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Abstract

In this paper, we prove the existence of nontrivial solutions to a mixed of
boundary (p, q)-Laplacian systems. Our technical approach is based on Bonanno’s
general critical points theorem.
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1 Introduction and Preliminaries

In this paper, we are concerned with the existence of nontrivial weak solutions for the
following system of (p, ¢)-Laplacian type

—([u' P72 = AFy(z,u,0) in (0,

0
—(['|"7 %) = AFy(x,u,v) in (0,
u(0) ='(1) = v(0) =2'(1) =0,

); (1.1)

where ¢ > p > 1 and ) is a real positive parameter. F : [0,1] x R* — R is a function
such that F(-,s,t) is continuous in [0, 1] for all (s,¢) € R? and F(z,,-) is C* in R?
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for every « € [0,1], and F,,, F, denote the partial derivatives of F' with respect to the
second and third variable. Moreover, F(-, s, t) satisfies the condition

F)  sup  (|F.(,s,t)] +|F,(-s,t)]) € L*([0,1]), forall o > 0.
Is|<o,|t|<o
The investigation of existence of solutions for a mixed boundary value problem has
drawn the attention of many authors, see [7, 8,10, 15, 17] and references therein. In [1],
the authors established the existence of infinitely many solutions for the following mixed
boundary value problem involving the one dimensional p-Laplacian

{ —(rld P72 + s|ulPu = Af(z,u) in (a,b),

u(a) = ' (b) = 0, (1.2)

where the functions r, s and f satisfy suitable hypotheses. In [2], Averna and Salvati
proved that, in the case » = s = 1, the problem (1.2) admits at least three solutions
when A lies in an exactly determined open interval. Recently, D’Agui in [9], obtained
existence results of three nonnegative and nontrivial solutions for problem (1.2).

Motivated by the results mentioned above, in this paper a precise interval of real
parameters A for which the problem (1.1) admits at least one nontrivial solutions is
established. Our approach is variational and the main tool is a local minimum theorem
due to Bonanno [3].

Denote by X the Cartesian product of two Sobolev spaces

X1 = {ue W"([0,1]);u(0) = 0} and X, = {v e W([0,1]);v(0) = 0} .
The space X will be endowed with the norm

[[Cs )| = [Jallp + o] lg;

A |u'<x>|pdx);, and 1ol = [ |v’<x>|‘1dx);.

Since p > 1 and ¢ > 1, the Rellich Kondrachov theorem assures that (X1, || - ||,) —
(C°([0,1]), 1] - lso) and (Xo, || - [lq) < (C°([0,1]), || - || ) are compact, therefore

where

lulloo < |lull, and [jv]je < |lv||; forall (u,v) € X (see, e.g., [16]). (1.3)

Definition 1.1. We say that (u,v) € X is a weak solution of problem (1.1) if
1 1 1
/ [/ [P~ ' da + / |v'|7 20"y dx — )\/ Fu(z,u,v)pdz
0 0 0

1
—)\/ F,(z,u,v)dx =0,
0

for all (p, ) € X.
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We see that weak solutions of system (1.1) are critical points of the functional 7 : X —
R, given by
I)\(u’ U) = (I)(ua U) - )\\IJ(U, U)a

for all (u,v) € X, where
1 1 !
B(u,v) = lull + Ljollt and D(u,v) = / Flz, u,v)dz.
p q 0

Since X is compactly embedded in C°([0, 1]) x C°([0,1]), it is well known that ® and
W are well defined and Gateaux differentiable functionals whose Gateaux derivatives at
(u,v) € X are given by

(@' (u,v), (p, 1)) /]u VP2 (0 d:l:—l—/|v 9720 (2) () d,

(W (u,0), (0, ) = / (2, u, 0)pdz + / Fy(a,u, v,

0 0
for all (, 1)) € X. Moreover, by the weakly lower semicontinuity of norm, we see that
® is sequentially weak lower semi continuous. Thanks to p,¢ > 1 and (F), ¥ has a
compact derivative, it follows that ¥ is sequentially weakly continuous.

Our main tools are two consequences of a local minimum theorem [3], which is a
more general version of the Ricceri variational principle [14]. Given a set X and two
functionals ¢, ¥ : X — R, put

(Supvecb—l(]m,m[) ‘I’(U)) — U(u)

ri,Te) 1= inf 1.4
ﬁ< ! 2) u€d=1(Jry,r2)) T9 — (P(u) ( )
W(u) — (SUpvequ(}_oo 1)) ‘I’(U))
p1(ri,m9) = sup ’ (1.5)
ued1(Jr1,r2[) CD(U) —
for all r{, r, € R, with r; < rg, and
W(u) - (Supveb—l(]foo ) ‘I’(U))
p(r) == sup ’ (1.6)
wed—1 (Jr,+o0[) (u) —r

forall r € R.

