
on time scales to produce related dynamic inequalities and their applications. We will
investigate that many dynamic inequalities concerning fractional calculus on time scales
are equivalent to each other. It will be interesting to discuss reverse versions of dynamic
inequalities concerning fractional calculus on time scales by using Specht’s ratio and
Kantorovich’s ratio.
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