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Abstract

In this paper we examine the existence of positive solutions for an even-order
boundary value problem. We first apply a series of substitutions and a transforma-
tion to rewrite the higher-order differential equation as a system of second-order
equations satisfying homogeneous boundary conditions. Next, we establish some
lemmas which give estimates on a defined operator. This culminates in the appli-
cation of the Guo—Krasnosel’skii fixed point theorem guaranteeing the existence
of at least three positive solutions.
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1 Introduction

The study of multiple positive solutions for boundary value problems is a widely re-
searched field having many applications within the realm of modeling. For further read-
ing on works concerning this topic see [2—10] and the references therein. Many authors
arrive at existence results by applying various fixed point theorems. Some of the more
commonly used theorems of this type include the Leggett—Williams fixed point theo-
rem, as seen in [8, 9], and the Guo—Krasnosel’skii fixed point theorem, used in [4-7].
In [3], Avery, Henderson, and O’Regan generalized the five functional fixed point the-
orem, a generalization of the Leggett—Williams fixed point theorem, and then applied
it to a right focal boundary value problem to show the existence of at least three posi-
tive solutions. Marcos, Lorca, and Ubilla consider the fourth-order differential equation
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u®(t) = Mn(t,u(t),u”(t)) for t € (0,1) in [7]. Their work hinges on transforming
the fourth-order problem into a system of second-order problems and then showing
existence. That transformation technique serves as motivation for an article by Hen-
derson and Hopkins, [4], where they examined the fourth-order difference equation
A'u(t —2) = Ah(t,u(t), A*u(t — 1)), for t € (0,N + 2)7 , satisfying the nonho-
mogeneous conjugate boundary conditions: u(0) = A*u(—1) = 0, u(N + 2) = a, and
A*u(N +1) = —b.
This paper establishes an existence result for the even-order differential equation,

u® = \h (t,u,u”, ... ,u(2("71))) , t€(0,1), (L.1)

for n > 2, satisfying the boundary conditions

u®(0)=0, k=0,...,n—1, (1.2)

u (1) = (=1)*ay, k=0,...,n—1, (1.3)
n—1

where A, ag,...,a,_1 > 0 and Z ap > 0. After making a series of substitutions then
k=0

transforming (1.1)—(1.3) into a system of second-order differential equations satisfying
homogeneous boundary conditions, we show that the new system has multiple positive
solutions. This is done by first constructing a sequence of four lemmas which culminate
in allowing the application of the Guo—Krasnosel’skii fixed point theorem to yield our
main result.

2 Preliminaries

Let (X, || - ||) be a real Banach space. A cone, C, in X is a nonempty, closed, convex
subset of X satisfying both of the following properties:

i. If z € C'and XA > 0, then \x € C.
i. Ifx € C'and —x € C, then x = 0.

Next, we state the Guo—Krasnosel’skii fixed point theorem, which is essential in
acquiring our main result.

Theorem 2.1 (Guo—Krasnosel’skii). Let (X, || - [|) be a Banach space and C' C X be
a cone. Suppose 4y and )y are open subsets of X satisfying 0 € 1y C y C Qo If
T:CN(Qy\ ) — Cis acompletely continuous operator such that either

i ||[Tul| < Jul| foru € C'NoOQy and || Tu|| > ||u|| for u € C' NIy, or

ii. [|[Tu|l > ||u|| foru € C'NOQ; and ||Tu| < ||ul| for u € C' N 0L,
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then T has a fixed point in C N (Qy \ ).

In Section 3, we utilize the lemma below to arrive at the estimates needed to apply
the Guo—Krasnosel’skii fixed point theorem.

Lemma 2.2. Let u(t) be a nonnegative concave function which is continuous on |0, 1].
Then for all o, € (0,1), with a < [3, we have

inf w(t) > a(l — B)|ulle,
te(a,f]

where ||u||.c = sup u(t).
tel0,1]

Consider the differential equation (1.1)—(1.3). Foreach £ = 0,...,n — 1, set uy =
(=1)ku®®. Then, for t € [0, 1], if we let

f(ta Ugy —ULy - - -y (_1)n_1un—l) = (_1)nh(ta U, Uy - - - 7un—1)7
and
Uk+1 :gk<t7u07'--aun—l)7 k:O,...7TL— 17

then solutions to (1.1)—(1.3) are in one-to-one correspondence to solutions of the system
of second-order differential equations,

—up =N (t,ug, ... up_1), t€(0,1), (2.1)
—u) = gi(t,ug, .t 1), k=0,....,n—2,t€(0,1), 2.2)
ue(0) =0, k=0,....,n—1, (2.3)
up(l) =ag, k=0,...,n—1. (2.4)

The assumptions below are placed on f so that we may achieve our main result.

