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Abstract

The theory of u0-positive operators is applied to a class of boundary value prob-
lems for some fifth order linear problems to establish some comparisons between
smallest positive eigenvalues.
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1 Introduction
In this paper, we establish the existence of smallest positive eigenvalues and their com-
parison for the fifth order eigenvalue problems,

u(5) + λp(t)u = 0, 0 < t < 1, (1.1)

u(5) + σq(t)u = 0, 0 < t < 1, (1.2)

with each satisfying the boundary conditions,

u(0) = u′′′(0) = u(1) = u′′(1) = u′′′(1) = 0, (1.3)

where p(t), q(t) : [0, 1] → [0,∞) are continuous and neither vanishes identically on
any nondegenerate compact subinterval of [0, 1].

Remark 1.1. We note that if λ > 0 (respectively, σ > 0), and if u is a nontrivial solution
of (1.1), (1.3), (respectively (1.2), (1.3)), then

u(5)(t) ≤ 0, u′′′(t) ≥ 0, u′′(t) ≤ 0, andu(t) ≥ 0, 0 ≤ t ≤ 1.
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This paper is partially motivated by the results of a recent paper by Henderson and
Luca for third order eigenvalue problems [17]. The techniques utilized involve appli-
cations from the theory of u0-positive operators with respect to a cone in a Banach
space as developed in Krasnosel’skiı̆’s book [15] as well as in the book by Krein and
Rutman [16]. The methods in this paper follow much along the lines that have been
employed in papers dealing with eigenvalue comparisons for linear differential equa-
tions [5, 6, 8, 18, 19], finite difference equations [3, 10], dynamic equations on time
scales [1, 11, 13], and fractional differential equations [7, 12].

In the development of this paper, we present in Section 2 preliminary definitions and
fundamental results from the theory of u0-positive operators with respect to a cone in
a Banach space. In Section 3, we will construct a Green function for this fifth-order
problem. Then in Section 4, we apply the results of Section 2 in comparing the smallest
positive eigenvalues of (1.1), (1.3) and (1.2), (1.3).

2 Cones and u0-Positive Operators
In this section, we state definitions and auxiliary results from cone theory which will be
applied in the next section to the eigenvalue problems (1.1), (1.3) and (1.2), (1.3).

Definition 2.1. Let B be a Banach space over R. A closed nonempty subset P of B is
said to be a cone, provided

• αu+ βv ∈ P , for all u, v ∈ P and for all α, β ≥ 0, and

• (−P)
⋂
P = {0}.

Definition 2.2. A cone P is solid if P◦ 6= ∅, where P◦ denotes the interior of P . A cone
is said to be reproducing if B = P −P , where P −P denotes the “difference set of P .”

Remark 2.3. Krasnosel’skiı̆ [15] proved that every solid cone is reproducing.

A cone induces a partial ordering on a Banach space and a partial ordering on the
bounded linear operators defined on the Banach space.

Definition 2.4. Let P be a cone in a real Banach space B. If u, v ∈ B, we say u ≤ v
(with respect to P), if v−u ∈ P . If both M, N : B → B are bounded linear operators,
we say M ≤ N (with respect to P), if Mu ≤ Nu for all u ∈ P .

Definition 2.5. Let P be a cone in a real Banach space B, and let M : B → B be a
bounded linear operator. If there exists u0 ∈ P\{0} such that, for each u ∈ P\{0}
there exist constants k1(u) > 0 and k2(u) > 0, such that k1u0 ≤ Mu ≤ k2u0, then M
is said to be u0-positive (with respect to P).

For the next three results, the first two are in Krasnosel’skiı̆’s book [15], and the
third result is proved in Keener and Travis [14].
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Theorem 2.6. Let B be a Banach space over R and let P ⊂ B be a solid cone. If
M : B → B is a linear operator such that M : P \ {0} → Po, then M is u0-positive.

Theorem 2.7. Let B be a Banach space over R and let P ⊂ B be a reproducing cone.
Let M : B → B be a compact, linear operator that is u0-positive. Then M has an es-
sentially unique eigenvector in P , and the corresponding eigenvalue is simple, positive,
and larger than the absolute value of any other eigenvalue.

Theorem 2.8. Let B be a Banach space over R and let P ⊂ B be a cone. Let both
M, N : B → B be bounded, linear operators, and assume that at least one of the
operators is u0-positive. If M ≤ N , Mu1 ≥ λu1 for some u1 ∈ P and some λ > 0, and
Nu2 ≤ σu2 for some u2 ∈ P and some σ > 0, then λ ≤ σ. Moreover, λ = σ implies u1
is a scalar multiple of u2.

