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Abstract
In this paper, we present some new sufficient conditions for the oscillation
of certain odd-order nonlinear neutral difference equations, using the arithmetic-
geometric mean inequality. Examples are provided in order to illustrate the main
results.
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1 Introduction

In this paper, we are concerned with the odd-order mixed-type neutral difference equa-
tion of the form

A™(T + AT sy + VTniry) + PrTe_y + Guir iy, =0 (1.1)
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where n € N(ng) = {ng,no+1,...}, and ny € Ny, subject to the following conditions:

(i) {pn} and {q,} are positive real sequences for all n € N(ny);
(ii) a and b are nonnegative real numbers, 7y, 7, 01, 09 € Np;

(ili) « and [ are ratios of odd positive integers, and m > 3 is an odd integer.

Let # = max{7,0,}. By a solution of (1.1), we mean a real sequence {x,} defined
for all n > ny — 6 and satisfying (1.1) for all n > ng. A nontrivial solution of (1.1)
is said to be oscillatory if it is neither eventually positive nor eventually negative, and
nonoscillatory otherwise. Equation (1.1) is said to be almost oscillatory if its solution
are either oscillatory or converge to zero asymptotically.

Since difference equations have important applications in population dynamics, bi-
ology, probability theory, computer science, and many other fields, there is a permanent
interest in obtaining sufficient conditions for the oscillation or nonoscillation of solu-
tions of various types of even-order/odd-order difference equations, see the references
in this paper and the references therein.

For the oscillation of odd-order difference equations, see [1-3,6—-8,10-13,15,16,18,
19,21-23]. Regarding higher-order mixed-type neutral difference equations, Agarwal
and Grace [4], Grace [9], Thandapani and Kavitha [17], considered several third-order
mixed-type neutral difference equations and established sufficient conditions for the
oscillation of all solutions.

In [5], Agarwal, Grace and Bohner considered the mth-order mixed-type neutral
difference equation (1.1) with o = § = 1, p,, = p, and ¢,, = ¢, and established some
sufficient conditions for the oscillation of (1.1). Motivated by the observation, in this
paper we investigate the oscillatory behavior of solutions of (1.1), and hence the results
obtained in this paper complement and generalize those in [3-13,15-19,21-23].

After some preliminaries given in Section 2, Section 3 offers sufficient conditions
which ensure that every solution {z,} of (1.1) is either oscillatory or tends to zero as
n — 00. Examples are provided in Section 4 in order to illustrate the main results.

2 Preliminary Lemmas

In this section, we present some lemmas, which are useful in proving the main results.
We write
Zn = Tp + aTp—r, + 0Tpir,.

Lemma 2.1 (See [17]). Let a, b, c are positive quantities not all equal. Then

a® 4+ b + ¢ >

3a_1(a+b+c)a if a>1

and
a®+b*+c*>(a+b+c)* if 0<a<l.
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Lemma 2.2 (See [14]). Let o > 1 be a ratio of odd positive integers. Assume that {d,, }

is a positive real sequence defined for all n > ng and there exists A\ > —Ina such that
o

lim inf [d, exp(—e™")] > 0. (2.1)

n—oo

Then all solutions of the difference equation
Ayn + dpyp_s =0 (2.2)
are oscillatory.

Lemma 2.3 (See [14]). Let 0 < o < 1 be a ratio of odd positive integers. Assume that
{d,.} is a positive real sequence defined for all n > ny. If

3 d, = oo, 23)

then every solution of the first-order difference equation (2.2) is oscillatory.

Lemma 2.4 (See [1]). Assume that {d,} is a nonnegative real sequence defined for all

n > ng and
= o\
nh_)rglo inf j;a d; > <0 n 1) , 2.4)
where o0 € N. Then the first-order difference inequality
Aw, + dyw,_» <0 (2.5)

has no eventually positive solution.

Lemma 2.5 (See [20]). Assume that o > 0 is a ratio of odd positive integers, k € N,
and {d,,} is a nonnegative real sequence not identically zero for infinitely many values
of n. If the difference inequality

Aw, + dywp . <0 (2.6)
has eventually positive solution, then so does the difference equation
Aw, + d,w;_, = 0.

