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Abstract
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lutions for some functional implicit differential equations of Hadamard fractional
derivative. The main results are proved by applying Monch’s fixed point theorem
associated with the technique of measure of weak noncompactness.
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1 Introduction

Fractional differential and integral equations have recently been applied in various areas
of engineering, mathematics, physics and bio-engineering, and other applied sciences
[19,27]. For some fundamental results in the theory of fractional calculus and fractional
differential equations we refer the reader to the monographs of Abbas et al. [4,5], Kilbas
et al. [21] and Zhou [30].

The measure of weak noncompactness was introduced by De Blasi [16]. The strong
measure of noncompactness was developed first by Banas and Goebel [10] and sub-
sequently developed and used in many papers; see for example, Akhmerov et al. [8],
Alvarez [9], Benchohra et al. [14], Guo et al. [17], and the references therein. In [14,25]
the authors considered some existence results by applying the techniques of the measure
of noncompactness. Recently, several researchers obtained other results by application
of the technique of measure of weak noncompactness; see [5, 12, 13], and the references
therein.

Recently, considerable attention has been given to the existence of solutions of ini-
tial and boundary value problems for fractional differential equations with Hadamard
fractional derivative; see [1-3,7,28]. In this paper, we discuss the existence of weak so-
lutions for the following implicit Hadamard fractional differential equation of the form

("Diu)(t) = f(t,u(t), ("Diu)(t)); t € I = [1,T],
(1.1)
(L) ()| = 9,

where ' > 1, ¢ € E, f: 1 x E x E — FE is a given continuous function, ¥ is a real
(or complex) Banach space with norm || - ||z and dual £*, such that F is the dual of
a weakly compactly generated Banach space X, 7 I7 is the left-sided mixed Hadamard
integral of order r € (0, 1], and D7 is the Hadamard fractional derivative of order r.

Implicit functional differential equations have been considered by many authors [6,
11,23,29]. Our intention is to extend the results to implicit differential equations of
fractional order. Our goal in this work is to give some existence results for implicit
Hadamard fractional differential equations.

2 Preliminaries

Let C' be the Banach space of all continuous functions v from [ into £ with the supre-
mum (uniform) norm

[0]loc := sup [[v(®)] 2.
tel

As usual, AC(I) denotes the space of absolutely continuous functions from [ into E.
By C,.1n(I), we denote the weighted space of continuous functions defined by

Crim(l) = {w(t) : (Int)"w(t) € C,



Implicit Hadamard Pettis Fractional Differential Equations 3

with norm
[wlle,,, = sup |[(Int) w(t)| g
tel

In the following we denote ||w||c, . by [|w|c. Let (E,w) = (£,0(L, E")) be the

Banach space E with its weak topology.

Definition 2.1. A Banach space X is called weakly compactly generated (WCG, for
short) if it contains a weakly compact set whose linear span is dense in X.

Definition 2.2. A function h : E — F is said to be weakly sequentially continuous if
h takes each weakly convergent sequence in £ to a weakly convergent sequence in F
(i.e., for any (u,,) in £ with u,, — win (E, w) then h(u,) — h(u) in (E,w)).

Definition 2.3 (See [26]). The function u : I — F is said to be Pettis integrable on
I if and only if there is an element u; € FE corresponding to each J C [ such that
o(uy) = /gb(u(s))ds for all ¢ € E*, where the integral on the right hand side is
J
assumed to exist in the sense of Lebesgue, (by definition, u; = / u(s)ds).
J

Let P(I, E) be the space of all EF—valued Pettis integrable functions on I, and
L'(I, E) be the Banach space of Lebesgue integrable functions u : I — FE. Define
the class P;(/, E') by

Pi(I,E) ={u € P(I,E): p(u) € L*(I, E) for every ¢ € E*}.
The space P, (I, E) is normed by
T
e = s [ fp(u(@)ldre
pEE*, |lplI<1J1

where A stands for a Lebesgue measure on /.
The following result is due to Pettis (see [ [26], Theorem 3.4 and Corollary 3.41]).

Proposition 2.4 (See [26]). If u € Py(I,E) and h is a measurable and essentially
bounded E—valued function, then uh € P,(J, E).

For all that follows, the symbol / ” denotes the Pettis integral. Let us recall some

definitions and properties of Hadamard fractional integration and differentiation. We
refer to [18,21] for a more detailed analysis.

