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Abstract

In this paper we examine the existence of positive solutions for an even-order
boundary value problem. We first apply a series of substitutions and a transforma-
tion to rewrite the higher-order differential equation as a system of second-order
equations satisfying homogeneous boundary conditions. Next, we establish some
lemmas which give estimates on a defined operator. This culminates in the appli-
cation of the Guo–Krasnosel’skii fixed point theorem guaranteeing the existence
of at least three positive solutions.
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1 Introduction
The study of multiple positive solutions for boundary value problems is a widely re-
searched field having many applications within the realm of modeling. For further read-
ing on works concerning this topic see [2–10] and the references therein. Many authors
arrive at existence results by applying various fixed point theorems. Some of the more
commonly used theorems of this type include the Leggett–Williams fixed point theo-
rem, as seen in [8, 9], and the Guo–Krasnosel’skii fixed point theorem, used in [4–7].
In [3], Avery, Henderson, and O’Regan generalized the five functional fixed point the-
orem, a generalization of the Leggett–Williams fixed point theorem, and then applied
it to a right focal boundary value problem to show the existence of at least three posi-
tive solutions. Marcos, Lorca, and Ubilla consider the fourth-order differential equation
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u(4)(t) = λh(t, u(t), u′′(t)) for t ∈ (0, 1) in [7]. Their work hinges on transforming
the fourth-order problem into a system of second-order problems and then showing
existence. That transformation technique serves as motivation for an article by Hen-
derson and Hopkins, [4], where they examined the fourth-order difference equation
∆4u(t − 2) = λh(t, u(t),∆2u(t − 1)), for t ∈ (0, N + 2)Z , satisfying the nonho-
mogeneous conjugate boundary conditions: u(0) = ∆2u(−1) = 0, u(N + 2) = a, and
∆2u(N + 1) = −b.

This paper establishes an existence result for the even-order differential equation,

u(2n) = λh
(
t, u, u′′, . . . , u(2(n−1))

)
, t ∈ (0, 1), (1.1)

for n ≥ 2, satisfying the boundary conditions

u(2k)(0) = 0, k = 0, . . . , n− 1, (1.2)

u(2k+1)(1) = (−1)kak, k = 0, . . . , n− 1, (1.3)

where λ, a0, . . . , an−1 ≥ 0 and
n−1∑
k=0

ak > 0. After making a series of substitutions then

transforming (1.1)–(1.3) into a system of second-order differential equations satisfying
homogeneous boundary conditions, we show that the new system has multiple positive
solutions. This is done by first constructing a sequence of four lemmas which culminate
in allowing the application of the Guo–Krasnosel’skii fixed point theorem to yield our
main result.

2 Preliminaries
Let (X, ‖ · ‖) be a real Banach space. A cone, C, in X is a nonempty, closed, convex
subset of X satisfying both of the following properties:

i. If x ∈ C and λ > 0, then λx ∈ C.

ii. If x ∈ C and −x ∈ C, then x = 0.

Next, we state the Guo–Krasnosel’skii fixed point theorem, which is essential in
acquiring our main result.

Theorem 2.1 (Guo–Krasnosel’skii). Let (X, ‖ · ‖) be a Banach space and C ⊂ X be
a cone. Suppose Ω1 and Ω2 are open subsets of X satisfying 0 ∈ Ω1 ⊂ Ω1 ⊂ Ω2. If
T : C ∩ (Ω2 \ Ω1)→ C is a completely continuous operator such that either

i. ‖Tu‖ ≤ ‖u‖ for u ∈ C ∩ ∂Ω1 and ‖Tu‖ ≥ ‖u‖ for u ∈ C ∩ ∂Ω2, or

ii. ‖Tu‖ ≥ ‖u‖ for u ∈ C ∩ ∂Ω1 and ‖Tu‖ ≤ ‖u‖ for u ∈ C ∩ ∂Ω2,



Multiple Solutions for an Even-Order BVP 191

then T has a fixed point in C ∩ (Ω2 \ Ω1).

In Section 3, we utilize the lemma below to arrive at the estimates needed to apply
the Guo–Krasnosel’skii fixed point theorem.

