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Abstract

In this paper, we use the fixed point theorem of Schaefer type to establish the
existence of global solutions for a class of higher-order functional dynamic equa-
tions on time scales. The uniqueness of solutions is also provided.
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1 Introduction and Preliminaries

In this paper, we are concerned with the global existence and uniqueness of solutions
for the following functional dynamic equation

(a(t) (@ ()" + f(t,2(q(1)) =0, t €T, (1.1)

where n > 2 is an integer, T is a time scale with inf T = ¢ and sup T = oc.

For the behavior of solutions of time scale dynamic equations, no matter whether it
is of lower or higher order, there have drawn much attention from the researchers, see,
e.g., the articles [1-3, 6,7, 10-14] and their references. In particular, Graef et al. [10]
considered the nonoscillation for the special case of (1.1). We observe, nevertheless, it
is more rare for the existence results of global solutions of (1.1), and this brings us a
chance to consider the present paper.

For the terminologies such as right-dense continuity, derivatives and integrations on
time scales and so on, we refer the reader to the monographs [6, 7]. Here, we recall the
generalized polynomials.
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For a given t,, € T, let [t,, co)T denote the set [t,, 00) N T, and C,4[t,, 00)r the set
of all functions ¢ : [t,,00)r — R with ¢ is rd-continuous. Let ho(t,s) = 1on T x T
and

t
hm(t,s) = / hm-1(7, 8)AT, m=1,2,3,....

Then R (t,5) = hm_1(t,s), where h2 denotes the derivative with respect to the first
variable. Furthermore referring to [11, Corollary 1], for any a, ¢t € T and U €
C'alto, 00)T, it follows that

/ / / T)ATAT -+ ATy = / thk(taa(f))U(T)Ar, (1.2)

where o : T — T is defined by

ot
ok

inf{s € T:s >t}

) =
By a solution of (1.1), we mean a real-valued function
()" € Cr4[ty, 00)r form = 0,1,2,...,n—2, which

Setty =inf{t € T : q(t) > to

x(t) € Crylto, 00), with (a(t)x

satisfies (1.1) for all ¢ > t;.
For given ¢ € C,.4[to,t1]r and n; € R fori = 1,2,3,...,n — 1, by a solution xz(t)

of (1.1) with initial values {¢, 71,72, - .., Mn_1}, we mean that z(t) is a solution of (1.1)

satisfying z(t) = ¢(t) for t € [to, t1]7, and (az™)>" (t1) = m; fori = 1,2,3,...,n—1.
Let k € C,.4(T,R") be nondecreasing with k(t) — oo as t — oo, and

BCTd[to, OO)T = {J,’ & Crd[t(], )’]I‘ sup |IL‘< )| < OO} . (1.3)
et k(t)
Then BC,4[to, 00)T is a Banach space under the norm defined by
|z(t)]
z|| =su .
lal = sup o

For any given ¢ € C,4[to, t1], by the subset X, of BC,[to, 00)r, we define
X¢ = {l’ € BC’»,‘d[t()7 OO)']T : ||J7H <kpand z = ¢ on [to,tl]'ﬂ‘}, (1.4)

where kg is some constant.
The subset X C BC,4ty, 00)r is said to be uniformly Cauchy if for any ¢ > 0,

there exists 7' € T such that
z(t') (")

k(#) k()

for any x € X and any t',t" € [T, o0)r. Besides, X is said to be equicontinuous on
[to, T'|r if for any € > 0, there exists a & > 0 such that for any = € X,

z(t’) _ =(t")
K(E)  k(t)

< e forall t',t" € [ty, T|y with [t —t"| <.
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In what follows, we will require a couple of important conclusions, in which we
refer to [4, 8] for the first, and the second has a minor revision relative to Bihari type
inequality (see [9, Lemma 1] and [10, Lemma 2.2]).

Lemma 1.1 (Schaefer). Let X be a Banach space and V : X — X be a continuous
compact map. If the set

Q={zx e X :2=\VU(x)for some X € (0,1)}
is bounded, then V(x) has a fixed point.

Lemma 1.2 (Bihari). Let ¢ > 0 be a constant, p € C(R,R") with p nondecreasing,
and h € C,4(T x T,RY). Suppose that P is defined by

Y ds
P(u :/ —— foru, ug >0,
( ) o p(S) f 0
and satisfies
t T
P(c) —i—/ / h(s,7)AsAT € Dom(P™1).
to Jto
Then .o
u(t) < c+/ / h(s,T)p(u(s))AsAT for u € C.q(T,R)
to Jto

u(t) < P! (P(c)+/t: /to h(s,T)AsAT).