Theorem 1.2 (See [3, Theorem 5.1]). Let X be a reflexive real Banach space, ¢ : X —
R be a sequentially weakly lower semicontinuous, coercive and continuously Gdteaux
differentiable function whose Gdteaux derivative admits a continuous inverse function
on X*, U : X — R be a continuously Gdteaux differentiable function whose Gdateaux
derivative is compact. Put [y, = ® — \V. Assume that there are 1,15 € R, withr; < ro,
such that

B(ri,r2) < pi(ri,72), (L.7)
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1 1
pi(r1,72)" B(ri,ma) [
there exists ug x € (|1, 72]) such that Iy(uo ) < Ix(u) forallu € @ *(Jry, r2[) and
I;\(Uo’)\) =0.

Theorem 1.3 (See [3, Theorem 5.3]). Let X be a real Banach space, ® : X — R be
a continuously Gdteaux differentiable function whose Gdteaux derivative admits a con-
tinuous inverse function on X*, ¥ : X — R be a continuously Gateaux differentiable
Jfunction whose Gdteaux derivative is compact. Fix i&f ® < r < sup @ and assume that

where (3, p1 are given by (1.4) and (1.5). Then, for each \ €

X
p(r) >0, (1.8)
1
where p is given by (1.6), for each \ > ﬁ, the functional Iy, = ® — AV is coercive.
p(r
1
Then, for \ > ) there is ugy € ® '(]r, +oc[) such that I (ugy) < I\(u) for all
p(r

u € 7 (Jr, +oo|) and I} (ug,) = 0.

2 Main Results

Given two nonnegative constants ¢ and d such that

P 2‘1dq
2 # I
put
[ maxyjuj<e Fx, 5, t)da — [+ F(z,d,d)dz
Ad(c) = P 24 s .
£ =22 da
q2p p

Now we state our main results.
Theorem 2.1. Assume that

(i) there exist three constants ¢y, ca, and d with

max (4, 2ql/p) < < ey, 2.1
and )
C1 pcg a
n <d< (q2p+q> (2.2)
such that

Ad(Cg) < Ad(cl),

(ii) /2 F(z,s,t)dz > 0 for every (s,t) € [0, d]>.
0
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Then, for each

A e } Adzcl)’ Adicz) {’

problem (1.1) admits at least one nontrivial weak solution (u, v) such that

a G
ﬁ < CD(U,U) < ﬁ

Proof. Let ®, W be the functionals defined in Section 1. It is well known that they
satisfy all regularity assumptions requested in Theorem 1.2. So, our aim is to verify
condition (1.7). Define the function uy, € X by

Clearly (ug,up) € X, and owing to (ii), one has

1

1
\If(uo,uo):/ F(x,uo,uo)dxz/ F(z,d,d)dx. (2.3)
0

1

From the definition of ® and the conditions (2.1) and (2.2), we have

2P 21
—dP < @(Uo,UU) < —di. (24)
q p

Fix ¢y, 9, and d satisfying (i) and put

¥ b
r = — and ry = —=.
q2r q2r

Then, by (2.2), we obtain r; < ®(ug, ug) < 2. Moreover, from (1.3) and (2.1) for all
(u,v) € X such that (u,v) € ® (] — oo, r5[), we get

jul + Jv] < s,

Therefore

1 1
U(u,v) = / F(x,u,v)dr < max F(x, s, t)dz for all (u,v) € ®'(]—o0,75]).
0

o IslHtI<en

Hence 1

sup U(u,v) < max F(x,s,t)dzx. (2.5)

(uw)€P~ (] —00,r2) o Isl+ltl<ca
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By the same argument, we obtain

1
sup U(u,v) < max F(xz,s,t)dx. (2.6)

(u,0)eP~1(]—oc0,r1[) 0 Isl+ltI<a

Combining (2.3), (2.4), (2.5) and (2.6), we get

(SUP(%U)E¢‘1(]T17TQ[) U(u,v)) — ¥(ug, up)

Alrira) ro — ®(uo, up)
fol MAaX(s|+|t|<co F (T, 5,1)dx — fll F(z,d,d)dx
= P s = Ad(02)7
L _ 2% g
q27 P
and
W (ug, up) — (Supvep—l(]—oo 1) ‘I’(U))
> )
pilror) 2 P (g, uo) — 1
fll F(z,d,d)dxr — fol MaX|s|4|t|<c, F (2, 5,1)dx
= 2 24 P = Ad(Cl).
“Zda — =L
P q2p

So, by (i) it follows that
B(ri,m2) < pi(ri,72).