Lemma 2.6 (See [1]). Let {u,} be a sequence of positive real numbers with { A" w,, }
be of constant sign eventually and not identically zero eventually. Then there exists an
integer | € {0,1,2,...,m} with (m + 1) odd for A™u,, < 0, and (m + l) even for
A"u, > 0and for N > 0 such that

Nu, >0 for 7=0,1,2,3,....,(I—1)

and . .
(=1 A, >0 for j=11+1,...,m—1

foralln > N.
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Lemma 2.7 (See [1]). Let {u,} be a sequence of positive real numbers with A", < 0
and not identically zero eventually. Then there exists a large integer N such that

(n — N)m=1)

(m — 1)| Am—1u2m_z—1n fOl’ n > N, l e {O, 1,2, - ,m},

Up =

where u') = u(u — 1)(u —2)--- (u — j + 1). Further if {u,} is increasing, then

1 m—1
Up = (m— 1) (2:71) A"y, forall n>2mL 2.7

3 Oscillation Results

In this section, we obtain some sufficient conditions for all solutions of (1.1) to be almost
oscillatory. For our convenience, we introduce the notations

Pn = min{pnfﬁ>pn>pn+72}>
Qn - min{Qn—n s Qn,s Qn—l—m}a

and

Rn - Klpn + KQQTL?
where K and K5 are some positive constants.
Theorem 3.1. Assume that the conditions

(CY) i n™ R, = oo,

n=ng

(CQ) a<l<p

hold. If the first-order difference inequality
A, A

Ao (14 di +dy) (m —1)! (n=01)" Vo, <0, (3.1)
where
- - Qn 2 B —1 1—a
— m 2 pm - B
An_nl & Pn (35—1 ) nl_ﬁ_aa 772_/8—05’

g — a“ifa <1 g — b*ifb <1
Y71 dPifa>1, 27 VPirb > 1,

has no positive solution for some \ € (0, 1), and for all n > ny, then every solution of
(1.1) is almost oscillatory.
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Proof. Assume the contrary. Let {x,,} be a nonoscillatory solution of (1.1), which does
not converge to zero. Without loss of generality, we may assume that {x,, } is a positive
solution of (1.1) (since the proof for the negative case is similar). Then there exists an
integer n; > ny such that z,, > 0, ,,_,, > 0, and x,,_,, > 0 for all n > ny. By
definition of z,, we have z, > 0 for all n > n;. Now from (1.1), we obtain

A™z = —ppal_, — qnh ., <0 (3.2)

for all n > n,. First, we shall prove that Az, > 0 for all n > n;. If not, then
Az, < 0 forall n > n;. Thatis, {z,} is a positive decreasing sequence, and hence
lim z, = M > 0 and

n—o0

lim A*z, =0 for k=1,2,3,...,(m—1). (3.3)

n—00

Now we discuss the different cases for ¢ and b.

Case (i)
Suppose a < 1 and b < 1. Then, from (1.1), we have
a®A" 2y + A P Ty g+ WGy Ty =0, 1>y (3.4

and

b* A" 27y + 0 Drgry Ty gy T baqn+72x§+a2+72 =0, n>n. (3.5)

Now combining (1.1), (3.4), and (3.5), we obtain

A(Am_lzn + aaAm_lzn_Tl + baAm_lZn+72) + Pn (‘rgfo'l + aango'l —T1 + baxzfo'l +T2)
+ Qn(x£+02 + a’ax7€+0277’1 + ba$1€+o‘2+7’2) S 07 n Z ny.

Sincea < 1,b < 1, and § > «, the last inequality becomes

A(Am_lzn + aaAm_lzn_Tl + baAm_lZn+72) + Pn (‘/L‘gfo'l + aango'l —T1 + baxzfo'l +T2)
B B
+ Qn(x§+02 + aﬁ$n+027n + bﬁxn+02+72) <0, n=n.

Now using Lemma 2.1, we obtain

Qn__s <0

A(A™ 2y 4+ @A™ VA ) + Pz, 3p-1 tor =T

n—oi

n>ni.

