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Abstract

In this work, the necessary and sufficient condition for asymptotic behaviour
of a class of first-order neutral impulsive systems is established. Here, our impulse
satisfies a discrete neutral nonlinear equation of similar type.

AMS Subject Classifications: 34K.

Keywords: Oscillation, nonoscillation, neutral, impulsive differential equations, non-
linear, delay, Banach contraction principle, Knaster—Tarski fixed point theorem.

1 Introduction

Consider a class of nonlinear neutral first-order differential equations of the form

(y(t) +p)y(t — 7)) + q(t)G(y(t — 0)) = 0, (L.1)
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where 7 > 0, 0 > 0 are real constants, G € C(R,R) is nondecreasing such that
xG(z) > 0forx # 0, ¢,r € C(Ry,R,). Let 7, k& € N be the fixed moments of
impulsive effect for (1.1) with the properties 0 < 7 < 75 < ..., klim T, = 0o and

—00

Aly(me) + p(m)y(me — 7)) + (M) Gy(7e — 0)) =0, k€N,

where p € PC (R4, R), p(7%), 7(7%) are constants for & € N, A is the difference operator
defined by

A(y(m) +p(me)y (1 — 7)) = y(7 +0) + p(7%)y (7% — 7+ 0) — y(7u — 0)
—p(1)y(Te =7 —0), y(m —0) =y(m) and y(r, —7—0) =y(m —7), k€ N.

In this work, our objective is to establish the necessary and sufficient condition gov-
erning the impulse operators acting on (1.1) which we denote as the impulsive system
() (y(@) +p@)y(t = 7)) +q(t)G(y(t —0)) =0, t # 7, k€N
A(y(ri) + p(e)y (e — 7)) + 7(7)G(y(7 — 0)) =0, kEN
so that its solutions are asymptotically converging to zero for various ranges of p(t).
The motivation of the present work has come from the work of [8]. In [8], Tripathy
has studied (£) and established the sufficient conditions for oscillation and nonoscilla-
tion of solutions of (F) for any |p(t)| < co, when G is linear, sublinear and superlinear.

In this direction, we refer some related works ( [2]- [7], [9], [10]) to the readers and the
references cited therein.

Definition 1.1. A function y : [—p, +00) — R is said to be a solution of (E) with
initial function ¢ € C([—p,0],R), if y(t) = o(t) for t € [—p,0], y € PC(R.,R),
z(t) = y(t) + p(t)y(t — 7) is continuously differentiable for ¢ € R, and y(t) satisfies
(E) for all sufficiently large t > 0, where p = max{7, o} and PC(R,R) is the set of
all functions U : R, — R which are continuous for t € R, ¢t # 74, k € N, continuous
from the left-side for ¢ € R, and have discontinuity of the first kind at the points
7 € Rk eN.

Definition 1.2. A nontrivial solution y(t) of (E) is said to be nonoscillatory, if there
exists a point ¢, > 0 such that y(¢) has a constant sign for ¢ > t,. Otherwise, the
solution y(t) is said to be oscillatory.

Definition 1.3. A solution y(¢) of (E) is said to be regular, if it is defined on some
interval [T}, +00) C [t, +00) and

sup{Jy(t)] : ¢ > T,} > 0

for every 7, > T. A regular solution y(t) of (£) is said to be eventually positive
(eventually negative), if there exists ¢; > 0 such that y(¢) > 0 (y(t) < 0) for t > t;.



Asymptotic Behaviour of First-Order Impulsive Systems 137

2 Main Results

In this section, we establish the necessary and sufficient condition for asymptotic be-
havior of solutions of the impulsive system (£). We need the following lemma for our
use in the sequel.

Lemma 2.1 (See [1]). Let p,y, z € C(]0,00),R) be such that z(t) = y(t)+p(t)y(t—7),
t>7>0y(t)>0fort >t >, li{n inf y(t) = 0 and tlim z(t) = L exists. Let p
—00 —00

satisfy any one of following conditions:
) 0<a <p(t) <ay <1,
i) 1 <asz <p(t) <ay < oo,
jii) —o0 < —as < p(t) <0,
where a; > 0,1 <1 <5. Then L = 0.

Theorem 2.2. Let 0 < p(t) < ay < 1, t € R,. Let G be Lipschitzian on the intervals
of the form [a, b, 0 < a < b < oo. Then every regular solution of (E) converges to zero
as t — oo if and only if

(Ay) /000 q(t)dt + ZT(Tk) = o0.

