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Abstract

We develop the calculus of variations on time scales for a functional that is
the composition of a certain scalar function with the delta and nabla integrals of
a vector valued field. Euler-Lagrange equations, transversality conditions, and
necessary optimality conditions for isoperimetric problems, on an arbitrary time
scale, are proved. Interesting corollaries and examples are presented.
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1 Introduction

We study a general problem of the calculus of variations on an arbitrary time scale T.
More precisely, we consider the problem of extremizing (i.e., minimizing or maximiz-
ing) a delta-nabla integral functional

L(z)=H /fl(t,x"(t),avA(t))At,...,/fk(t,x"(t),xA(t))At,

/ foas (£ 22(8), 2% (1)) V. .. / Fosn(t,2?(t), ¥ (£)) V1t

possibly subject to boundary conditions and/or isoperimetric constraints. For the in-
terest in studying such type of variational problems in economics, we refer the reader
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to [10] and references therein. For a review on general approaches to the calculus of
variations on time scales, which allow to obtain both delta and nabla variational calcu-
lus as particular cases, see [5,9, 12]. Throughout the text we assume the reader to be
familiar with the basic definitions and results of time scales [3,4,7, 8].

The article is organized as follows. In Section 2 we collect some necessary defini-
tions and theorems of the nabla and delta calculus on time scales. The main results are
presented in Section 3. We begin by proving general Euler—Lagrange equations (Theo-
rem 3.2). Next we consider the situations when initial or terminal boundary conditions
are not specified, obtaining corresponding transversality conditions (Theorems 3.4 and
3.5). The results are applied to quotient variational problems in Corollary 3.6. Finally,
we prove necessary optimality conditions for general isoperimetric problems given by
the composition of delta-nabla integrals (Theorem 3.9). We end with Section 4, illus-
trating the new results of the paper with several examples.

2 Preliminaries

In this section we review the main results necessary in the sequel. For basic definitions,
notations and results of the theory of time scales, we refer the reader to the books [3,4].
The following two lemmas are the extension of the Dubois—Reymond fundamental
lemma of the calculus of variations [13] to the nabla (Lemma 2.1) and delta (Lemma 2.2)
time scale calculus. We remark that all intervals in this paper are time scale intervals.

Lemma 2.1 (See [11]). Let f € Ciy([a, b],R). If

/ FORT(EVE= 0 forall € Clla,bl, R) with n(a) = n(b) = 0,

then f(t) = ¢, for some constant c, for all t € |a, b,
Lemma 2.2 (See [2]). Let f € Crq([a,b],R). If

/ FOTP AL =0 forall 1€ CL([a, b, R) with n(a) = n(b) =0,

a

then f(t) = ¢, for some constant c, for all t € |a, b]".

Under some assumptions, it is possible to relate the delta and nabla derivatives (The-
orem 2.3) as well as the delta and nabla integrals (Theorem 2.4).

Theorem 2.3 (See [1]). If f : T — R is delta differentiable on T* and f* is continuous
on T", then f is nabla differentiable on T, and

fY(@) = (f2)P(t) forall t€T,. 2.1
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If f : T — R is nabla differentiable on T, and Y is continuous on T, then f is delta
differentiable on T" and

o) = (fY)°(t) forall t € T". (2.2)

Theorem 2.4 (See [6]). Let a,b € T with a < b. If function f : T — R is continuous,
then

/b F()AL = /b FP(H)VL, 2.3)
/b F(OVE = /b FO(H) AL, 2.4)

3 Main Results

By Cy .([a,b], R) we denote the class of functions z : [a,b] — R such that: if n = 0,
then z* is continuous on [a, b]"; if k = 0, then 2V is continuous on [a, b],; if k # 0
and n # 0, then z* is continuous on [a, b]* and =V is continuous on [a, b]”, where
[a, ] :=[a,b]" N [a, b],.. We consider the following problem of calculus of variations:

L(z)=H /fl(t,x"(t),xA(t))At,...,/fk(t,x“(t),xA(t))At,

b b
/ Foar(t. (1), 25 (1)VH, ... / Froan(t22(8), 25 (0)VE | —> extr, .1)