3 Construction of a Green Function
In this section, we construct a Green function that will play the role of a kernel for a
compact linear integral operator that will fulfill the roles of the results in Section 2.

Let K(t, s) be the Green function for y′′′ = 0, y(0) = y(1) = y′′(1) = 0. Graef and
Yang [9] have obtained

K(t, s) =
1

2

{
t(1− t)− t(1− s)2, if 0 ≤ t ≤ s ≤ 1,

t(1− t)− t(1− s)2 + (t− s)2, if 0 ≤ s ≤ t ≤ 1.

Some properties of K(t, s) that will be useful include:

• K(t, s) > 0 on (0, 1)× (0, 1),

• ∂

∂t
K(0, s) = s(2− s) > 0, 0 < s ≤ 1,

• ∂

∂t
K(1, s) = −s2 < 0, 0 < s ≤ 1.

Next, let H(t, s) be the Green function for −y′′ = 0, y(0) = y(1) = 0. It is well known
that

H(t, s) =

{
t(1− s), if 0 ≤ t ≤ s ≤ 1,

s(1− t), if 0 ≤ s ≤ t ≤ 1.

And properties of H(t, s) that will be useful include:

• H(t, s) > 0 on (0, 1)× (0, 1),

• ∂

∂t
H(0, s) = 1− s > 0, 0 ≤ s < 1,
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• ∂

∂t
H(1, s) = −s < 0, 0 < s ≤ 1.

It follows from [2, 4] that the Green function, G(t, s), for −y(5) = 0, y(0) = y′′′(0) =
y(1) = y′′(1) = y′′′(1) = 0, is given by the convolution,

G(t, s) =

∫ 1

0

K(t, r)H(r, s)dr.

Properties of G(t, s) that are of use to us include:

• G(t, s) > 0 on (0, 1)× (0, 1),

• ∂3

∂t3
G(t, s) = H(t, s) > 0 on (0, 1)× (, 1),

• G(0, s) = G(1, s) =
∂2

∂t2
G(1, s) = 0, 0 < s < 1,

• ∂3

∂t3
G(0, s) = H(0, s) = 0, 0 < s < 1,

• ∂3

∂t3
G(1, s) = H(1, s) = 0, 0 < s < 1

• ∂

∂t
G(0, s) =

∫ 1

0

∂K

∂t
(0, r)H(r, s)dr =

∫ 1

0

r(2− r)H(r, s)dr > 0, 0 < s < 1,

• ∂

∂t
G(1, s) =

∫ 1

0

∂K

∂t
(1, r)H(r, s)dr =

∫ 1

0

(−r2)H(r, s)dr < 0, 0 < s < 1.

4 Comparison of Smallest Eigenvalues
In making application of the positive cone theory from Section 2, we first define the
Banach space

B := {u ∈ C(1)[0, 1] | u(0) = u(1) = 0},
equipped with the norm defined by

‖u‖ := |u′|0 , where |·|0 := max
0≤t≤1

|·| .

It is straightforward that, for each u ∈ B,

|u|0 ≤ |u
′|0 = ‖u‖ .

We also define a cone P ⊂ B by

P := {u ∈ B | u(t) ≥ 0, 0 ≤ t ≤ 1}.
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Lemma 4.1. The cone P has nonempty interior, and Q := {v ∈ B | v(t) > 0, 0 < t <
1, v′(0) > 0, and v′(1) < 0} ⊂ P◦.

Corollary 4.2. The cone P is solid and hence is reproducing.

Define linear operators M, N : B → B by

Mu(t) :=

∫ 1

0

G(t, s)p(s)u(s)ds

and

Nu(t) :=

∫ 1

0

G(t, s)q(s)u(s)ds.

Remark 4.3. For a typical argument that both M and N are compact operators, see [5].

Lemma 4.4. The bounded linear operators M and N are u0-positive (with respect to
P).

Proof. We will prove that M : P\{0} → Q ⊂ P◦, and then Theorem 2.6 yields the
conclusion.

First, choose u ∈ P . Since all of u(t), G(t, s), and p(t) are nonnegative functions,
we have, for 0 ≤ t ≤ 1,

Mu(t) =

∫ 1

0

G(t, s)p(s)u(s)ds ≥ 0.