Lemma 2.2. Let u(t) be a nonnegative concave function which is continuous on [0, 1].
Then for all α, β ∈ (0, 1), with α < β, we have

inf
t∈[α,β]

u(t) ≥ α(1− β)‖u‖∞,

where ‖u‖∞ = sup
t∈[0,1]

u(t).

Consider the differential equation (1.1)–(1.3). For each k = 0, . . . , n − 1, set uk =
(−1)ku(2k). Then, for t ∈ [0, 1], if we let

f(t, u0,−u1, . . . , (−1)n−1un−1) = (−1)nh(t, u0, u1, . . . , un−1),

and
uk+1 = gk(t, u0, . . . , un−1), k = 0, . . . , n− 1,

then solutions to (1.1)–(1.3) are in one-to-one correspondence to solutions of the system
of second-order differential equations,

−u′′n−1 = λf(t, u0, . . . , un−1), t ∈ (0, 1), (2.1)
−u′′k = gk(t, u0, . . . , un−1), k = 0, . . . , n− 2, t ∈ (0, 1), (2.2)
uk(0) = 0, k = 0, . . . , n− 1, (2.3)
u′k(1) = ak, k = 0, . . . , n− 1. (2.4)

The assumptions below are placed on f so that we may achieve our main result.

(H0) f : [0, 1]× [0,∞)n → [0,∞) is a continuous function which is nondecreasing in
the last n variables.

(H1) There exists α, β ∈ (0, 1), with α < β, such that given (u0, . . . , un−1) ∈ [0,∞)n

with
n−1∑
k=0

uk ≥ 0, there is a c > 0 such that

f(t, u0, . . . , un−1) > c

for t ∈ [α, β].

(H2) Let z =
n−1∑
k=0

uk. Then lim
z→0+

f(t, u0, . . . , un−1)

u0 + . . .+ un−1
= 0 uniformly for t ∈ [0, 1].
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(H3) Let z =
n−1∑
k=0

uk. Then lim
z→∞

f(t, u0, . . . , un−1)

u0 + . . .+ un−1
= 0 uniformly for t ∈ [0, 1].

A simple transformation of (2.1)–(2.4) gives the system of second-order equations

−u′′n−1 = λf(t, u0 + ta0, . . . , un−1 + tan−1), t ∈ (0, 1), (2.5)
−u′′k = gk(t, u0 + ta0, . . . , un−1 + tan−1), k = 0, . . . , n− 2, t ∈ (0, 1), (2.6)

satisfying the homogeneous right focal boundary conditions,

uk(0) = u′k(1) = 0, k = 0, . . . , n− 1. (2.7)

Note that we will actually show the existence of solutions to the system (2.5)–(2.7).
However, due to the relationship between this system, (2.5)–(2.7) and (2.1)–(2.4) as
well as the fact that solutions of (2.1)–(2.4) are in one-to-one correspondence with those
of (1.1)–(1.3), the existence of solutions to our original problem readily follows.

Recall that solutions of the system (2.5)–(2.7) are of the form

un−1(t) = λ

∫ 1

0

G(t, s)f(s, u0(s) + sa0, . . . , un−1(s) + san−1)ds,

uk(t) =

∫ 1

0

G(t, s)gk(s, u0(s) + sa0, . . . , un−1(s) + san−1)ds, k = 0, . . . , n− 2,

where G(t, s) denotes the Green’s function,

G(t, s) =

{
t, 0 ≤ t ≤ s ≤ 1,
s, 0 ≤ s ≤ t ≤ 1.

Clearly, G(t, s) is nonnegative. It follows by the assumptions placed on f and each gk
that solutions to (2.5)–(2.7) are positive provided they exist. Another useful property of
G(t, s) is that

max
t∈[0,1]

∫ 1

0

G(t, s)ds =
1

2
.

Let (X, ‖ · ‖) denote the Banach space

X =
n∏
j=1

C([0, 1];R),

endowed with the norm,

‖(u0, . . . , un−1)‖ = ‖u0‖∞ + . . .+ ‖un−1‖∞,

where ‖u‖∞ = sup
t∈[0,1]

|u(t)|. Let Ωr ⊂ X denote the open set

Ωr = {(u1, . . . , un−1) ∈ X | ‖(u1, . . . , un−1)‖ < r}.
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Define C ⊂ X by

C = {(u0, . . . , un−1) ∈ X|(u0, . . . , un−1)(0) = (0, . . . , 0) and u0, . . . , un−1
are nonnegative and concave for k = 0, . . . , n− 1}.