(HO) f:[0,1] x [0,00)™ — [0, c0) is a continuous function which is nondecreasing in
the last n variables.

(H1) There exists o, § € (0, 1), with o < f3, such that given (uq, ..., u,_1) € [0,00)"

n—1

with Zuk > 0, there is a ¢ > 0 such that
k=0

fltug, .. upq) > c

fort € [a, f].

n—1

t ey Uy .

(H2) Letz = uy. Then lim f(t o,y tn) _ 0 uniformly for ¢ € [0, 1].
o 2=0T Uy + ...+ Up_q
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= 0 uniformly for ¢ € [0, 1].

n—1
£ g, - -, Uy
(H3) Letz =Y . Then lim f(t, o, -y tn)
0 Zz—0 U 4+ ...+ Up—1

A simple transformation of (2.1)—(2.4) gives the system of second-order equations

—ul = Nf(t,ug + tag, ..., Un_1 +ta,_1), t € (0,1), (2.5)

—uy = gr(t,up + tag, ..., Up_1 +tan_1), k=0,...,n—2,t € (0,1), (2.6)
satisfying the homogeneous right focal boundary conditions,

up(0) =u, (1) =0, k=0,...,n— 1. 2.7)

Note that we will actually show the existence of solutions to the system (2.5)—(2.7).

However, due to the relationship between this system, (2.5)—(2.7) and (2.1)-(2.4) as

well as the fact that solutions of (2.1)—(2.4) are in one-to-one correspondence with those

of (1.1)—(1.3), the existence of solutions to our original problem readily follows.
Recall that solutions of the system (2.5)—(2.7) are of the form

1
Up—1(t) = )\/ G(t,s)f(s,up(s) + sag, ..., un—1(8) + Sa,_1)ds,
0

1
ug(t) = / G(t, s)gr(s,up(s) + sag, ..., Up_1(8) + San_1)ds, k=0,...,n—2,
0

where G (t, s) denotes the Green’s function,

t, 0<t<s<l,
G<t’5)_{s, 0<s<t<l

Clearly, G(t, s) is nonnegative. It follows by the assumptions placed on f and each gy
that solutions to (2.5)—(2.7) are positive provided they exist. Another useful property of
G(t, s) is that
! 1
max / G(t,s)ds = —.
tef0.1] Jo 2

Let (X, | - ||) denote the Banach space
x=[lc. 1w,
j=1

endowed with the norm,

(o, - -+ un)| = lluolloo + -+ lltn-1loo,

where ||ul| = sup |u(t)|. Let 2, C X denote the open set
te€(0,1]

Q. ={(ur, ..., up—1) € X | |[(ug,...,up1)|| <7}
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Define C' C X by

C = {(Uo,...,un_l) € X|(U0,...,Un_1)(0) = (0,,0) anduo,...,un_l
are nonnegative and concave for k = 0,...,n — 1}.

Note that C' is a cone.
We conclude with defining the operator 7" : X — X by

T(UO, . ,un,l) = (Ao(UQ, e ,Unfl), Ce ,An,l(uo, ...,un,1)>,

where
1
An—l(u07 s 7un—1)(t) = )\/ G(ta S)f(S, UO(S) + aps, - - - 7un—1(8) + Sa'n—l)d$7
0
1
Ag(ug, ..y up—1)(t) = / G(t,s)g(s,up(s) + aps, ..., u,_1(8) + sa,_1)ds,
0

fork=0,...,n—2andt € [0, 1]. Note that solutions of (2.5)—(2.7) are fixed points of
T', generating our interest in the Guo—Krasnosel’skii fixed point theorem. The following
Lemma yields two useful properties of 7'.

Lemma 2.3. T is a completely continuous operator and T : C — C.

The proof that 7" is cone preserving is straight forward. The fact that 7" is completely
continuous follows from a standard Arzela—Ascoli argument.