Moreover, Mu(0) = Mu(1) = 0, and so M : P → P .
Now, choose u ∈ P\{0}. Then, by the assumptions in the Introduction on p(t),

there exists a compact subinterval [α, β] ⊆ [0, 1] such that u(t)p(t) > 0 on [α, β]. From
the property that G(t, s) > 0 on (0, 1)× (0, 1), it follows that, for 0 < t < 1,

Mu(t) =

∫ 1

0

G(t, s)p(s)u(s)ds

≥
∫ β

α

G(t, s)p(s)u(s)ds

> 0.

Moreover, from the properties that
∂

∂t
G(0, s) > 0, 0 < s < 1 and

∂

∂t
G(1, s) <

0, for 0 < s < 1, it follows that

(Mu)′(0) =

∫ 1

0

∂

∂t
G(0, s)p(s)u(s)ds

≥
∫ β

α

∂

∂t
G(0, s)p(s)u(s)ds

> 0,
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and similarly,

(Mu)′(1) =

∫ 1

0

∂

∂t
G(1, s)p(s)u(s)ds < 0.

So, Mu ∈ Q; that is M : P\{0} → P◦. We conclude that M is u0-positive. Similarly
N is also u0-positive.

Remark 4.5. We point out here that

Λu(t) = Mu(t) =

∫ 1

0

G(t, s)p(s)u(s)ds, 0 ≤ t ≤ 1,

iff

u(t) =
1

Λ

∫ 1

0

G(t, s)p(s)u(s)ds, 0 ≤ t ≤ 1,

iff

u(5)(t) = − 1

Λ
p(t)u(t), 0 < t < 1, and

u(0) = u′′′(0) = u(1) = u′′(1) = u′′′(1) = 0.

That is, the eigenvalues of (1.1), (1.3) are reciprocals of the eigenvalues of M , and
conversely. In analogy, the eigenvalues of (1.2), (1.3) are reciprocals of the eigenvalues
of N , and conversely.

Theorem 4.6. The operator M (and N ), has an eigenvalue that is simple, positive,
and larger than the absolute value of any other eigenvalue, with an essentially unique
eigenvector that can be chosen to belong to P◦.

Proof. Since M is a compact linear operator which is u0-positive with respect to P ,
it follows from Theorem 2.7 that M has an essentially unique eigenvector, u ∈ P , and
associated eigenvalue, Λ, having the properties as in the statement of the theorem. Since

u 6= 0, then Mu ∈ Q ⊂ P◦, and so u = M

(
1

Λu

)
∈ P◦.

Theorem 4.7. Let p(t) ≤ q(t) on [0, 1]. Let Λ and Σ be the eigenvalues of Theorem 4.6
corresponding to M and N respectively, with corresponding essentially unique eigen-
vectors, u1 and u2, belonging to P◦. Then Λ ≤ Σ, and Λ = Σ if, and only if, p(t) = q(t)
on [0, 1].

Proof. With p(t) ≤ q(t) on [0, 1], then for any u ∈ P and t ∈ [0, 1],

(Nu−Mu)(t) =

∫ 1

0

G(t, s)(q(s)− p(s))u(s)ds ≥ 0.

So, Nu−Mu ∈ P , for all u ∈ P; that is, M ≤ N with respect to P . Then by Theorem
2.8, Λ ≤ Σ.
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Turning to the part, if p(t) = q(t) on [0, 1], then trivially Λ = Σ. On the other hand,
if p(t) 6= q(t), then there exists a subinterval [c, d] ⊆ [0, 1] such that p(t) < q(t) on [c, d].
Then, (N−M)u1 ∈ Q ⊆ P , and so there exists an ε > 0 such that (N−M)u1−εu1 ∈
P . We have

Λu1 + εu1 = Mu1 + εu1 ≤ Nu1,

or (Λ + ε)u1 ≤ Nu1. Since N ≤ N and Nu2 = Σu2, we have from Theorem 2.8 that
Λ + ε ≤ Σ, or Λ < Σ.

In light of Remark 4.5 and Theorems 4.6 and 4.7, we state our main result concern-
ing the existence and comparison of smallest positive eigenvalues for (1.1), (1.3) and
(1.2), (1.3).

Theorem 4.8. Let p(t) ≤ q(t) on [0, 1]. Then, there exists smallest positive eigenvalues,
λ and σ, of (1.1), (1.3) and (1.2), (1.3), respectively, each of which is simple, positive,
and less than the absolute value of any other eigenvalue of the corresponding problem,
and the eigenvectors corresponding to λ and σ may be chosen belonging to P◦. Finally,
λ ≥ σ, and λ = σ if, and only if, p(t) = q(t) on [0, 1].
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