Note that C is a cone.
We conclude with defining the operator T : X → X by

T (u0, . . . , un−1) = (A0(u0, . . . , un−1), . . . , An−1(u0, ..., un−1)),

where

An−1(u0, . . . , un−1)(t) = λ

∫ 1

0

G(t, s)f(s, u0(s) + a0s, . . . , un−1(s) + san−1)ds,

Ak(u0, . . . , un−1)(t) =

∫ 1

0

G(t, s)g(s, u0(s) + a0s, . . . , un−1(s) + san−1)ds,

for k = 0, . . . , n− 2 and t ∈ [0, 1]. Note that solutions of (2.5)–(2.7) are fixed points of
T , generating our interest in the Guo–Krasnosel’skii fixed point theorem. The following
Lemma yields two useful properties of T .

Lemma 2.3. T is a completely continuous operator and T : C → C.

The proof that T is cone preserving is straight forward. The fact that T is completely
continuous follows from a standard Arzela–Ascoli argument.

3 Technical Results
Lemma 3.1. Suppose (H0) and (H1) hold and let ρ∗ > 0. Then there exists a Λ > 0
such that, for every λ ≥ Λ and (a0, . . . , an−1) ∈ [0,∞)n,

‖T (u0, . . . , un−1)‖ ≥ ‖(u0, . . . , un−1)‖,

where (u0, . . . , un−1) ∈ C ∩ ∂Ωρ∗ .

Proof. Let ρ∗ > 0 and take (u0, . . . , un−1) ∈ C ∩ ∂Ωρ∗ . Set r = α(1−β), where α and
β are as in (H1) and

Λ =

[
rM

∫ β

α

G(1, s) ds

]−1
,

where

M = inf

{
f(t, rz0, . . . , rzn−1)

r(z0 + · · ·+ zn−1)
: t ∈ [α, β], (z0, . . . , zn−1) ∈ (0,∞)n,

n−1∑
i=0

zi = ρ∗

}
.
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The existence of a positive M follows from assumption (H1). The combination of the
concavity lemma, Lemma 2.2, with the nondecreasing property placed of f , tells us that

‖T (u0, . . . , un−1)‖ ≥ ‖An−1(u0, . . . , un−1)‖∞

≥ λ

∫ 1

0

G(1, s)f(s, u0(s) + sa0, . . . , un−1(s) + san−1)ds

≥ λ

∫ β

α

G(1, s)f(s, r‖u0‖∞, . . . , r‖un−1‖∞)ds

≥ λr‖(u0, . . . , un−1)‖
∫ β

α

G(1, s)
f(s, r‖u0‖∞, . . . , r‖un−1‖∞)

r‖(u0, . . . , un−1)‖
ds

≥ ΛrM‖(u0, . . . , un−1)‖
∫ β

α

G(1, s)ds

≥ ‖(u0, . . . , un−1)‖,

for λ ≥ Λ.

Lemma 3.2. Fix Λ > 0 and suppose (H0) and (H1) hold. Then, for every λ ≥ Λ and

(a0, . . . , an−1) ∈ [0,∞)n with
n−1∑
i=0

ai > 0, there is a ρ1 = ρ1(Λ, a0, . . . , an−1) such that,

for every ρ ≤ ρ1, we have

‖T (u0, . . . , un−1)‖ ≥ ‖(u0, . . . , un−1)‖,

for (u0, . . . , un−1) ∈ C ∩ ∂Ωρ.

Proof. By (H1) and the nondecreasing property on f , there is a c > 0, such that,

f(t, u0(t) + ta0, . . . , un−1(t) + tan−1) ≥ f(t, αa0, . . . , αan−1) > c,

for t ∈ [α, β]. Take ρ1 = Λc

∫ β

α

G(1, s)ds. Then for all (u0, . . . , un−1) ∈ C ∩ Ωρ,

where ρ ≤ ρ1,

‖T (u0, . . . , un−1)‖ ≥ λ

∫ β

α

G(1, s)f(s, αa0, . . . , αan−1)ds

≥ Λc‖(u0, . . . , un−1)‖
∫ β

α

G(1, s)

‖(u0, . . . , un−1)‖
ds

≥ ‖(u0, . . . , un−1)‖,

giving our desired result.