(z(a) = za),  (2(b) = 2), (3.2)

where “extr” means “minimize” or “maximize”. The parentheses in (3.2), around the
end-point conditions, means that those conditions may or may not occur (it is possible
that both 2:(a) and x(b) are free). A functionz € C}, , is said to be admissible provided it
satisfies the boundary conditions (3.2) (if any is given). For £ = 0 problem (3.1) reduces
to a nabla problem (no delta integral and delta derivative is present); for n = 0 problem
(3.1) reduces to a delta problem (no nabla integral and nabla derivative is present). We
assume that:

1. the function H : R"** — R has continuous partial derivatives with respect to its
arguments, which we denote by H,,7 =1,...,n + k;

2. functions (t,y,v) — fi(t,y,v) from [a,b] x R*to R, i = 1,...,n + k, have
partial continuous derivatives with respect to y and v for all ¢ € [a, b], which we
denote by f;, and f;,;
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3. fi» fiy» fiw are continuous on [a,b]", ¢ = 1,...,k, and continuous on [a, b,
t=k+1,....,k+n,forallz € C’,i,n.

The following norm in Cy, , is considered:
lelh,co = 11270 + 112200 + (12700 + 127 []oo,
where |||« := sup |z(t)].

Definition 3.1. We say that an admissible function z is a weak local minimizer (re-
spectively weak local maximizer) to problem (3.1)—(3.2) if there exists 6 > 0 such
that £(2) < L(x) (respectively £(Z) > L(x)) for all admissible functions z € Cj, ,
satisfying the inequality ||z — Z||1 00 < 0.

For simplicity, we introduce the operators [-]* and []¥ by [z]2(t) = (¢, 2°(t), 22 (t))
and [2]V (t) = (t,2°(t), 2V (t)). Along the text, c denotes constants that are generic and
may change at each occurrence.

3.1 Euler-Lagrange Equations

Depending on the given boundary conditions, we can distinguish four different prob-
lems. The first is problem (P,;), where the two boundary conditions are specified. To
solve this problem we need a type of Euler—Lagrange necessary optimality condition.
This is given by Theorem 3.2 below. Next two problems — denoted by (P,) and (P,) —
occur when z(a) is given and x(b) is free (problem (P, )) and when z(a) is free and z(b)
is specified (problem (F;)). To solve both of them we need to use an Euler-Lagrange
equation and one transversality condition. The last problem — denoted by (P) — oc-
curs when both boundary conditions are not specified. To find a solution for such a
problem we need to use an Euler—Lagrange equation and two transversality conditions
(one at each time a and b). Transversality conditions are the subject of Section 3.2.

Theorem 3.2 (Euler-Lagrange equations in integral form). If & is a weak local solution
to problem (3.1)—(3.2), then the Euler-Lagrange equations'

k

S |l / fuldl

k+n
b3 H | ulilT () - / FlilT (VT | =e teT., (33
i=k+1 o
'For brevity we are omitting the arguments of H,, i.e., H, := H, (Fy(2),...,Frin(2)), where

b
Fi(&) /fl HAti=1,...,k, and F;(Z /fl HVt,i=k+1,...,k+n.
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and

Do | fule / il

k+n

+ > Hi- | fuld] (a@))—/fiy[g:«]V(T)vT —¢, teT", (34

i=k+1
hold.

Proof. Suppose that £ (z) has a weak local extremum at z. Consider a variation h €
C , of & for which we define the function ¢ : R — R by ¢(c) = L (& +¢ch). A
necessary condition for & to be an extremizer for £ () is given by ¢ () = 0 for e = 0.
Using the chain rule, we obtain that

k b
=34, / Fuld]0H7(0) + £ i1 (RS (D) At
. o
+ Z H/ fi]YV (O () + fiul2]Y ()R (1)) V.