Proof. Suppose that (A;) holds. Let y(¢) be a regular solution of (£) on [t,, oo], t, > 0.
Let the regular solution y(t) > 0 for ¢ > ¢,,. Setting

2(t) =y@t) +p)y(t —7),t > to =1, +p (2.1)

in (£), it follows that

Z(t) = —q(t)G(y(t — o)) <0,
ANz(1) = —r(m)G(y(me —0)) < 0, k € N. (2.2)

Hence z(t) is a decreasing function for ¢t > ¢; > t,. Since z(t) > 0 for ¢ > ¢, then

tlim z(t) exists and thus klim z(7) exists. Consequently, z(¢) > y(t) implies that y(t)

—00 —00

is bounded. We claim that li{n inf y(t) = 0. If not, there exist t3 > t5 and 5 > 0 such
—00

that y(t — o) > [ > 0 for t > t5. Ultimately,

/ 15)Gy(s—oNds+ 3 r(m)Gly(m — o)

t3 t3<t<t

> G(B)

[aws+ 3 ).

t3 ty<tp<t
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and this tends to oo as ¢ — oo, due to (A;). On the other hand, we integrate the system
(2.2) from t3 to t(> t3) to obtain

(s, + / 1(5)G(s —o)ds— 3 As(n) =0,

ts ta<tp<t

that is,

/ a(s)Gy(s —o))ds + Y r(m)G(y(n —0)) = ~[=(s)]},

t3 tg<tp<t

<00, as t— 0o,

a contradiction. So, our claim holds. Consequently, tlim z(t) = 0 due to Lemma 2.1.
—00

As a result,

0 = lim z(¢t) = limsup(y(t) + p(t)y(t — 7))

t—o0 t—00

> limsup y(t)

t—o00

implies that lign supy(t) = 0, that is, tli)m y(t) = 0 fort # 7, k € N. We may note
—00 o

that {y(7 — 0)} and {y(7 + 0)} are real valued sequences and the continuity of y will
imply that klim y(1, — 0) = 0 and klim y(1 +0) = 0 due to 1itm infy(t) = 0 and
—00 —00 —00
lim sup y(t) = 0 respectively. Hence for all ¢ and 7y, 75lim y(t) = 0. The case y(t) < 0
—00

t—o00 . L.
for ¢ > t, is similar.

Next, we suppose that (A;) does not hold. We need to show that the impulsive
system admits a nonoscillatory regular solution which does not tend to zero as ¢ — oo
when the limit exists. If possible, let there exist £; > 0 such that

oo > 1-&2
d <l
| s+ 3 orm) < o

t1

where L = max{L;,G(1)}, L, is the Lipschitz constant of G on . For

to > t1, we set X = BC([t2,00),R), the space of real valued bounded continuous
functions on [t5, 00). Clearly, X is a Banach space with respect to sup norm defined by

||2[| = sup{[z(t)] : ¢ > 1o}.

Let us define
2(1 — 0/2)

= X
S {ue 3

gu(t)gl,tth}.
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It is easy to see that .S is a closed and convex subspace of X. Let 7" : S — S be defined
by
Ty(ta+p), tE [ta,ta+ p]

2+ 3&2 &0
Tyt = P09t = 1)+ 22 [ )6 o)is
+ Y )Gy — 0)),t >ty + p.
to<mi <t
Forevery y € S,
2+3 *
Ty(t) < % . G(1) / q(s)ds + Z T(Tk)]
5 t
to<Ti<t
2 + 3&2 1-— a9 1 =+ Qo
= 1
S5 T > =
and
2+ 3&2

Ty(t) > —pt)y(t —7) +

o gy 230 20— a)

) 5

implies that Ty € S. Now, for x1, 25 € S

[Ty (t) = T (8)] < [p(@)||21(t = 7) = 2o( = 7))

+ Iy t q(s)|x1(s — o) — xo(s — 0)|ds

+ Ly Y vl (e — o) — za(m — o)),

to<m <t

that is,
|Tx1(t) — Taa(t)] < agl|lzy — za|| + L]z — 2| [/ q(s)ds + E r(m)]
¢

to<Tp<t
a ‘I— xr s
2 10 ! 2

implies that
[ Txy — Tas|| < pf|zy — 2ol

. . . . 1—a 1+ 9a ) )
that is, 7" is a contraction with y = ay + 2 = 2 < 1. Since S is complete,