(3.6)
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Case (ii)
Suppose a > 1 and b > 1. Then, from (1.1), we have
aﬁAmzn_T1 + aﬁp,hb_nxg_m_T1 + aﬁqn_ﬁxgwrﬁ =0, n>n (3.7

and
bﬁAmZﬂ-FTQ + bﬂpn+7-2$$z_al+7_2 + bﬁQn+TQIfL+a’2+‘rg = 07 n 2 ni. (38)
Now combining (1.1), (3.7), and (3.8), we obtain

A(A™ g +aP A WA Y Py (2l +aPat

n—o1—T1

+ bﬁl’z*ol +TQ>
B B B
+ Qn(xn-i-og + aﬁxn—&-az—ﬁ + bﬂxn+02+72) < O’ n > mng.
Sincea > 1,b > 1, and a < 3, the last inequality becomes
A(Am_lzn + a’BAm_lzn—Tl +bﬁAm_lzn+T2) + Pn(ngal +aango1*71 + baxzfmm)
B B
+ Qn(ngrUz + aﬂxnﬂygf‘rl + bﬂxn+02+72) S 07 n Z ny.

Now using Lemma 2.1, we obtain

A(Am_lzn + aﬁAm_lzn—ﬁ + bﬁAm_lzn-i-Tz) + PNZT?—UI + 3gn1 ZTBL+O'2 <0, nz=>mn.
3.9
Case (iii)
Now suppose a < 1 and b > 1. Then, from (1.1), we have
a“A" 2y r + APy Tyt ao‘qn_ﬁ:pgwrn =0, n>m (3.10)
and
bﬁAmszrTz, + bﬁpn+72x§,ol+T2 + bﬁanm957’3L+(,2+T2 =0, n>n. 3.11)
Combining (1.1), (3.10), and (3.11), we obtain
A(Amilzn + aaAmilzn*Tl + bﬁAmilzn+Tz) + Pn (mg—al + aaxg—al—n + bﬁxz—m-i-m)
+ QTL<I£+02 + aa‘r5+02—r1 + b5$§+02+72) <0, n=mn.
Now using a < 1,b > 1, and o < f3, the last inequality becomes
A(A™ 2 4 @A™ 2 VAT 2 ) 4 P 0% D)

B B
+ Qn(ngrag + aﬂxn+agfﬁ + bﬂxn+02+72) S O? n Z ni.
Now using Lemma 2.1, we obtain

Qn__s <0

AA™ 2+ a" Az + VA )+ Pazll g, + 55 o000, SO0 2

(3.12)
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Case (iv)
Suppose a > 1 and b < 1. Then, from (1.1), we have

CLBAmzn,T1 + aﬁpn,T1 Ty g7 T aﬁ(]n,nazzim_T1 =0, n>mn (3.13)
and

VA" 2oy 4+ 6Py gy my + Vi iy = 0, 102 1 (3.14)

Now combining (1.1), (3.13), (3.14), and « < 3, we obtain

A(Am_lzn + a’BAm_lle—Tl + baAm_lZn"F’TQ) + Pn (xg—ol + aﬂxz—ol—”rl + baxz—Oj-i-TQ)
+ Qn<$g+02 + aﬁxg%*o’szl + ba$§+a’2+72) S 07 n Z nl‘

Inview of a > 1,b < 1, and o < [3, the last inequality becomes

A(Am_lzn +aﬂAm_1Zn—Tl + baAm_lzn-i-m) + Pn(mz—m + a’ax;lz—m—n +baxg—a1+7'2)
+Qn(x§+,,2+aﬁwﬁ 1+ b ) <0, n>n.

n+o2—T1 n+o2+T72

Now using Lemma 2.1, we obtain

AA™ iz + aP Ay A )+ Pzl 4 %ZZ@ <0, n=m.
(3.15)

Now (3.6), (3.9), (3.12), and (3.15) can be written as
A(Amilztn + dlAmilznle + dZAm71Z7L+7'2) + Pnzg—o'l + %254‘02 S O’ n Z ni-
(3.16)

Summing (3.16) from n to oo (m — 1) times, and then summing the resulting inequality
from n, (where n, is large enough) to oo, we obtain

S (=)™ L, Qe
3 ( . _1)1)! [Pnz”l + 35—125+02 < 0. (3.17)

Since {z,} is bounded, the last inequality implies that

(o ¢]
Z n™ R, < o

n=N

for all n > N > nq, which is a contradiction to (C). Thus, Az, > 0 eventually. Now
using monotonicity of z,, (3.16) becomes

AA™ oy + di A A AL A ) P2+

n—oi 3B_1 Zn—ol —

n>ni.