Definition 2.5 (See [18,21]). The Hadamard fractional integral of order ¢ > 0 for a
function g € L'(I, E), is defined as

Chio)e) = g [ (%) s
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provided the integral exists, where I'(+) is the (Euler’s) Gamma function defined by

') :/ tle7tdt; € > 0.
0
Example 2.6. Let 0 < ¢ < 1. Then

Hrint = (Int)'* forae. t €[0,¢].

1
I'(2+q)
Remark 2.7. Let g € Py([1,T], E). For every ¢ € E*, we have

o("Ig)(z) = (" I{pg)(x) forae. x € I.

Analogous to the Riemann-Liouville fractional calculus, the Hadamard fractional
derivative is defined in terms of the Hadamard fractional integral in the following way.
Set

d
5_I%7 q>0) n—[Q]“f‘l,
where [q¢] is the integer part of ¢, and
ACY = {u:[1,T] = E: 6" Mu(x)] € AC(I)}.

Definition 2.8 (See [18,21]). The Hadamard fractional derivative of order ¢ applied to
the function w € ACY' is defined as

(" Diw)(z) = 6" (" I} "w)(x).
Example 2.9. Let 0 < ¢ < 1. Then

ApDint = (Int)'~ 9 forae. t € [0,e].

['(2—-q)
It has been proved (see e.g., Kilbas [20, Theorem 4.8]) that in the space L (I, F),the
Hadamard fractional derivative is the left-inverse operator to the Hadamard fractional
integral, i.e.
("D (" Hw)(x) = w(w).
From [21, Theorem 2.3], we have
("L w)(1)
I'(q)

Corollary 2.10. Let h : I — E be a continuous function. A function w € L*(I, E) is
said to be a solution of the equation

(" Dfw)(t) = n(t),
if and only if u satisfies the following Hadamard integral equation

()
wlf) =5y

(1) (" Diw)(z) = w(w) — (In )",

(Int)st + (FIih)(t).
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From the above corollary and [6, Lemma 1], we have the following lemma.

Lemma 2.11. Let f(t,u,z) : I X E X E — E be a continuous function. Then problem
(1.1) is equivalent to the problem of obtaining the solution of the equation

gmzf@ﬁ%

and if g(+) € C'is the solution of this equation, then

amrﬂuﬂmwy@)

ult) = oty + ("Tg)(0)

Definition 2.12 (See [16]). Let E be a Banach space, {2z the bounded subsets of F
and B; the unit ball of . The De Blasi measure of weak noncompactness is the map
B : Qg — [0,00) defined by

B(X) = inf{e > 0 : there exists a weakly compact {2 C E such that X C eB; + Q}.

The De Blasi measure of weak noncompactness satisfies the following properties:
(a) AC B= (A) <pB(B),
(b) 5(A) =0« Ais weakly relatively compact,
(© B(AUB) = max{B(A), 3(B)},
(d) B(A") = B(A), (A” denotes the weak closure of A),
() f(A+ B) < B(A) + B(B),
() B(AA) = [A5(A),
(g) Blconv(A)) = B(A),
(h) B(Up<nAA) = hB(A).
The next result follows directly from the Hahn—Banach theorem.

Proposition 2.13. Let E be a normed space, and xy € E with xy # 0. Then, there exists
p € E" with ||pl| = 1 and (o) = ||zo]-

For a given set V' of functions v : [ — E' let us denote by
V(t)={v(t):veV} tel,

and
V(I)=Av(t):veV, tel}.
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Lemma 2.14 (See [17]). Let H C C' be a bounded and equicontinuous subset. Then
the function t — B(H (t) is continuous on I, and

fo(H) = max S(H (t)),

tel

5([utras) < [ sunas

where H(s) = {u(s) : w € H, s € I}, and (B¢ is the De Blasi measure of weak
noncompactness defined on the bounded sets of C.

and

For our purpose we will need the following fixed point theorem.

Theorem 2.15 (See [24]). Let () be a nonempty, closed, convex and equicontinuous
subset of a metrizable locally convex vector space C(J, E) such that 0 € Q. Suppose
T : Q) — Q is weakly-sequentially continuous. If the implication

V =conv({0} UT(V)) =V is relatively weakly compact, (2.1)

holds for every subset V' C (@), then the operator T' has a fixed point.