Multiple Solutions for an Even-Order BVP 195

Lemma 3.3. Suppose (H0) and (H2) hold and fix ρ∗ > 0. Then, given λ > 0, there
is a ρ2 ∈ (0, ρ∗) and a δ > 0, such that for every (a0, . . . , an−1) ∈ [0,∞)n, with

0 <
n−1∑
i=1

ai < δ,

‖T (u0, . . . , un−1)‖ ≤ ‖(u0, . . . , un−1)‖,
for (u0, . . . , un−1) ∈ C ∩ ∂Ωρ2 .

Proof. Given λ > 0, pick ε > 0 so that λε < 1. Then, by (H2), there is a ρ2 ∈ (0, ρ∗)

such that, for
n−1∑
i=0

ui = ρ2 and 0 <
n−1∑
i=1

ai ≤ ρ2, we have that,

f(t, u0 + a0, . . . , un−1 + an−1) < ε

n−1∑
i=0

(ui + ai)

for t ∈ [0, 1]. Take (u0, . . . , un−1) ∈ C ∩∂Ωρ2 and suppose
n−1∑
i=0

ai ≤ ρ2. Then, by (H0),

An−1(u0, . . . , un−1)(t) = λ

∫ 1

0

G(t, s)f(s, u0(s) + sa0, . . . , un−1(s) + san−1)ds

≤ λ

∫ 1

0

G(t, s)f(s, ‖u0‖∞ + a0, . . . , ‖un−1‖∞ + an−1)ds

< λε

[
‖(u0, . . . , un−1)‖+

n−1∑
i=0

ai

]∫ 1

0

G(t, s)ds

≤ 2λε‖(u0, . . . , un−1)‖
∫ 1

0

G(t, s)ds

≤ λε‖(u0, . . . , un−1)‖,
for t ∈ [0, 1]. Thus,

‖An−1(u0, . . . , un−1)‖∞ ≤ λε‖(u0, . . . , un−1)‖.
Now we turn our attention to the remaining Ak’s. First recall that each gk, where
k = 0, . . . , n − 2, is nondecreasing in the last n variables as a result of their nature
as projections. Furthermore, there are γ0, . . . , γn−2, with

0 <
n−2∑
k=0

γk < 2,

and a q > 0 such that, for (u0, . . . , un−1) ∈ [0,∞)n with
n−1∑
i=0

ui < q,

gk(t, u0, . . . , un−1) ≤ γk

(
n−1∑
i=0

ui

)
,



196 Britney Hopkins

for each k = 0, . . . , n− 2 and t ∈ [0, 1]. Pick ρ2 so that ρ2 < 2−1q. Then

n−1∑
i=0

(ui + ai) < 2ρ2 < q.

Hence, by the above,

gk(t, u0 + a0, . . . , un−1 + an−1) ≤ γk

n−1∑
i=0

(ui + ai),

for k = 1, . . . , n − 2 and t ∈ [0, 2]. Let γ′ < 1 and set δ = γ′ρ2. Then for
n−1∑
i=0

ai < δ

and (u0, ..., un−1) ∈ C ∩ ∂Ωρ2 ,

Ak(u0, . . . , un)(t) =

∫ 1

0

G(t, s)gk(s, u0(s) + sa0, . . . , un−1(s) + san−1)ds

≤ γk

[
‖(u0, . . . , un−1)‖+

n−1∑
i=0

ai

]∫ 1

0

G(t, s)ds

≤ γk(1 + δ′)‖(u0, . . . , un−1)‖
∫ 1

0

G(t, s)ds

≤ γk(1 + δ′)

2
‖(u0, . . . , un−1)‖,

for k = 0, . . . , n − 2 and t ∈ [0, 1]. Thus, for each k = 0, . . . , n − 2, we have the
inequality,

‖Ak(u0, . . . , un−1)‖∞ ≤
γk(1 + δ′)

2
‖(u0, . . . , un−1)‖.

So, if we take
n−1∑
i=0

ai < δ and (u0, . . . , un−1) ∈ C ∩ ∂Ωρ2 , then

‖T (u0, . . . , un−1)‖ ≤

[(
1 + γ′

2

) n−2∑
k=0

γk + ελ

]
‖(u0, . . . , un−1)‖.