Integration by parts of the first terms of both integrals gives

/ ]2 (OR7 ()AL = / Ful#]2(F)ATh(E) b— /b /t Foli2 (M)A | B2 )AL,

b t b b t

[l owave= [ gt @vene| - [ [aET @) o

a a a a a

Thus, the necessary condition ¢ (0) = 0 can be written as

ZH / fulZ2(T)ATh(t)| — / / finl2] T | B2 ()AL
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k+n b b ¢
+ H, ful2]V(T)VTh(t)| — fl2]V (VT | AY (1) Ve
S| [l - (]

/ fil2 t)Vt| =0. (3.5)

In particular, condition (3.5) holds for all variations that are zero at both ends: h(a) =0
and h(b) = 0. Then, we obtain:

b

/ Z:H;hA(t) Fiold] / fulZ]2 (M) AT | At

b k+n

/ > HY() | ful / finl2] Vit = 0.

i=k+1

Introducing £ and x by

€0 = Y fuldl*0) = [ fulald(r)ar 36)

and
k+n

= > H Ll 0 - [ £ 097, 6
i=k+1
we then obtain the following relation:
b b
/hA(t)g(t)AtJr/hv(t)x(t)w = 0. (3.8)

We consider two cases. (i) Firstly, we change the first integral of (3.8) and we obtain

two nabla-integrals and, subsequently, the equation (3.3). (ii) In the second case, we

change the second integral of (3.8) to obtain two delta-integrals, which leads us to (3.4).
(1) Using relation (2.3) of Theorem 2.4, we obtain:

b

/(hA(t))pgp(t)VtJr/hv(t)x(t)w: 0.

a

Using (2.1) of Theorem 2.3 we have

b
/ B (1) (€°(t) + x()) V't = 0,
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By the Dubois—Reymond Lemma 2.1
EP(t) + x(t) = const (3.9)

and we obtain (3.3).
(i1) From (3.8), and using relation (2.4) of Theorem 2.4,

b

/ A (e AL + / (WY ()7 (H) At = 0.

a

Using (2.2) of Theorem 2.3, we get:

b

/ BA (1) (E(H) + x7(6) At = 0.

a

From the Dubois—Reymond Lemma 2.2, it follows that £(¢) + x°(¢) = const. Hence,
we obtain the Euler—Lagrange equation (3.4). [

A time scale T is said to be regular if the following two conditions are satisfied
simultaneously for all ¢ € T: o(p(t)) = t and p(c(t)) = t. For regular time scales,
the Euler—Lagrange equations (3.3) and (3.4) coincide; on a general time scale, they are
different. Such a difference is illustrated in Example 3.3.

o0

Example 3.3. Let us consider the irregular time scale T = P, ; = U 2k, 2k + 1]. We

k=0
show that for this time scale there is a difference between the Euler—Lagrange equations
(3.3) and (3.4). The forward and backward jump operators are given by

( o0
> t, te 2k, 2k + 1],
t, telJ@2k2k+1), kL:JO( +1]
o(t) = =0 p(t) = >
t—1, te 2k},
t+1, telJ{2k+1}, kul{ }
=0 0, t=0.

Fort =0andt € U (2k, 2k + 1), equations (3.3) and (3.4) coincide. We can distin-
k=0

guish between them for ¢ € U {2k + 1} andt € U {2k}. In what follows we use the
k=0 k=1

notations (3.6) and (3.7). If t € U {2k + 1}, then we obtain from (3.3) and (3.4) the
k=0
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Euler-Lagrange equations £(t) + x(t) = c and &(t) + x(t + 1) = ¢, respectively. If
te U {2k}, then the Euler-Lagrange equation (3.3) has the form (¢ — 1) 4+ x(¢) =

while (3.4) takes the form £(t) + x(t) = c.

3.2 Natural Boundary Conditions

In this section we consider the situation when we want to minimize or maximize the
variational functional (3.1), but boundary conditions x(a) and/or z(b) are free.

Theorem 3.4 (Transversality condition at the initial time ¢ = a). Let T be a time scale
for which p(c(a)) = a. If & is a weak local solution to (3.1) with x(a) not specified,
then

k+n

ZH fuld]®(@)+ Y Hi- | fuld /fly =0 (3.10)

i=k+1
holds together with the Euler—Lagrange equations (3.3) and (3.4).