(3.18)
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Let uyn = Paz,_,, and ugny = 3%111 zf_al. Using the arithmetic-geometric mean
inequality
B > ()7
and the fact ; + 7o = 1, we get
a Qn — — Qn ”
Pnzn—al + 3571 Zg—ol 2 771 771772 772P77ZI 35*1 anol = Anznfap n 2 ny. (319)

Now using (3.19) in (3.18), we obtain
A(Am_lzn + dlAm_lzn—ﬁ + dQAm_lzn—I—Tz) + Anzn—tfl S 0 (320)

for all n > ny. Using (2.7) in (3.20), we obtain

AA™ o 4+ dy A e A AT )

+ A, '(n — 01)(m_1)Am_1zn_01 <0, n>n;. (321

A
(m—1)!
By setting A" 'z, = y,, we see that 35, > 0 and Ay, < 0. That s, {,} is a positive
decreasing solution of the inequality

A

RS o))" Vg <0 (3.22)

A(yn +diYp—r, + d2yn+7'2) + An

for all n > ny. Now by denoting vy,, + d1yn—r, + d2Yn4+r, = w, and using the mono-
tonicity of y,,, we get

wp, < (1+dy +do)yp—r, forall n >mny.

Using the last inequality in the inequality (3.22), we see that {w,, } is a positive solution
of the inequality
A, A (m—1

An - m_)nT—a<07 > )
w +(1+d1+dg)(m—1)!(n o1) Whar -0y < n>n

which is a contradiction to (3.1). This completes the proof. [
Theorem 3.2. Assume that (Cy) and

(C3) p<l<a

hold. If the first-order difference inequality

B, A

— (m—1) .. <0 3.23
(1 —|—d3 —|—d4) (m_ 1)|(n 01) Wn+47y—01 > Y, ( )

Aw,, +
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where

o P, \™" a—1 1-5
BTL = 771 T]l,’72772 <3a1) ZQ’ 771 — a—_/37 172 = Oé_ﬁ

de — a“ifa>1 di— b* ifb>1
ST d ifast, YT L VPib <,

has no positive solution for some A € (0, 1) and for all n > ny, then every solution of
(1.1) is almost oscillatory.

Proof. The proof is similar to that of Theorem 3.1, and hence the details are omitted.

O
Theorem 3.3. Assume that (Cy) and
(Cy) I1<a<p
hold. If the first-order difference inequality
An (1+ Cin—i- dz) (m i 1! (n - 01)(m71)wﬁlrﬁzi <0, (3.24)
where
c = " o a—1 B—a

36-1 ' n Wno 771:m» 772:5_1

and dy,dy are as in Theorem 3.1, has no positive solution for some A\ € (0, 1) and for
all n > ny, then every solution of (1.1) is almost oscillatory.

Proof. Assume the contrary. Let {x,,} be a nonoscillatory solution of (1.1), which does
not converge to zero. Without loss of generality, we may assume that {x,, } is a positive
solution of (1.1) (since the proof for the negative case is similar). Then there exists an
integer n; > ny such that z,, > 0, x,,_,, > 0, and x,,_,, > 0 for all n > ny. By
definition of z,, we have z,, > 0 for all n > n;. Now from (1.1), we obtain

Az, = —paal_, — quth,,, <0 forall n>n,. (3.25)
First, we shall prove that Az, > 0 for all n > n;. If not, then Az, < 0 for all n > n;.

That is, {z,} is a positive decreasing sequence, and hence lim z, = M > 0 and

n—oo

lim Afz, =0 for k=1,2,3,...,(m—1). (3.26)

n—o0

Now we discuss the different cases for ¢ and b.
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Case (i)
Suppose a < 1 and b < 1. Then, from (1.1), we get

a“A" 2y r + Py Tyt CLaQn—nﬂUnggg_ﬁ =0, n>m (3.27)
and

VY A™ 2y + D DTy gy 4y T baqn+72x§+02+72 =0, n>n. (3.28)

Now combining (1.1), (3.27), and (3.28), we obtain

A(Am_lzn + aaAm_lzn—‘lj _I_ baAm_lzn'f‘TQ) + Pn (xzé—m + aaxa

n—o1—T1 +baxa )

n—o1+T72

+ Qn(a:5+02 + a%z’ Ty ) <0, n>mn.

n+o2—T1 n+o2+T72

Sincea < 1,b < 1, and 8 > «, the last inequality yields

A(Am_lzn + aaAm_lzn_Tl + baAm_lzn—l—Tg) +P, ("Eg—cn +azy,

n—oi1—T1

I

n—o1+m2

+ Qn(xg-i-ag + a5$g+02_7.1 + bﬁx§+g2+7_2) S 07 n Z ny.
Now using Lemma 2.1, we obtain

P
Do @n_ s <0, n>n.