Therefore, if we choose ε and γ′ sufficiently small, the desired result follows.

Lemma 3.4. Suppose (H0) and (H3) hold and let (a0, . . . , an−1) ∈ [0,∞)n satisfying,

0 <
n−1∑
i=0

ak < δ, where δ > 0 is given. Then, for every λ > 0, there is a ρ3 = ρ3(δ, λ)

such that for every ρ ≥ ρ3,

‖T (u0, . . . , un−1)‖ ≤ ‖(u0, . . . , un−1)‖,

where (u0, . . . , un−1) ∈ C ∩ ∂Ωρ.
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Proof. Due to their inherent nature, each gk for k = 0, . . . , n − 2 is nondecreasing in
the last n variables and there are η0, . . . , ηn−2, satisfying

0 < η <
2

n− 1
,

where η = max{η0, . . . , ηn−2}, and a p > 0 such that, for (u0, . . . , un−1) ∈ [0,∞)n

with
n−1∑
i=0

ui > p, we have

gk(t, u0, . . . , un−1) ≤ ηk

(
n−1∑
i=0

ui

)
,

for each k = 0, . . . , n − 2 and t ∈ [0, 1]. Thus, given any q1 ≥ p, where p is defined

above, we have for (u0, . . . , un−1) ∈ [0,∞)n, with
n−1∑
i=0

ui ≤ q1,

gk(t, u0 + ta0, . . . , un−1 + tan−1) ≤ ηk

n−1∑
i=0

(ui + ai),

for each k = 0, . . . , n − 2, and t ∈ [0, 1]. Let ε > 0 and pick q1 large enough so that

ε >
ηδ

q1
; then

gk(t, u0 + ta0, . . . , un−1 + tan−1) ≤ η
n−1∑
i=0

ui + η
n−1∑
i=0

ai = (η + ε)
n−1∑
i=0

ui

for each k = 0, . . . , n− 2 and t ∈ [0, 1]. So for any (u0, . . . , un−1) ∈ C ∩ ∂Ωq1 ,

Ak(u0, . . . , un−1)(t) =

∫ 1

0

G(t, s)gk(s, u0(s) + sa0, . . . , un−1(s) + san−1)ds

≤ (η + ε)‖(u0, . . . , un−1)‖
∫ 1

0

G(t, s)ds

≤ η + ε

2
‖(u0, . . . , un−1)‖,

for k = 0, . . . , n − 2, and t ∈ [0, 1]. Thus, for each k = 0, . . . , n − 2, we have the
inequality,

‖Ak(u0, . . . , un−1)‖∞ <
η + ε

2
‖(u0, . . . , un−1)‖.

Now we examine An−1. Let δ′ > 0. By (H0) and (H3), we can find a q2 > 0 such that

for every (u0, . . . , un−1) ∈ [0,∞)n, with
n−1∑
i=0

ui ≥ q2, we have

f(t, u0 + ta0, . . . , un−1 + tan−1) < δ′

[
n−1∑
i=0

(ui + ai)

]
.
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Take q3 = max{δ, q2}. Noting that
n−1∑
i=0

ai < δ, for each (u0, . . . , un−1) ∈ [0,∞)n

satisfying
n−1∑
i=0

ui ≥ q3, we have

f(t, u0 + ta0, . . . , un−1 + tan−1) < δ′
n−1∑
i=0

ui + δ′δ ≤ 2δ′
n−1∑
i=0

ui.

Thus, for (u0, . . . , un−1) ∈ C ∩ ∂Ωq3 ,

An−1(u0, . . . , un−1) < 2δ′λ(‖(u0, . . . , un−1)‖
∫ 1

0

G(t, s)ds

≤ δ′λ‖(u0, . . . , un−1)‖,
giving that

‖An−1(u0, . . . , un−1)‖∞ ≤ δ′λ‖(u0, . . . , un−1)‖.
Set ρ3 = max{q1, q3} and take ρ ≥ ρ3. Then given (u0, . . . , un−1) ∈ C ∩ ∂Ωρ,

‖T (u0, . . . , un−1)‖ <
[

(η + ε)(n+ 1)

2
+ δ′λ

]
‖(u0, . . . , un−1)‖.