Proof. From (3.5) and (3.9), we have

b

k+n b
ZH /f,y T)ATh(t)| + Z /fzy T)VTh(t) —I—/hv(t)-th:().
i=k+1 “ i
Therefore,
b k+ b
ZH /fzy TIATR(E)| + ) H, /fzy T)VTh(t)| + h(t) -2 =0.
a i=k+1 “
Next, we deduce that
k+n
ZH/fly AT"‘Z /fzy VT+C
a i=k+1
k k+n
ZH /fzy AT+ Y H /fzy VT +e¢| =0, 3.11)
i=k+1

where
c=&(p(t)) + x(b). (3.12)
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The Euler-Lagrange equation (3.3) of Theorem 3.2 (or (3.12)) is given at t = o(a) as
p(o(a))

St fuldlP oot = [ hliAr)ar

i=1 o

o(a)
k+n
+ ) H | ful#]¥ (o(a) - / ful2]V (VT | =
i=k+1 o
We conclude that
k+n
ZH fw + Z H fzv /fzy = c.
i=k+1

Restricting the variations h to those such that h(b) = 0, it follows from (3.11) that
h(a) - ¢ = 0. From the arbitrariness of h, we conclude that ¢ = 0. Hence, we obtain
(3.10). O

Theorem 3.5 (Transversality condition at the terminal time ¢ = b). Let T be a time scale
forwhich o(p(b)) = b. If & is a weak local solution to (3.1) with x(b) not specified, then

ZHQ fiv[i]A(p(b))—i—/fiy[a?]A(t)At +'Z H; - fi[2]V(b) =0  (3.13)

holds together with the Euler—Lagrange equations (3.3) and (3.4).

Proof. The calculations in the proof of Theorem 3.4 give us (3.11). When h(a) =
the Euler-Lagrange equation (3.4) of Theorem 3.2 has the following form at ¢t = p(b):

p(b)
S £uld2o0) — [ Fli1 ()7

i o(p(t))
+ Z H finlZ] / fiy[Z] Vr | =c
i=k+1

S, | fuli / Fli]A(r)Ar

k+n

+ > H | fuld] /fzy =c. (3.14)

i=k+1

We obtain (3.13) from (3.11) and (3.14). ]
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Several new interesting results can be immediately obtained from Theorems 3.2, 3.4
and 3.5. An example of such results is given by Corollary 3.6.

Corollary 3.6. If & is a solution to the problem

|t 27 (0), 22 (1) At

L(z) =2 — extr,

1

N (flv[f%(p(t)) -/

and

y o(t)
}% (flv[i]ﬂ(t) - /fly[[f?]A(T)AT) —% (f2,u|::i‘:|v(0'(t)) _ /ny[i"]V(T)VT) .

hold for all t € [a,b];, where

Fo= / F6 270, 5 0)AE and Ty = / Folt, 27(t), 2% (1)) VL.

Moreover, if x(a) is free and p(o(a)) = a, then

o(a)
J—_i-zflv[ii']A<a) - % (f%[i’]v(o'(a)) — / f2y[i'}v(t)vt> —0:

if x(b) is free and o(p(b)) = b, then

% Fld12 (o)) + / fiyl212(5) AL —%fzv[flv(b)z()-
p(b)
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3.3 Isoperimetric Problems

Let us consider the general composition isoperimetric problem on time scales subject to
given boundary conditions. The problem consists of minimizing or maximizing

b

L(x) = H /fl(t,x”(t),xA(t))At,...,/fk(t,x”(t),xA(t))At,

b b
/ fean (£, 22(8), 2% (D) V.. / fen(t 2(8),2¥ (1)t | (3.15)

in the class of functions x € C,;n satisfying the boundary conditions
z(a) = x4, x(b) =z, (3.16)
and the generalized isoperimetric constraint

b

K(z) = P /gl(t,x”(t),xA(t))At,...,/gm(t,x“(t),xA(t))At,

/gm+1(t,xp(t),xv(t))Vt,...,/gm+p(t,xp(t),xv(t))Vt =d, (3.17)

a a

where x,, z;, d € R. We assume that:

1. the functions H : R"** — R and P : R™*? — R have continuous partial deriva-
tives with respect to all their arguments, which we denote by H; ,i=1,....,n+k,
and P,i=1,....,m+p;

2. functions (t,y,v) — fi(t,y,v), i = 1,...,n+ k, and (¢,y,v) — g;(t,y,v),
j=1,...,m+ p, from [a,b] x R? to R, have partial continuous derivatives with
respect to y and v for all ¢ € [a, b], which we denote by f;,, fi,, and g;,, g;u;

3. forall z € C,i+m7n+p, fis fiy> fiv and g5, g;,. gj, are continuous in t € [a, b]",
i=1,...,k j=1,...,m, and continuous in ¢t € [a,bl,,i =k+1,...,k+n,
j=m+1,....m+p.

Definition 3.7. We say that an admissible function Z is a weak local minimizer (respec-
tively a weak local maximizer) to the isoperimetric problem (3.15)—(3.17), if there exists
ad > 0 such that £(2) < L(z) (respectively L(Z) > L(x)) for all admissible functions
r € C} +m.ntp Satisfying the boundary conditions (3.16), the isoperimetric constraint
(3.17), and inequality ||z — Z||1 0 < 9.
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Let us define u and w by

t

=P aulil®®) - [ alilr)ar G.18)
=1
and
m—+p t
=Y P wlil"0 - [TV, (3.19)
i=m-+1 "
where we omit, for brevity, the argument of P,: P, := P,(Gi(%), ..., Gmip(&)) with
b b

Gi(2) = /gi(t,f”(t),;%ﬁ(t))m,z‘ =1,...,m,and G;(&) = /gi(t,fcp(t),iv(t))Vt,

i:m—i-i...,m—l—p. ‘

Definition 3.8. An admissible function 7 is said to be an extremal for K if wu(t) +
w(o(t)) = const and u(p(t)) + w(t) = const for all t € [a,b]?. An extremizer (i.e., a
weak local minimizer or a weak local maximizer) to problem (3.15)—(3.17) that is not
an extremal for /C is said to be a normal extremizer; otherwise (i.e., if it is an extremal
for IC), the extremizer is said to be abnormal.

Theorem 3.9 (Optimality condition to the isoperimetric problem (3.15)—(3.17)). Let &
and x be given as in (3.6) and (3.7), and u and w be given as in (3.18) and (3.19). If
Z is a normal extremizer to the isoperimetric problem (3.15)—(3.17), then there exists a
real number \ such that

L €°(t) + x(t) = A (u () + w(t)) = const,
2. &(t) +x7(t) = A (u () +w(t)) = const,
3. €2(8) + x(t) = A(u(t) +w?(1)) = const,
4. £(1) +x7(1) = Ault) +w(t)) = const,

forallt € [a,b]%.

Proof. We prove the first item of Theorem 3.9. The other items are proved in a similar
way. Consider a variation of z such that T = & + e1hy + e2ho, Where h; € C’,i mnp
and h;(a) = h;(b) = 0,7 = 1,2, and parameters £; and e5 are such that ||ZT — Z||1 o < 0
for some § > 0. Function h; is arbitrary and hs, will be chosen later. Define

b b
K(e1,:) = K(7) = P /m(tﬁ“(t)ﬁA(t»At, . .,/gm(t,f“<t>,fA(t>>At,

a a

b b
/gmﬂ(t,ff’(zﬁ),fv(t))Vt,...,/ngrp(t,fp(t),fv(t))Vt —d.
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A direct calculation gives

m b

gf =2k / (g [F12(BRS (1) + gin[F]2 ()12 (1)) At
2100 =1
+ §: P / gwl2]Y (B)R5(t) + gin[2]7 ()13 (¢)) V.