Lemma 1.3 (See [14, Lemma 1.3]). Suppose that X C BC,4[ty, 00)r is bounded and
uniformly Cauchy. Suppose further that X is equicontinuous on [ty, Tt for any T € T.
Then X is relatively compact.

implies

2 Main Results

In this section, we consider the existence and uniqueness on T for the solutions of (1.1).
For this purpose, we assume that

(Al) a € Crq(T,R) and ¢ € C,4(T, T) with ¢(t) < t and tlim q(t) = oo
—00

(A2) f € C(T,R), and there exist r1, 72 € Crq(T,R") and w € C(R*,R™) with w
being nondecreasing such that

ri()w(|ul) + ro(t), t € Tand u € R,

[Ft )] < { m(Ow(|[ul]) + r5(t), ¢ € Tand u € BCyft,00)r. >
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For the sake of convenience, we stipulate

/;%/t hoy(r, 0 (s))AsAT = /;%As

and

|7
a(7)

n—1 00 T
Co = CO(¢7 N, N2, - 77711—1) = ‘(b(tl)‘ + Z/ / hi—z(T7 U(S>>A8AT
i=1 71 t

o0 1 T
— P AsA
—I—/tl a(T)/tl n_a(T,0(8))ra2(s) AsAT
whenever they are defined.

Theorem 2.1. Suppose that assumptions (Al)—(A2) hold and

o 1 T
/ —/ h—o(T,0(8))1i($) ASAT < 00, i = 1,2, (2.2)
to a(T) to
as well as
© 1 /T '
— hio(T,0(8))AsAT <00, 1=1,2,...,n— 1. (2.3)
/to o | (o)

Suppose further that for given ¢ € Cyylto, t1]r andn; € R fori=1,2,3,...,n—1,

/t h a(lT) / "o 0(5))r (3) AsAT < / Tds (2.4)

1 t1 co w(s)

Then, Equation (1.1) admits a solution with the initial values {¢,m1, 12, . . ., -1 }-

Proof. Let BC,.4[ty, c0)r be defined as in (1.3). We now define an operator
v Bcrd[t(), OO)T — BCrd[to, OO)']T
as follows:

_ | o(t) +H() — F(t), t € [tr,00)T,
(Lo)(t) = { Blt). ¢ € lto, 1.

where ‘H and F are defined, respectively, by

Hlt) = Z / )

/t : hi_a(T, 0(s)) AsAT

and

Fit) = / = halr,o(5)) £ (s, 2(q(s))) AsAr.

a(T) th
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Then, it follows from the second part of (2.1) that

(@) < [¢(t)] + [H(00)] + w(llx]]) / % / h-a(T,0(5))ri(s) AsAT
—f—/t a(lT) /tT hp—o(7,0(8))r2(8)ASAT, t € [t1,00)T, (2.5)

which, together with conditions (2.2)—(2.3), induces (Vz)(t) € BC.4lto, o0)T, where
|H(00)| represents

[H(c0)| := Z/too &’Z_’> /tT hi—o(T,0(s))AsAT.

Next we show U is continuous. To see this, we set zg, z; € BCq[to, 0o)r with ||x; —
xo|| — 0. Then we have for each s € [t1, c0)T,

(s, xi(a(s))) = f(s,20(q(s)))] — Oasi — occ. (2.6)

Now by the definition of W it follows that

(W) (£) — (o) (1)
< /t L / ha(r, o () (5. 2:(a(s)) — F (5 20(a(s)) | AsAT. (@.7)

a(T) th

Note that the condition (2.1) implies that

/(s 2i(q(s))) = f(s,20(q(s)))] < ra(s)[w[a]]) + w([[zo] )] + 2ra(s),

which, associated with (2.6)—(2.7) and the Lebesgue dominated convergence theorem
[5], yields that

[|(Wz;) — (Vzo)|| = 0asi — oco.

In other words, W is continuous.

Now we assert that ¥ is compact. To this end, let &y > 0 be arbitrary and X, as
in (1.4). Then, from (2.5), it is clear that ¥ is bounded on X4. Furthermore, since the
function k occurred in BC,4ty, 0o)r satisfies k(t) — oo as t — oo, for any givene > 0,
we choose 1" € [t1, 00)t so that

1
—— < eforallt € [T, 00)r.

K (t)
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Then, for any ¢, t" € [T, c0)r and = € X, we have

' (Wa)(#) _ (Pa)(t")

RE) k()
|45 gl
T /% [ it oo lsts statsiasar
b [ o [ st atatoIasr
< ke + 2H(o0)|e + 26 /too% t:hn2(7,0(3))[w(k0)r1(8)+7"2(s)]AsAT,

(2.8)

where we have imposed the condition (2.1) for the last inequality. Since ¢ > 0 is
arbitrary, the inequality (2.8) implies that W (X ) is uniformly Cauchy.

To see the equicontinuity of W(X,) on the interval [to, T]r, we choose § > 0 such
that for ¢, t" € [to, T)r with |t — ¢"] < 4,

1 1
_ 2.

e | < 29
= [ Il [

‘ hi_o(1,0(8))ASAT < ¢ (2.10)
Z/ o5 | bt o)

as well as
t" 1 T
— hpo(T,0(8))r;(s)ASAT < e, i =1,2. (2.11)
L am | ot
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For simplicity, we consider ¢’ < t”. Then, for any ¢, t" € [t1,T]r and z € X, we have

' (Wz)(t) _ ()"
k(t’) k‘(t”)

¢
- t//

Z ’k a(T) /tT hi—2(7,0(s))AsAT

1

_ké”) /t , a?;) /t hi-a(T, 0(s>>AsAT\
+)k(1t') /t: Wlﬂ /t : hn—a(7,0(5)) f(s,2(q(s))) AsAT