Therefore if we pick ε and δ′ small enough so that ε(n − 1) < 2 − η(n − 1), we have
our desired result.

4 Main Result
Theorem 4.1. Let f satisfy (H0)-(H3). Then, there exists a Λ > 0 such that, given any

λ ≥ Λ, there is a δ > 0 such that, for every (a0, . . . an−1) ∈ [0,∞)n, with 0 <
n−1∑
i=1

ai <

δ, the system (2.5)–(2.7) has at least three positive solutions.

Proof. Suppose f satisfies hypotheses (H0)–(H3), and fix ρ∗ > 0 . By Lemma 3.1,
there is a Λ > 0 such that, for every λ ≥ Λ and (a0, . . . , an−1) ∈ [0,∞)n,

‖T (u0, . . . , un−1)‖ ≥ ‖(u0, . . . , un−1)‖, for (u0, . . . , un−1) ∈ C ∩ ∂Ω∗ρ

for λ ≥ Λ and (a0, . . . , an−1) ∈ [0,∞)n. Now, fix λ ≥ Λ. Then, by Lemmas 3.2-
3.4, there is a δ > 0 and ρ1, ρ2, ρ3 > 0, with ρ1 < ρ2 < ρ∗ < ρ3, such that for

(a0, . . . , an−1) ∈ [0,∞)n satisfying 0 <
n−1∑
i=0

ai < δ, we have

‖T (u0, . . . , un−1)‖ ≥ ‖(u0, . . . , un−1)‖, for (u0, . . . , un−1) ∈ C ∩ ∂Ωρ1 ,

‖T (u0, . . . , un−1)‖ ≤ ‖(u0, . . . , un−1)‖, for (u0, . . . , un−1) ∈ C ∩ ∂Ωρ2 ,

‖T (u0, . . . , un−1)‖ ≤ ‖(u0, . . . , un−1)‖, for (u0, . . . , un−1) ∈ C ∩ ∂Ωρ3 .
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Applying the Guo–Krasnosel’skii fixed point theorem, we have the existence of three
positive solutions (u0, . . . , un−1), (v0, . . . , vn−1), (w0, . . . , wn−1) ∈ C, satisfying

ρ1 < ‖(u0, . . . , un−1)‖ < ρ2 < ‖(v0, . . . , vn−1)‖ < ρ∗ < ‖(w0, . . . , wn−1)‖ < ρ3,

thus yielding the main result.

This result can be generalized to any system of the form

−u′′n−1 = λf(t, u0 + ta0, . . . , un−1 + tan−1), t ∈ (0, 1), (4.1)
−u′′k = gk(t, u0 + ta0, . . . , un−1 + tan−1), k = 0, . . . , n− 2, t ∈ (0, 1), (4.2)
uk(0) = u′k(1) = 0, k = 0, . . . , n− 1 (4.3)

by amending (H0) to

(H0′) f, g1, . . . , gn−2 : [0, 1] × [0,∞)n → [0,∞) are continuous and nondecreasing in
the last n variables,

and adding the assumptions

(H4) There are a q > 0 and γ0, . . . , γn−2 with 0 <
n−2∑
k=0

γk < 2 such that, for every

(u0, . . . , un−1) ∈ [0,∞)n, with
n−1∑
i=0

ui < q, we have

gk(t, u0, . . . , uk) ≤ γk

n−1∑
i=0

ui

for each k = 0, . . . , n− 2 and t ∈ [0, 1].

(H5) There are η0, . . . , ηn−2 satisfying 0 < ηk <
2

n− 1
for each k = 0, . . . , n − 2 and

a p > 0 such that, for (u0, . . . , un−1) ∈ [0,∞)n, with
n−1∑
i=0

ui > p, we have

gk(t, u0, . . . , uk) ≤ ηk

n−1∑
i=0

ui

for each k = 0, . . . , n− 2 and t ∈ [0, 1].

Thus, we have the following corollary.

Corollary 4.2. Let f and gk for k = 1, . . . , n− 2 satisfy (H0′)–(H5). Then there exists
a Λ > 0 such that, given any λ ≥ Λ, there is a δ > 0 such that, for every a, b,≥ 0
satisfying 0 < a+ b < δ, the system (4.1)–(4.3) has at least three positive solutions.
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