3 Existence Results

Let us start by defining what we mean by a weak solution of the problem (1.1).

Definition 3.1. By a weak solution of the problem (1.1) we mean a measurable function
u € C that satisfies the condition (Y I} ™"u)(t)|;=1 = ¢, and the equation (¥ Dju)(t) =
f(t,ut), ("Diu)(t)) on I.

The following hypotheses will be used in the sequel.

(Hy) For ae. t € I, the functions v — f(t,v,-) and w — f(t,-,w) are weakly
sequentially continuous,

(H,) Foreach v,w € E, the function ¢t — f(¢, v, w) is Pettis integrable a.e. on I,

(H3) There exists p € C(I, [0, 00)) such that for all p € E*, we have

. p®llel
= T el + llullz + olls

o (f(t,u,v))

fora.e.t € [ and each u,v € F,

(H4) For each bounded and measurable set B C E and for each t € I, we have

B(f(t, B DIB) < (Int)"p(t) B(B),
where " DB = {" Djw : w € B}.
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Set

p* = sup p(t),
tel

Theorem 3.2. Assume that the hypotheses (Hy) — (Hy) hold. If

p*InT

= —-< 3.1
[ (1 + 7") ’ -1
then the problem (1.1) has at least one solution defined on 1.

Proof. Transform the integral equation (1.1) into a fixed point equation. Consider
the operator N : C' — C defined by:

(Nu)(t) = %(mt)’“_l—k /1 (m f) : Sgr(é?)ds, (3.2)

(r s
where g(-) € C with

o) = f (t, ros ey <Hf;g><t>,g<t>) |

S S

t)H g(s)

First notice that, the hypotheses imply that ¢ — (ln - —— fora.e. t € I, is Pettis

integrable, and for each u € C the function

¢ 1, (H
t— t,——(Int)" ITg)(t t
7 (t g mey = + (i), 000
is Pettis integrable over /. Thus, the operator NV is well defined. Let R > 0 be such that
p*InT

R>———
L(1+47r)
and consider the set

Q= {u € O ulle < Rand [|(Ints) "ults) — (Int) " u(t)||m

T

P 1— to
< (InT)""|In 2
Starnmh g
* t1 ¢ +
+ FIET) /1 (Inty)' " (In f)T—l—(lntl)l—T(m gl)r—l ds}.

Clearly, the subset () is closed, convex end equicontinuous. We shall show that the
operator /N satisfies all the assumptions of Theorem 2.15. The proof will be given in
several steps.



8 Said Abbas, Mouffak Benchohra and Johnny Henderson

Step 1. N maps (@) into itself.
Letu € (), t € I and assume that (Nu)(t) # 0. Then there exists ¢ € E* such that
It )" (Nu)(®) e = ¢(|(In )" (Nu)(t)). Thus

H(lnwl’"<Nu><t>HE=go<Ffr) P [ () ﬁd)

where g(-) € C with

Then

- (Int)l-r [ "
ool < G5 [ (i

s
p*<lnT)1—r /t | +\" 1@
- I'(r) 1 s s
< p*InT
- I'(1+7r)
< R.

Next, let ¢1,t5 € I such that t; < t, and let u € (), with
(Into)' " (Nu)(tz) — (Int)' ™" (Nu)(t,) # 0.

Then there exists ¢ € E* such that

[(Into)' " (Nu)(ta) — (Inty)'"(Nu)(t1) ||
= o((Inty) " (Nu)(t2) — (Inty)' " (Nu)(t1))

and ||| = 1. Then

(Inta)' ™" (Nu)(tz) — (Inty)' " (Nu) (1) s
= p((Int2)" ™" (Nu)(tz) — (hltl) T(Nu)(th))
s)

o [ () s [ () 50).

where g(-) € C with
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Then
[(Int5) =" (Nu)(ts) — (Int1) ™" (Nu) (t1)|| g
e [P ] Te(g(s))]
< (Inty) /tl lng des
h 1—r t_2 r—1 n 1—r Ht—l r—1 |90(g(8))| S
+/1 (lntg) (111 5) (1 tl) (1 3) —SF(T) d
< (Inty) /t1 In . F(r)d
i 1orq b2 01 v tiea| P(S)
+/1 (Inty) (lng) — (Inty) (lng) F(r)d
Thus, we get
[(In22)" " (Nu)(tz) — ()" (Nu)(t1) ||
p* 1-r tQ '
< m(ln T) ln—1
+Fzzr) /1 (i)t (m%) (mzsl)l—f(ln%)r—l ds.