A(Am_lzn + aozAm—lzn_Tl + baAm_lzn-l-TQ) + F’anﬂl + F%H_JQ =

The proofs for the other cases of a and b are similar to that of Theorem 3.1. There-
fore, for all cases of a and b, we have the inequality

Qn B

P, .
AA™ o+ di A ey A A )+ z + FZ,HUQ

38-1"n=o1 <0, nz2n.

(3.29)
Now summing (3.29) from n to oo up to (m — 1) times, and then summing the resulting
inequality from n; (where n; is large enough) to oo, we obtain

= (n—ny)™ ! N
Z (m — 1)!36—1 |:P"ZTL*01 + ang—i—ag] < 0. (330)

n=ni

Since {z,} is bounded, (3.30) implies that

o0
Z n™ R, < oo
n=N

for all n > N > nq, which is a contradiction to (Cy). Thus, Az, > 0 eventually. Now,
using the monotonicity of z,, (3.30) becomes

A(Am_lzn +d1Am_lzn—7—1 +d2Am_12n+72) + %Zn—ol + 36-1 n—o1 < 07

n>nj.

(3.31)
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Let

n n
U = @Zg—al and  ugn = %Zial-

Using the arithmetic-geometric mean inequality and the fact 7; + 7, = 1, we get

Pn @ Qn B Uf”lﬁgnz 1/n2 Lani+6n2 ani+PBn2
gi—iin-n T gpiin-e 2 g Ln Qnale = Can 7 (33D
Now using (3.32) in (3.31), we obtain
AA™ 2y + i A 2y + A 20 4 Czp P <0 (3.33)

for all n > n;. From (2.7) and (3.33), we obtain
A(Amflzn -+ dlAmilzn,-,—l -+ dgAmilszﬂ—Q)

n— o)A I < (3.34)

n—oi

A
(m—l)!(

for all n > n;. By setting A™ 1z, = y,, we see that y,, > 0 and Ay, < 0. That is,
{yn} is a positive decreasing solution of the equation

A
A(yn + dlyn_ﬁ + dgymm) + Onm(n — gl)(m—l)yzzlo‘fl'ﬁm <0 (335)

for all n > n;. Now, by denoting y,, + d1yn—r, + doypn+-, = w, and using the mono-
tonicity of y,,, we get

w, < (1+dy +do)yn—r, forall n >mny.

From the last inequality and (3.35), we see that {w, } is a positive solution of the in-
equality

C A
Aw,, n _ (m—1), am+Pnz - 0 >
nF (1+d1+d2) (m—l)'(n Ul) Wptr -y =Y, n = ny,
which is a contradiction to (3.24). This completes the proof. [
Theorem 3.4. Assume that (Cy) and
(05) 1<fB<a
hold. If the first-order difference inequality
D
Aw, + - n — op) M DM <) 3.36
(Lﬂh+ﬁxm—nﬁ 1) e = (5-36)
where -
m 1y p-1 a—p
Dn - —Pnl n2’ = e —
3a—1 n Yn m a—1 2 a—1

and dg,dy are as in Theorem 3.2, has no positive solution for some A € (0,1) and for
all n > ny, then every solution of (1.1) is almost oscillatory.
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Proof. The proof is similar to that of Theorem 3.3, and hence the details are omitted.

O
Theorem 3.5. Assume that (Cy) and
(Cs) a< <1
hold. If the first-order difference inequality
At s i &) (m - p(n = o) " <0, 337)
where
E,=n "0, "PIQw, m = f:z Mo = 1:@

and dy,dy are as in Theorem 3.1, has no positive solution for some A € (0,1) and for
all n > ny, then every solution of (1.1) is almost oscillatory.