Hence, by Theorem 1.2 for each A € , the functional /, admits at

@l
Aq(cr)’ Aa(ea)

least one critical point (u, v) such that

a ~ G
ﬁ < @(U,’U) < ﬁ
This finishes the proof of Theorem 2.1. [

Now, we give an application of Theorem 1.3.
Theorem 2.2. Assume that

(i) there exist two constants ¢ and d with

1/p =
q c -
1,— ) <-<d
(1) <
such that ) .
max F(xz,s, t)dz </ F(z,d,d)dz, 2.7
o lslHlt<z 1
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(ii)
F t
lim sup M < 0 wuniformly in X. (2.8)
5|+t —-+oo |S[P + [2]2
Then, for each \ > \, where
cP 29 34
T w4

fol max|s|4|¢<c F (2, s, t)dx — fll F(x,d, Zl)d:c’
2

problem (1.1) admits at least one nontrivial weak solution (u, v) such that

D (u,v <
> —.

Proof. First, note that H}gnq) = ®(0,0) = 0. Moreover, the condition (2.8) and (F)
implies that, for every ¢ > 0 there exists [. € L*(Q) such that

F(x,s,t) <e (s’ + [t|?) + l.(z) forall (z,s,t) € Q x R

Thus
/ F(z,u,v)de < & (cp]|ul2 + ¢l [v]]9) + / l.(x)dz forall (u,v) € X,
Q Q

where ¢, and ¢, are constants of Sobolev. Therefore

1 1
I(u,v) > (— —5cp) [[ul[p + (— — 6cq) [o][ — / l.(x)dx.
p q Q

So, choosing € small enough we deduce that [, is coercive. Our aim is to verify condi-
tion (1.8) of Theorem 1.3. Indeed, put uy € X such that

- 1

le‘, WS |:O,§|:,
uo(z) = 1

E, T € {—,1} .

2

Arguing as in the proof of Theorem 2.1, putting
cP

r=—.
q2r
For all (u,v) € X such that (u,v) € ® (] — oo, 7[), we have

jul + o] <7,
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and, by (2.7) we have

W (o, o) — (SUPpea—1( oo, Y(V))
D (ug, ug) — r
fll F(x,d,d)dz — fol max|s|4|<c F(z, s, t)dx

p(r) >

> 0.

- 2079 e
p q2r

Hence, Theorem 1.3 ensures the existence of nontrivial solution (u, v) of (1.1), such that

b(u,v Gl
> —.

This completes the proof of Theorem 2.2. O

We now point out the following special cases of Theorem 2.2 when F' does not
depend on z € [0, 1].

Corollary 2.3. Assume that F, and F, are nonnegative, in addition

(i) there exist two constants ¢ and d with

max(l,#) < Z <d
such that o o
F(Ecp, o) _ QZ ](i i‘;p (2.9)
(i1)
lim sup M =0. (2.10)

|s|+|t|—+o0 |S|p + |t|q B

Then, for each
@ 2

A > q2P L
F(c,e) — 3F(d,d)

problem
— ([ ]P72u") = AFy(u,v) in (0,
—([v'|77%) = AFy(u, ) in (0
u(0) = /(1) = v(0) = /(1) =0,

admits at least one nontrivial weak solution.

Proof. Clearly (2.10) implies (2.8), and simple computations show that (2.9) implies
(2.7). Hence Theorem 2.2 ensures the conclusion. [
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Example 2.4. The problem
( 3
—u” =\ (50\/5 + v\/z_J) in (0,1),
" 3 .
- = A (§Uﬁ+ u\/ﬂ) in (0,1),

u(0) = /(1) = v(0) ='(1) =0,

\

admits at least one nontrivial solution for every

228 1
A> 251 o5
In fact, if we choose, for example ¢ = 4, d=2"and F : R" x R* — R be a function

defined by
F(s,t) = st <\/§+ \/E> :

we get
cP 244
>~ ¢ 2% -1

F(c,e) —iF(d,d) 23 —2%
and all hypotheses of Corollary 2.3 are satisfied.
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