3 Technical Results

Lemma 3.1. Suppose (HO) and (H1) hold and let p* > 0. Then there exists a A > 0
such that, for every A > A and (aq, . .., a,-1) € [0,00)",

HT(U’O? s 7unfl)H > H(u0> s 7un*1>||7
where (ug, ..., Uy—1) € C'NOQ,-.

Proof. Let p* > 0 and take (ug, ..., u,—1) € CNOQ,. Setr = a1l — ), where o and

[ are as in (H1) and
B —1
A= |:1”M/ G(1,s) ds] :

where

n—1
, ft,rzo, ..., T2pn_1)
M = inf 't e ooy Zno1) € (0, ",E i =pt e
mn {T(Zo+"'+zn1> [aaﬁ]a(zﬂa )y 2 1) ( OO) Z-ZOZ P
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The existence of a positive M follows from assumption (H1). The combination of the
concavity lemma, Lemma 2.2, with the nondecreasing property placed of f, tells us that

||T(u07 s 7un—1)|| Z ||An—1(u07 s aun—l)Hoo

1
> /\/ G(1,s)f(s,uo(s) + sag, ..., un—1(s) + sa,_1)ds
0

B8
>\ / (L, ) (5, MUl s Plttn1 )

g f(s,mluolloo, -5 7l tn—1]l00)
2)\7"H(u0,...,un_1)|]/ G(1,s)—= kI n= 1/ Is
o 7l (uo, -y un—1)|l

> ArM||[(ug, ...y Up—1)]] /ﬁ G(1,s)ds

> || (uo, - - un—1)ll,
for A > A. O
Lemma 3.2. Fix A > 0 and sup;laose (HO) and (H1) hold. Then, for every A > A and
(ag,...,an_1) € [0,00)" with ”z: a; > 0, there is a p1 = p1(\, ag, . . ., an_1) such that,

i=0
for every p < pi1, we have

1T (o, - - )| = [[(uo, -, un-1)ll;
for (ug, ..., up—1) € CNOQ,.
Proof. By (H1) and the nondecreasing property on f, there is a ¢ > 0, such that,

f(t up(t) + tag, ..., up—1(t) +tan—1) > f(t,aaq, ..., aa,-1) >c,

B
fort € |o, f]. Take p; = Ac/ G(1, s)ds. Then for all (ug,...,u,—1) € C NQ,,

[0}

where p < pq,

B
T (uwo, ... Uup_1)]| > )\/ G(1,s)f(s,aaqg,...,aa,_1)ds

A G(1,s
ZAcH(uo,...,un_l)H/ e (Ls) ds

ey Up) ]|

> [[(uo, - -+ un-1)l];

giving our desired result. ]
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Lemma 3.3. Suppose (HO) and (H2) hold and fix p* > 0. Then, given A > 0, there
isapy € (0,p") and a § > 0, such that for every (ag,...,an—1) € [0,00)", with

n—1
0< Zai <9,
i=1
1T (uo, - - -y un—1)|| < [[(uo, - - un1)l;
for (ug, ..., up—1) € CNOQ,.
Proof. Given A > 0, pick € > 0 so that Ae < 1. Then, by (H2), there is a ps € (0, p*)

n—1 n—1

such that, for Z u; = pe and 0 < Z a; < pa, we have that,
i=0 i=1

—_

f(tug +ao, ... up1 + an_1) <€y (u;+ a;)

i

I
=)

n—1
fort € [0, 1]. Take (ug, . .., un—1) € C'NOSY,, and suppose Z a; < ps. Then, by (HO),

=0

1
Ap_1(ug, . yup—1)(t) = /\/ G(t, s)f(s,up(s) + sag, ..., un—1(5) + Sap_1)ds

0
1
S A G(t7 S)f<87 HuOHOO + ag, - - -, Hunfluoo + anfl)ds
0

’Vl—l 1
< e [H<u07'-->un—1)H +Zai] / G(t, s)ds
i=0 0

1
< 2| (uo, - -y Up—1)|| / G(t,s)ds
0
< Nel[(uy -y up_1)]]
fort € [0, 1]. Thus,

1A 1 (s -yt 1) oo < Aell(tt0, -0 1)