Proof. Assume the contrary. Let {x,,} be a nonoscillatory solution of (1.1), which does
not converge to zero. Then, proceeding as in Theorem 3.1, we have the following four
cases for a and b.

Case (i)
From (1.1), we get

a“A" 2y r + APy Ty gt CL"‘qn_TlxﬁJﬂ,Q_T1 =0, n>n (3.38)
and

DA™ 2y + 0Dy A DGy T =0, >y, (3.39)
Now combining (1.1), (3.38), and (3.39), we obtain

A(Amilzn + aaAmilzn*Tl + baAmilZn‘f’TQ) + Pn (I‘zfo'l + aango'l —T1 + baxzfo'l +TQ>
+ Qn(ngﬂ,2 + a%z? + b¥2? ) <0, n>n.

n+o2—T1 n+o2+T72

Sincea < 1,b < 1,and a < § < 1, the last inequality becomes

A(Am_lzn + aO‘Am_lzn_n + baAm_lzn-i—TQ) + Pn (xz—al + aaxg_gl - + baxg_aﬁ_m)

B B B
+ Qn(xn+02 + aﬁxn-&-@—ﬁ + bﬁxn-&-@-&-m) <0, n=mn.

Now, using Lemma 2.1, we obtain

AA™ 4+ a® Ay AT ) Pozy . + an,fﬂ,z <0, n>n.
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The proofs for the other cases of a and b are similar to that of Theorem 3.1. There-
fore, for all cases of a and b, we have the inequality

AA™ A+ dy A" 2y A A A 2 ) Pozy . + anfﬁm <0, n>n.
(3.40)
Now summing (3.40) from 7 to co up to (m — 1) times, and then summing the resulting
inequality from n; to co, we obtain

Z % [Pnzﬁf—al + ang_(,l] < 0. (3.41)

n=ni

Using boundedness of z,, in the last inequality, we get

o0
Z nm 1R, < oo,

n=ni

which is a contradiction to (C}). Hence, Az, > 0 eventually. From the monotonicity of
Zn» (3.40) becomes

A(Am_lzn + dlAm_lzn—Tl + dZAm_lzn-i-Tz) + P’ﬂzg—tn + 62"12:5*01 S O’ n 2 1.
(3.42)
Now set

_ a _ g _
U/lnl - P’nzn—gl7 u2772 - QTLZTL—0'17 771 -

l—a "7

Then, by the arithmetic-geometric mean inequality

U+ Ut (u?lugz)ﬁ
?
m + 2

we obtain
Pnzg_gl + anrﬂhal > 771—771772—77237171@222&771-%6772 _ Enzam—s-,@m’ n>n..  (3.43)

Combining (3.42) and (3.43), we obtain

AA™ 2y £ dy A 2y A AT ) A Bzt <, (3.44)
From the last inequality, by taking A™ 'z, = y,,, we see that ,, > 0, Ay, < 0, and
A(yn + dlynfn + d2yn+7'2) + Enzszlotﬁm S 0 (345)

Now let y,, + d1Yn—r, + doYn+r, = wy. Then w,, > 0, and using Ay,, < 0, we get,
w, < (1+dy +do)yp—r, forall n >mny. (3.46)

Combining (3.45) and (3.46), we see that {w,, } is a positive solution of the inequality

/\(TL - 0-1)(m71) wa171+5772 0
(m — 1)'(1 —f- d1 + dg) nmoitT = T

which is a contradiction to (3.37). This completes the proof. [

Aw,, + E,

Znh
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Theorem 3.6. Assume that (Cy) and
(07) B <a<l

hold. If the first-order difference inequality

E A
Aw, n _ (m—1),, an1+pBn2 <0 347
ot (14 ds+dy) (m — 1)!(n 71) Wnir -1 =Y, ( )
where
a—f 11—«
771_1—67 T]Q_]_—ﬁ

and ds, dy are as in Theorem 3.2 and E,, is as defined in Theorem 3.5, has no positive
solution, then every solution of (1.1) is almost oscillatory.

Proof. The proof is similar to that of Theorem 3.5, and hence it is omitted. [

Corollary 3.7. Assume that (Cy), (C2), and o1 > 1 hold. If

n—1
. . . (m—1) (
nh_)rglo inf 5 As(s—o1) > 3

— 1
s=n—(01—71) 91 7L

1+d1+d2)(m—1)' ( 01— T )Ul_T1+1

(3.48)
then every solution of (1.1) is almost oscillatory.