Hence N(Q) C Q.

Step 2. N is weakly-sequentially continuous.
Let (u,) be a sequence in () and let (u,(t)) — u(t) in (F,w) foreacht € I. Fix t € I,
since [ satisfies the assumptlon (H,), we have f(t,u,(t)," Dyu,(t)) converges weakly
uniformly to f(¢,u(t),” Dyu(t)). Hence the Lebesgue dominated convergence theorem
for Pettis integral implies (Nwu,,)(t) converges weakly uniformly to (Nu)(t) in (£, w),
for each ¢t € I. Thus, N(u,) — N(u). Hence, N : Q — @ is weakly-sequentially
continuous.

Step 3. The implication (2.1) holds.
Let V be a subset of ) such that V' = conv(N (V) U {0}). Obviously

V(t) C @rw(NV)(#) U{0}), t e 1.

Further, as V' is bounded and equicontinuous, by [15, Lemma 3] the function t — v(t) =
B(V(t)) is continuous on /. From (H3), (H4), Lemma 2.14 and the properties of the
measure 3, for any t € I, we have

(Int)"""u(t) < B((Int) " (NV)(t) U{0})
< B((Int)'"(NV) (t))
< lnT 1= T/t ]’ B(V(s))ds
lnT 1= ’"/ t lns)lpr(s)v(s)dS
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p*InT

< = .
= r(1+r)”U“C

Thus
[vlle < Lijv]lc.

From (3.1), we get ||v]|c = 0, that is v(t) = B(V(t)) = 0, for each ¢ € I. and then
by [22, Theorem 2], V' is weakly relatively compact in C. Applying now Theorem 2.15,
we conclude that V has a fixed point which is a solution of the problem (1.1).

4 An Example
Let

E=0'= {u:(ul,u2,...,un,...),2|un\ <oo}
n=1

be the Banach space with the norm

[eS)
lulle = funl.
n=1

We consider the following problem of implicit Hadamard fractional differential equation
of the form

{(HD% u)(t) = fultu(®), ("DF)D), te [Lel, wh

(I3 0)(t)]ir =0,

where

Fult ut), (*DEu) (1)) = o (+i) w0
Lt )l + 17 DF ()]s 2

t e [176], with
ny---)and c: .
1, W2, ) ] 92

Set
f=Uforo fur)

Clearly, the function f is continuous.
Foreachu € F and t € [1,e], we have

17t ut), (FDF) (1)) | < ct? ( i L) |
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Hence, the hypothesis (H3) is satisfied with p* = ce™*. We shall show that condition
(3.1) holds with T" = e. Indeed,

p"InT ¢ _1<1
F(l+r) (3 4 7

Simple computations show that all conditions of Theorem 3.2 are satisfied. It follows
that the problem (4.1) has at least one solution on [1, €.

References

[1] S. Abbas, W. Albarakati, M. Benchohra and G. M. N’Guérékata, Existence and
Ulam stabilities for Hadamard fractional integral equations in Fréchet spaces, J.
Frac. Calc. Appl. T (2) (2016), 1-12.

[2] S. Abbas and M. Benchohra, Fractional order integral equations of two indepen-
dent variables, Appl. Math. Comput. 227 (2014), 755-761.

[3] S. Abbas, M. Benchohra and J. Henderson, Partial Hadamard fractional integral
equations Adv. Dynamical Syst. Appl. 10 (2) (2015), 97-107.

[4] S. Abbas, M. Benchohra and G. M. N’Guérékata, Topics in Fractional Differential
Equations, Springer, New York, 2012.

[5] S. Abbas, M. Benchohra and G. M. N’Guérékata, Advanced Fractional Differen-
tial and Integral Equations, Nova Science Publishers, New York, 2015.

[6] S. Abbas, M. Benchohra and A. N. Vityuk, On fractional order derivatives and
Darboux problem for implicit differential equations, Frac. Calc. Appl. Anal. 15
(2) (2012), 168-182.

[7] B. Ahmad, and S. K. Ntouyas, Initial value problem of fractional order Hadamard-
type functional differential equations, Electron. J. Differential Equations 2015
(2015), No. 77, pp 1-9.