Now we turn our attention to the remaining Aj’s. First recall that each g, where
k = 0,...,n — 2, is nondecreasing in the last n variables as a result of their nature
as projections. Furthermore, there are vy, . . . , Y2, With

n—2
0<> w<2,
k=0

n—1
and a ¢ > 0 such that, for (ug, ..., u,—1) € [0,00)" with Z u; < q,
i=0

n—1
gk(ta Ug, - - - >un71) S Yk <Z ul) )
=0
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foreach k = 0,...,n — 2and t € [0, 1]. Pick p, so that p, < 27'q. Then

n—1

Z(ul +a;) < 2ps <q.
=0

Hence, by the above,

[y

n—

gk(t,u()—i-ao,...,un_l—l—an_l) S’}/k (u,;—i—ai),

i

Il
o

n—1

fork=1,...,n—2andt € [0,2]. Lety < 1 and set § = 7py. Then for Zai <9
i=0
and (ug, ..., up—1) € C N OQ,,,

1
Aoy - un) (1) = / G(t, 5) g1 (5, Uo(5) + 500, - tn_1(5) + 50n_1)ds
0

/0 1 G(t, s)ds

1
< (1 + )| (ugy - - -y un_1)|| / G(t,s)ds
0
(1 +9)
< TH(
fork = 0,...,n—2and ¢ € [0,1]. Thus, for each k¥ = 0,...,n — 2, we have the
inequality,

< Y

n—1
oy s D)+ 3
=0

Ug,y - - - aun—l)Ha

||Ak(u0a"'7un—1)||oo S 9

n—1

So, if we take Z a; < dand (ug, ..., up—1) € C' NI, then

| (uo, - vy 1)l

i=0
1 + 7, n—2
Il < (552) ot ] ol
k=0
Therefore, if we choose € and +' sufficiently small, the desired result follows. OJ
Lemma 3.4. Suppose (HO) and (H3) hold and let (a, . . .,a,-1) € [0,00)" satisfying,

n—1

0< Zak < &, where § > 0 is given. Then, for every A > 0, there is a ps = p3(J, \)
=0

such that for every p > ps,

||T(u07 s 7un—1)|| < H(u07 ce 7“”—1>”7

where (ug, ..., U,—1) € CNOQ,.
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Proof. Due to their inherent nature, each gy for £ = 0,...,n — 2 is nondecreasing in
the last n variables and there are 7, . . . , 7,2, satisfying
2
0<n< —,
n—1

where = max{no,..., M2}, and a p > 0 such that, for (ug,...,u,_1) € [0,00)"

n—1
with Z u; > p, we have

i=0

n—1
gk(t7 Ug, - - - ,'U/n,1> S Nk (Z ul) ’
=0

foreach k = 0,...,n —2and ¢t € [0,1]. Thus, given any ¢; > p, where p is defined

n—1
above, we have for (uy, ..., u,—1) € [0,00)", with Zuz < q,
i=0
n—1
gr(t,ug +tag, ..., up_1 +ta,_1) < n Z(uz + a;),
i=0
foreachk = 0,...,n —2,and ¢t € [0,1]. Let e > 0 and pick ¢; large enough so that
no
€ > —; then
a1

n—1 n—1 n—1
gr(t, up + tag, ..., Up—1 + tan_1) < T]Zui +nZai = (n—ire)Zui
i=0 i=0 =0
foreach k =0,...,n—2and ¢ € [0,1]. So for any (ug, ..., u,—1) € C'NOLY,,

1
Ag(ug, ..., up—1)(t) = / G(t, $)gr(s,uo(s) + sag, ..., u,—1(s) + san_1)ds
0

< (77—|—€)||(u0,...,un_1)||/0 G(t,s)ds

< n+e€

- 2
fork =0,...,n—2,and ¢t € [0,1]. Thus, for each & = 0,...,n — 2, we have the
inequality,

H(u07 s 7un—1>||7

n—+e
HAk(u07'--aun—1)HOO < 9 ”<u07"'7un—1)“-
Now we examine A,_;. Let &’ > 0. By (HO) and (H3), we can find a ¢ > 0 such that
n—1
for every (ug, ..., un—1) € [0,00)", with Z u; > 2, we have
i=0

n—1

f(t, ug + tag, ..., Up_1 + tan,l) < [Z(UZ + ai)
=0
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n—1
Take g3 = max{d,q,}. Noting that Zai < 6, for each (uq,...,u,—1) € [0,00)"
n—1 =0
satisfying Z u; > qs, we have
=0
n—1 n—1
f(t, ug + tag, ..., Un_1 + tan_l) < Z u; + ) < 20’ Z Us;.
=0 1=0