Proof. By Lemma 2.4, (3.48) guarantees that (3.1) has no positive solution. Now the
result follows from Theorem 3.1. ]

Corollary 3.8. Assume that (C'), (Cs), and o1 > 11 hold. If

= o1—71+1
1+d d —1)! _ 171
fim if Y B(s o) > LAY (Jinil) ,

n—00
n—(oc1—71)

(3.49)

then every solution of (1.1) is almost oscillatory.

Proof. By Lemma 2.4, (3.49) guarantees that (3.23) has no positive solution. Now the
result follows from Theorem 3.2. [

Note that for 3 > o > 1,

a—1 —o
51 and ngng imply an; + Bne > 1.

1
Now using Theorem 3.3, we have the following corollary.

=
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Corollary 3.9. Assume that (C'), (Cy), and o1 > 1 hold. If there exists > 0 such

that
> In(am; + Bna)
01 —T1
and
lim inf C,(n — o)™ Y exp(—et) > 0, (3.50)
n—oo

then every solution of (1.1) is almost oscillatory.

Proof. By Lemma 2.2, (3.50) guarantees that (3.24) has no positive solution. Now the
result follows from Theorem 3.3. [

Corollary 3.10. Assume that (Cy), (C5), and o1 > 71 hold. If there exists > 0 such
that

o> In(an + Bne)

01 —T1

and

lim inf D,(n — o)™V exp(—e") > 0, (3.51)

n—oo

then every solution of (1.1) is almost oscillatory.

Proof. By Lemma 2.2, (3.51) guarantees that (3.36) has no positive solution. Now the
result follows from Theorem 3.4. [

Note that fora < § < 1,

-« 1-p

n = and 17y = —— imply 04771+5772<1-
11—« -«

Now using Theorem 3.5, we have the following corollary.

Corollary 3.11. Assume that (C4) and (Cg) hold. If

.. B (m-1) _
TLILHOlO inf Z Ei(s —oy) 0, (3.52)

n=ng
then every solution of (1.1) is almost oscillatory.

Proof. By Lemma 2.3, (3.52) guarantees that (3.37) has no positive solution. Now the
result follows from Theorem 3.5. ]

Note that for § < a < 1,

— 1—
771:(;_5 and ng:ﬁ imply an; + Bny < 1.

Now using Theorem 3.6, we have the following corollary.




100 M. Bohner, S. Rupadevi, S. Selvarangam, E. Thandapani

Corollary 3.12. Assume that (Cy) and (C7) hold. If

lim inf D Eis—o0)" Y = o0, (3.53)

n=ng
then every solution of (1.1) is almost oscillatory.

Proof. By Lemma 2.3, (3.53) guarantees that (3.47) has no positive solution. Now the
result follows from Theorem 3.6. ]

Theorem 3.13. Assume that (C), (Cy), and o1 < 71 hold. Further assume that there
exists a real-valued function H : Ny X Ny — R such that

Hy,,=0 for n>mng>0,
H,s>0 for n>s2>nyg,
AoH, s <0 for n>s>ny,

where
A2]—-[n,s = Ip s+1 — Hn,s-
If
n—1
lim sup Y AH,,=o00, n=>N >n, (3.54)
n—oo TL,N N

then every solution of (1.1) is almost oscillatory.

Proof. Assume that {x,} is a nonoscillatory solution of (1.1), which does not tend to
zero asymptotically. Without loss of generality, we may assume that {x,, } is a positive
solution of (1.1), which does not tend to zero asymptotically (since the proof for the
negative case is similar). Then, proceeding as in the proof of Theorem 3.1, we obtain
that Az, > 0 for all n > n; > ny. Now define a function

A1y
w, = “ forall n>n,. (3.55)
Zn—m1
Then w,, > 0 and
A™z Amly A™z
Aw, = = — Az, < =, n>ng.
Zn—my Zn—71 fn+l-1 n—T1
Similarly, by defining v,, and u,, by
Amflz _ Amflz
Un:#7 un:—nm7 nZ”l?