[8] R. R. Akhmerov, M. I. Kamenskii, A. S. Patapov, A. E. Rodkina and B.N.
Sadovskii, Measures of Noncompactness and Condensing Operators, Birkhauser
Verlag, Basel, 1992.

[9] J. C. Alvarez, Measure of noncompactness and fixed points of nonexpansive con-
densing mappings in locally convex spaces, Rev. Real. Acad. Cienc. Exact. Fis.
Natur. Madrid 79 (1985), 53-66.

[10] J. Banas and K. Goebel, Measures of Noncompactness in Banach Spaces, Marcel
Dekker, New York, 1980.



12 Said Abbas, Mouffak Benchohra and Johnny Henderson

[11] T. D. Benavides, An existence theorem for implicit differential equations in a Ba-
nach space, Ann. Mat. Pura Appl. 4 (1978), 119-130.

[12] M. Benchohra, J. Graef and F-Z. Mostefai, Weak solutions for boundary-value
problems with nonlinear fractional differential inclusions, Nonlinear Dyn. Syst.
Theory 11 (3) (2011), 227-237.

[13] M. Benchohra, J. Henderson and F-Z. Mostefai, Weak solutions for hyperbolic
partial fractional differential inclusions in Banach spaces, Comput. Math. Appl. 64
(2012), 3101-3107.

[14] M. Benchohra, J. Henderson and D. Seba, Measure of noncompactness and frac-
tional differential equations in Banach spaces, Commun. Appl. Anal. 12 (4) (2008),
419-428.

[15] D. Bugajewski and S. Szufla, Kneser’s theorem for weak solutions of the Darboux
problem in a Banach space, Nonlinear Anal. 20 (2) (1993), 169-173.

[16] E.S. De Blasi, On the property of the unit sphere in a Banach space, Bull. Math.
Soc. Sci. Math. R.S. Roumanie 21 (1977), 259-262.

[17] D. Guo, V. Lakshmikantham and X. Liu, Nonlinear Integral Equations in Abstract
Spaces, Kluwer Academic Publishers, Dordrecht, 1996.

[18] J. Hadamard, Essai sur 1’étude des fonctions données par leur développment de
Taylor, J. Pure Appl. Math. 4 (8) (1892), 101-186.

[19] R. Hilfer, Applications of Fractional Calculus in Physics, World Scientific, Singa-
pore, 2000.

[20] A. A. Kilbas, Hadamard-type fractional calculus, J. Korean Math. Soc. 38 (6)
(2001) 1191-1204.

[21] A. A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and Applications of Frac-
tional Differential Equations, Elsevier Science B.V., Amsterdam, 2006.

[22] A. R. Mitchell and Ch. Smith. Nonlinear Equations in Abstract Spaces. In: Lak-
shmikantham, V. (ed.) An existence theorem for weak solutions of differential
equations in Banach spaces, pp. 387403, Academic Press, New York (1978).

[23] J. J. Nieto, A. Ouahab and V. Venktesh, Implicit fractional differential equations
via the Liouville-Caputo derivative, Mathematics 3 (2015), 398-411.

[24] D. O’Regan, Fixed point theory for weakly sequentially continuous mapping,
Math. Comput. Model. 27 (5) (1998), 1-14.



Implicit Hadamard Pettis Fractional Differential Equations 13

[25] D. O’Regan, Weak solutions of ordinary differential equations in Banach spaces,
Appl. Math. Lett. 12 (1999), 101-105.

[26] B. J. Pettis, On integration in vector spaces, Trans. Amer. Math. Soc. 44 (1938),
277-304.

[27] V. E. Tarasov, Fractional Dynamics: Application of Fractional Calculus to Dy-
namics of Particles, Fields and Media, Springer, Heidelberg; Higher Education
Press, Beijing, 2010.

[28] P. Thiramanus, S. K. Ntouyas and J. Tariboon, Existence and uniqueness results for
Hadamard-type fractional differential equations with nonlocal fractional integral
boundary nonditions, Abst. Appl. Anal. (2014), 9 p.

[29] A. N. Vityuk and A. V. Mykhailenko, The Darboux problem for an implicit
fractional-order differential equation, J. Math. Sci. 175 (4) (2011), 391-401.

[30] Y. Zhou, Basic Theory of Fractional Differential Equations, World Scientific, Sin-
gapore, 2014.