10 10
2(1 —
then by Banach’s fixed point theorem 7' has a unique fixed point on {%, 1] .
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Hence T'y = y and

y(ta +p), tE€ [ta,to+p

2+ 3a o
p = dpoute =)+ [ ()Gl - o)ds
y(t) 5 \
+ Z ()G (y(m — 7)), t > ta+p
to<Tp<t

. . . 2(1 — as)
is a regular nonoscillatory solution of the system (E) on — 1| such that
tlim y(t) # 0. Therefore, (A;) is necessary. This completes the proof. O
—00

Theorem 2.3. Let 1 < a3 < p(t) < ay < oo, t € Ry and a% > ay. Suppose that G is
Lipschitzian on the intervals of the form [a,b], 0 < a < b < oc. Then every solution of
the system (E) converges to zero as t — oo if and only if (Ay) holds.

Proof. Sufficient part is same as in the proof of Theorem 2.2. For the necessary part,
we suppose that (A;) does not hold. It is possible to find a ¢; > 0 such that

o - as — 1
/ )it + 3 rim) < 5

t1

where L = max{Ly, Lo}, L; is the Lipschitz constant of G on [a,b] and Ly = G(b)

such that
2c(az® — ay) — ag(az — 1)

a =
2@326L4

as — 1+ 2c¢ C>a4(a3—1)

b= St
2&3 ’ 2(0132 - a'4>

> 0.

Let X = BC/([t2,00), R) be the space of real valued bounded continuous functions on
[to, 00). Clearly, X is a Banach space with respect to sup norm defined by

||z]| = sup{|z(£)] ¢ > L5}

Define
S={ueX:a<u(t)<b t>t}.

It is easy to verify that S is a closed convex subspace of X. Let T : S — S be such that

Ty(ty+ p), t€ [ta,ts+ p)
y(t+7) c 1 o0
Ty(t)= § plt+7)  plE+7)  pE+T) [/m 4(s)CGy(s — o))ds
+ Y, Gy o), t=t+p.

to<Tp<t+T
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For every y € S,

G(b) /Oo c
Ty(t) < q(s)ds + r(my)| +
() p(t—i—T) t+r (> tzSTkZQH-T (k) p(t—f—T)
Sl{a?’_l%—c}:b
as
and
Ty(t)>—y(t+7—)+ c >_£+£

— plt+T7)  pt+71) as  ay
az3—1+2c ¢ 2c(as® —ay) —agag —1)

B 2a3 ay 2a3%ay - ¢
implies that Ty € S. For zy, x5 € S
Tri(t) —Txs(t)| < ——— t — t
| 5(71() IQ( )| = |p(t—|—7’)||x1( +T> x2( +T)|
Ly /°°
+ il a(s)|zi(s — o) — za(s — 0)|ds
Ip(t +7) S
+ > v (e — o) — xa(me — o)),
to <7 <t+T

that is,
1 Ly o
Ta1(t) — Ta(t)] < a—Hxl — Tof| + a—HSUl — Io| g(s)ds+ > r(m)
3 3 t

+7 to <t <t+T

1 as — 1

< (245 ol
as 261,3

implies that
[Tz — Tas|| < pf|oy — 2o,

1 —1
that is, 7" is a contraction with g = | — + a3,2 < 1. Hence by Banach’s fixed
as as
point theorem 7' has a unique fixed point which is a regular nonoscillatory solution of
the system (E') on [a, b]. Thus the proof is complete. O

Theorem 2.4. Let —1 < —as < p(t) < 0,t € Ry, a5 > 0. Then every solution of the
system (E) converges to zero as t — oo if and only if (Ay) holds.

Proof. Proceeding as in the proof of Theorem 2.2, we have (2.2). Hence, z(t) is mono-
tonic on [tg,00), to > t;. Let z(t) > 0 for t > t5. Then tlirn z(t) exists and thus
—00
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klim z(7y) exists. If z(t) < 0 for t > o, then we claim that y(¢) is bounded. Otherwise,
—00

there exists {7, } such that n,, — oo, y(n,) — oo as n — oo and

Y(nn) = max{y(s) : t2 < s <y}

Therefore,

2(7n) = y () + p(a)y (N — 7)
> (1 —as5)y(n,) — +o0, as n — oo,

a contradiction to the fact that z(¢) > 0. So, our claim holds. Consequently, tlggo 2(t)
exists and ]}1_{1;10 z(7) exists. Hence for any z(t), y(t) is bounded. Using the same type
of argument as in the proof of Theorem 2.2, it is easy to show that litrg> (i)glf y(t) = 0 and
by Lemma 2.1, tliglo z(t) = 0. Indeed,