Thus, for (ug, ..., up—1) € C' N OSY,,

1
A1 (ug, ) <2(5'/\(H(u0,...,un_1)H/ G(t, 5)ds
0
< 5o, - un )l

giving that
VAncr(tto, - ttn)loe < F Attt
Set p3 = max{q, g3} and take p > ps. Then given (uy, ..., u,—1) € C N OQ,,

+e)(n+1 ,
T (uo, - . . s up_1)| < W + )\} (o, - -+ s tun1)]-

Therefore if we pick € and ¢’ small enough so that e(n — 1) < 2 — n(n — 1), we have
our desired result. L

4 Main Result

Theorem 4.1. Let f satisfy (H0)-(H3). Then, there exists a A > 0 such that, given any
n—1

A > A, there is a 6 > 0 such that, for every (ag, . ..a,_1) € [0,00)", with 0 < Zai <
i=1

0, the system (2.5)—(2.7) has at least three positive solutions.

Proof. Suppose f satisfies hypotheses (HO)—(H3), and fix p* > 0. By Lemma 3.1,
there is a A > 0 such that, for every A > A and (ao, . .., an—1) € [0,00)",
HT(UO, . ,un,l) | Z ||(U0, Ce ,Un,1)||, for (Uo, ce ,Unfl) S cn 89;

for A > A and (ag,...,a,-1) € [0,00)". Now, fix A > A. Then, by Lemmas 3.2-
3.4, there is a 6 > 0 and py, p2, p3 > 0, with p; < ps < p* < ps, such that for

n—1

(ag,...,an—1) € [0,00)" satisfying 0 < Zai < 0, we have
i=0
T (wo, - -y un—1)|| > [|(uo, - .. un_1)]|, for (ug,...,up—1) € C NI,
T (uo, - -y un—1)|| < [[(uo, ... un—1)]|, for (uo, ..., up—1) € CNOIQ,,,
T (wo, - . un—1)|| < [[(uo, ... un—1)l|, for (uo, ..., up—1) € C'NONQ,.
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Applying the Guo—Krasnosel’skii fixed point theorem, we have the existence of three

positive solutions (ug, - . ., Uy_1), (Vo, - - -, Un_1), (Wo, . .., wp_1) € C, satisfying
p1 <|[(uo, ..., un—1)|| < p2 <||(vo, ..., vn-1)|| <p" < |[[(wo,..., wp_1)|| < ps,
thus yielding the main result. [

This result can be generalized to any system of the form

—ul = Nf(t,up + tag, ..., up_1 +ta,_1), t € (0,1), 4.1)
—uy = gr(t,ug + tag, ..., Up_1 +tan_1), k=0,...,n—2, t€ (0,1), (4.2)
u(0) =up(1) =0, k=0,....,n—1 4.3)

by amending (HO) to
(HO) f,91,--,Gn2:[0,1] x [0,00)" — [0,00) are continuous and nondecreasing in

the last n variables,

and adding the assumptions

n—2
(H4) There are a ¢ > 0 and ~g,...,V,_2 With 0 < Z vr < 2 such that, for every
k=0
n—1
(o, -+, Up_1) € [0,00)", with Zul < g, we have
i=0

n—1
gk(t’u[b"'vuk) S ’Ykzuz
i=0
foreach k =0,...,n—2and t € [0, 1].

(H5) There are 7, . . ., 1,2 satisfying 0 < n <

foreach k =0,...,n — 2 and
n—1
n—1

ap > 0 such that, for (uo,...,u,—1) € [0,00)", with Z u; > p, we have
=0

n—1
gty uo, - .. up) < Ukz u;
i=0

foreachk =0,...,n—2andt € [0, 1].
Thus, we have the following corollary.

Corollary 4.2. Let f and gy, for k = 1,...,n — 2 satisfy (HO")—(H5). Then there exists
a A > 0 such that, given any X\ > A, there is a 6 > 0 such that, for every a,b,> 0
satisfying 0 < a + b < 9, the system (4.1)—(4.3) has at least three positive solutions.
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