_k(}t”) /tu al ) /t hH(ﬂ0(8))f(8,x(q(s)))AsAT‘
t,, Z / " dml / Lo (s))AsAT

Z/t: a|?;|)/t1 hi_o(7,0(8))AsAT

i=1

Y A B
v [, [ e oD st Asar
1 1

k() k(")

IN

t/ 1 pu
/tl a(r) / (7, 0 (5))| (5. 2(q(5))) | Asdr.
(2.12)

By condition (2.2), we denote

(0.) 1 T
M; ::/ —/ ho—o(T,0(8))ri(s)AsAT, i =1,2.
to a(T) to
Note that for x € X,

" 1 T
| am | mestrolsts staoniasa

! 1 T
< /t e /t By (7, () [w(ko )71 (5) + ra(s)] AsAT.

/ a(T
Hence, with the aid of (2.9)—(2.12) it follows that when ¢', t” € [t1, Ty and |t —t"| < ¢,

(Wa)(#) _ (Pa)(t")
k() k(")

< o(t)e + k(to) + |H(o0)|e

(w(ko) + 1)

+ (w(ko) My + My)e forall x € Xy,
k(to)
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which shows that (X ) is equicontinuous on [to, 7']r. Hence, Lemma 1.3 implies that
W is a compact operator.

To impose Lemma 1.1, we need to show that €2 is bounded. Indeed, for any = € (),
by the definition of ¥, we have

=) < Al(¥z)(t)|
1

< (o) + M) + / e / " w(((5))hna(r, o(5))r1 () AsAT
1

" / [ has(rooras) s

a(T) t

t 1 T
< CO+/t1 m/tl w(|x(8)])hn_a(T,0(8))r1(s)ASAT, t € [t1,00)T,
(2.13)

N

where we have imposed the first part of (2.1) for the second step. Let

W) = / el

Then, invoking (2.4), we have

/: e /T ho—o(T,0(s))r1(s)AsAT € Dom(W™1).

a(t) Jy,

Therefore, Lemma 1.2 implies that

]| < W (/:O L / hng(T,a(s))rl(s)AsAT) .

G(T) t1
Now by Schaefer’s fixed point theorem there exists £ € BC,4to, o0)r such that
z(t) = U(Z)(t), t € [to, o0)T,

which, in combination with the formula (1.2), indicates z is a solution of (1.1) with the
initial values {¢, 71, 12, - . ., Mn_1}, and this completes our proof. O

Theorem 2.2. Suppose that there exists a constant o > 0 such that
|f(t,x1) — f(t,22)| < alxy — 3] forall t € T and 1,25 € R. (2.14)

Suppose further that x(t) is a solution of (1.1) with the initial condition {¢, 1,2, . . .,
N1} for ¢ € Crylto, ta]r andn; € R, i =1,2,3,...,n — 1. Then x(t) is unique.
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Proof. Suppose that y(t) is another solution (1.1) with the initial values {¢, 71, 1, . . .,
Mn—1}, and that

t=sup{s € T:x(t)—y(t) =0 for t < s} < 0.

Then, in the case o(t) = t, we can choose § > 0 so that ¢ + & € T. Since z(t) and y(t)
are two solutions of (1.1) with the same initial values, we have

(1) — y(t)] < / % / om0 ()£ (5, 2(a(5)) — F(s,y(g(s)))| AsAr
t+46 T
<a / % / hua(r, 0(5))]a(a(s)) — y(a(s))| AsAT
48 pt+6
S/’g . Mtg?i)j-6|x() y(s)|AsAT
=M52;<r£13t~>iélx<s)—y(s)l, t e [t,t+0], (2.15)

where M denotes

ahy,_o(T,0(s))
a(T)

Now we can choose § satisfying M6 < 1 due to § > 0 being arbitrary. Then we are led

to a contradiction by (2.15). In other words, t < oo is invalid when a(t) t.
In the case o(t) > ¢, we have

2(o(@)) — 9o @)

M o= max{ (7)€ LT+ 0 x LI+ 5]T}.

a0

o(t) N N o
[ o tatr o @)lela®) - sl @)~ e
=0,

which contradicts our assumption for ¢, where for the third step, we have used the con-
clusion [6, Theorem 1.75]

In summary, we have shown that
z(t) = y(t) forall t € [tg,0)r,

which completes our proof. ]
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A simple example can illustrate our results, see the following.
Example 2.3. Let T = [0, o) and consider the equation
e dr=et t >0,

which is equivalent to
(e'x) +etx=1,t>0. (2.16)

Then the functions a, f in (1.1) are given by
a(t) =¢', f(t,x) =ec 'z — 1.
Now if we choose k(t) = ¢' in BC,4[to, 00)r, then

lu| +1, t € Tandu € R,
<
\f(t,u)| = { HUH +1,teTandu € BC'rd[to,OO)T

and hence, all conditions in Theorems 2.1-2.2 are verified. Therefore, for any given
®,m € R, equation (2.16) has a unique solution z(¢) with x(0) = ¢ and 2'(0) = 7.
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