0= lim z(¢t) = limsup(y(t) + p(t)y(t — 7))

t—o0 t—o00
> limsup y(t) + liminf(—asy(t — 7))
t—o00 t—o0

= (1 —ap) limsup y(t)

t—o00

implies that lim sup y(¢) = 0. The rest of the proof follows from Theorem 2.2.
t—r00
Next, we suppose that (A;) does not hold. Let there exists ¢; > 0 such that

/00 q(t)dt + Zr(m) < é(;(f(f;
k=1

t1

For ty > t1,let X = BC/([ty, 00), R) be the space of all real valued bounded continuous

functions defined on [t5, 00). Clearly, X is a Banach space with respect to sup norm
defined by

||lz]| = sup{|a(t)] : T > to}.
Let K ={z € X :x(t) >0, t > t3}. Thus X is a partially ordered Banach space (see
for e.g [1], p. 30). For u,v € X, we define u < vifandonlyifu —v € K. Let

1—CL5
5

S:{yeX: Sy(t)gl,tZtg}.

1 —
If yo(t) = 5@5, then yy € S and yy = g.1.b S. Further, if ¢ C S* C S, then

1
S*:{yEXl1§y<t)§lg, Sll,lggl}
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1—
Let vg(t) = Iy for ¢ > t3 > ¢ and I, = sup{ls : %<, < 1}. Then vy € S and
vg = lLu.b S*. Define T': S — S by
Ty(tg), t e [tg,tg]
1-— as o0
Pyt = L0t =7)+ 22 4 [ oGt — o))
+ Z r(m)G(y(m — ), t > t3.
t3<Ti<t
1-— as

Forevery y € S, Ty(t) > and

>

Ty(t) < a5+~ +G(1) [ | s+ rm)]

2+ 3&5 <
5
implies that Ty € S. For y;,y, € S, it is easy to verify that y; < y, implies that

Ty, < Ty,. Hence by Knaster—Tarski fixed point theorem (see [1, Theorem 1.7.3]), T’
has a unique fixed point such that tlim y(t) # 0. This completes the proof. [
— 00

<

Theorem 2.5. Let —0co < —ag < p(t) < —ay < —1,t € Ry, ag,ay > 0. Let G be
Lipschitzian on the intervals of the form [a,b], 0 < a < b < oco. Then every bounded
solutions of (E) converges to zero as t — oo if and only if (Ay) holds.

Proof. The proof of the theorem follows from the proof of the Theorem 2.4. For the
necessary part, we mention the following:

o > CL7—]_
t)dt
/q() +;r(m>< T

t1

where L = max{ Ly, Ly}, Ly is the Lipschitz constant of G on [a, b], Ly = G(b) such
that

a:20a7—a6(a7—1)7 po _C 7C>a6(a7—1)>0’
2agaz ar —1 2a7
and
Ty(ta+p), t€ [ta,ta+p]
y(t+71) c 1 /°°
- — + G —0))d
Ty(t) = p(t + ,7_) p(t + 7_) p(t + 7_)[ rr Q(S) (y(S U)) =)

+ Z r(me)G(y(me — 0))], t>ta+p.

to<Tp<t+T

The rest of the proof follows from Theorem 2.3. This completes the proof. [
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Remark 2.6. In the above theorems, GG could be linear, sublinear or superlinear.

Remark 2.7. Lemma 2.1 does not include p(t) = 1, for all ¢ (see for e.g [1]). The
present analysis does not allow the case p(t) = —1, for all . Hence in our discussion,
a necessary and sufficient condition is established except p(t) = +1. It seems that a
different approach is necessary to study the case p(t) = +1.

We conclude this section with the following example to show feasibility and effec-
tiveness of our main results.

Example 2.8. Consider the impulsive system

(B {(y(t) Fetly(t— 1)) + 2Pt —2) =0, t#£ T, t>2 keN
1 Ay(m) + Yy, — 1) + ()’ (7 — 2)) = 0, k €N,

ek — o Utl) ] _ o
: o—3(k—2) )’ Ay(re) = y(mth)—y(m—h), e =k €

N and G (u) = u®. Clearly, all conditions of Theorem 2.3 hold true for (). Therefore,
every solution of (E;) converges to zero as t — 0.

where r(7) =
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