“n—1y “n—1y
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we obtain v,, > 0 and u,, > 0 for all n > n; and
AMz,_
Av,, < #7

Zn—1 n—ry

Now combining these inequalities, we obtain

Aw, + d’Av, + b’ Au, <

A"z, + aP A"z + 0P A™ 2, ]

Zn—m

forall n > n,. Now using (3.20) and the monotonicity of z,, the last inequality becomes
Aw, + d®Av, + VP Au,, < —A,,.

Replacing n by s and multiplying the last inequality /), ; and then summing the result-
ing inequality from N > n; ton — 1, we have

n—1 n—1
Z AH, s < — Z[Aws +d’Av, + bBAus]Hn,s
s=N s=N

Now using summation by parts, we get

n—1
Z AH,s < H,nlwy+ a’uy + bBUN]
s=N
n—1
+ Z[wsﬂ + aPvgyy + Vg ] Ao H,
s=N

< [wN + &BUN + bﬁuN]HmN,

1.e.,
n—1
1
— Y AH,, < A v’ 3.56
H(n,N);V s < [wy + d’on + buy] ( )

Taking lim sup as n — oo in (3.56), we obtain

n—1
lim sup AH, < o0,
n—00 n,N SZJ:V ’
which is a contradiction to (3.54). The proof is complete. [

4 Examples

In this section, we present some examples in order to illustrate our main results.
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Example 4.1. Consider the fifth-order difference equation

1 475 1
AP (xn + 5Tt 4xn+2) + s T 2223, = 0. 4.1)
Here,
1 473
=5 =— b=4 = , = 22n+2
m ) a 27 Y p 64 ) q )
1
n=1 mn=2 o0=3 0=2 « 3 B=3
Then we find . "
473 473
Pn — = 22n+2 Rn 22n+2
61 ¢ ’ 61 7
and it is easy to see that
Z n*R, = oo
n=ng
and
S s (250)"* 4 4 2\’
lim inf > A,(s —3)® = lim inf [(n—5)® 4+ (n - 4)W] > (-) .
n—00 n—o0 3

s=n—2

Therefore, all conditions of Corollary 3.7 are satisfied. Hence, every solution of (4.1) is
almost oscillatory. In fact,
1
() = {5}

is one such nonoscillatory solution of (4.1) tending to zero as n — oo.

Example 4.2. Consider the third-order difference equation

A3z 4 22,1 + %xnﬁ) +e 2’ o+ 2x§l+2 =0. 4.2)
Here,
m=3, a=2, b:%, =1 1 =2,
01=3, 02=2, a=5 [=3, p,=¢€, ¢, =2
Then we find

Pn = 66"7 Qn = 27 Rn =2+ eXp(€n>’

and it is easy to see that
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and

1/2)1 n 1/221/2
lsn inf Dy (n—ry)" D exp(—c#) = L inf (12 (D))

n—00 n—00 34

(n—3)@ > 0.

Therefore, all conditions of Corollary 3.10 are satisfied. Hence, every solution of (4.2)
is almost oscillatory.

Example 4.3. Consider the fifth-order difference equation

1 1
AP (T + g + Tngo) + 4225+ 10025, 5 = 0. (4.3)
Here,
1, b=1 4 100 1 15} 1
a =1, = 1, n — T, n — ) o=, =
p q 3 5
7-1:27 7_2:2, 0'1:3, o9 = 2
Then we find

P,=4, @Q,=100, R, =104,
and it is easy to see that
> 1100 = oo
n=ng

and
n—1

— 3\ — 5/6 4) —
nhﬁrgomf Z (s —3) lim inf Z 24(5)°°(n — 4) 0.

n—00
s=n—1 s=n—1

Therefore, all conditions of Corollary 3.12 are satisfied. Hence, every solution of (4.3)
is almost oscillatory. In fact,
{za} ={(=1)""}

is one such oscillatory solution of (4.3).

Remark 4.4. 1. The established results are presented in a form, which is essentially
new and include some of the existing results as special cases.

2. The existing results [4-6, 8, 10, 11, 15, 18-23] cannot be applied to (4.1)—(4.3)
since a # f3.

3. The results of this paper may be extended to equation of the form

A (an(Am_l (xn + bnxn—n + C?’an-‘rTQ))) + ang_gl + pnl‘§+02 =0

when
oo oo
1 1
E — =00 or E — < 00,
ap Qnp,
n=ng n=ng

and the details are left to the reader.
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