Integration by parts of the first terms of both integrals gives:

/b(/tgly VAT ) h5 (1) At

T / g [F13 (012 (1) At

a

+mz P /tgiyu (r) Vst /(/g w) by (1)Ve

i=m+1 a

t

Z P / Giy|Z]7 (1) ATho(t

a

b
+ / g1V (1Y ()t

Since hy(a) = ha(b) = 0, we have

/bichA <9w F2(t) — /tgz'y[i‘]A(T)AT> At

a
t

/mif Phy () (gw &V (t) - /giy[i:]v(r)vr) Vit.

i=m+1 a

Therefore,
b

— [mwuacs [ 3 @uive

a

s
862

(0,0)
Using relation (2.1) of Theorem 2.3, we obtain that

b b

b
/(h§)p(t)up(t)Vt+/hg(t)w(t)w:/hy(t) (u”(t) +w(t)) Vt.

a a
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: : . oK
By the Dubois—Reymond Lemma 2.1, there exists a function /5 such that — # 0.
21(0,0)

Since K(O, 0) = 0, there exists a function e9, defined in the neighborhood of zero,
such that (g1, e2(g1)) = 0, i.e., we may choose a subset of variations & satisfying the
isoperimetric constraint. Let us consider the real function

b

b
L(e1,20) = £(z) = H / ST (1), T2 ()AL, / fult 70 (1), 75 (1) A,

b

b
/ Joa (17 (8), 75 (D) VI, .. / foan(t.77(1). 77 (1)) V1

a

The point (0, 0) is an extremal of £ subject to the constraint £ = 0 and VK (O, 0)
By the Lagrange multiplier rule, there exists A € R such that V (£(0,0) — AKX (0,0
0. Because h(a) = hy(b) = 0, we have

£ 0.
) =

k b

OC , A A
921 0 :;Hi / (Fil2]2 (ORI () + ful2]2 ()R (E)) At
k+n
i Z / FiglalY (ORI(8) + fiul2]Y (DAY (1)) VL.

Integrating by parts, and using h;(a) = hy(b) = 0, gives
b

= /hf(t)§(t)At+/hlv(t)x(t)w.

a

Using (2.3) of Theorem 2.4 and (2.1) of Theorem 2.3, we obtain that

i
851

(0,0)

oL : RV ) b 9 ) b

=100 :a/(h1> ()¢ (t)Vt+a/h _/h () Vi
and

oK mo

=100 = Pz‘//(gzy[ [2(#)hT () + gi[2]2 ()T (1)) At
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Integrating by parts, and recalling that hy(a) = hy(b) = 0,

oK
861

(0,0)

_ / B (D)u(t) At + / BY (H)w(t) V.

a

Using relation (2.3) of Theorem 2.4 and relation (2.1) of Theorem 2.3, we obtain that

_ b b b
% _ / (h2)” (1)l (£) Vit + / LY (H)w(t)Vi = / BY (1) (u (t) + w(t)) Vt.
11(0,0) a a a
Since % - A % = 0, we have
851 (0,0) e (0,0)

b

/hlv(t> [€7(t) + x(t) = A (u”(t) + w(t))] VE = 0

a

for any hy € Cpymnip. Therefore, by the Dubois—Reymond Lemma 2.1, one has
EP(t) + x(t) — A (u”(t) +w(t)) = ¢, where ¢ € R. O

Remark 3.10. One can easily cover both normal and abnormal extremizers with Theo-
rem 3.9, if in the proof we use the abnormal Lagrange multiplier rule [13].
4 Illustrative Examples

We begin with a nonautonomous problem.

Example 4.1. Consider the problem

jtzA(t)At
L(x) = 10— — min,
[ 1)Vt @b
z(0) = z(l) = 1.

If z is a local minimizer to problem (4.1), then the Euler-Lagrange equations of Corol-
lary 3.6 must hold, i.e.,

1 ./—"1v 1 -Flv

00 -2 ) = and o -2 (0(0) ~
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1 1

where F 1= Fi(x) = /txA(t)At and F» = Fo(z) = /(mv(t))QVt. Let us consider
0 0
the second equation. Using (2.2) of Theorem 2.3, it can be written as

1
L ol Ay

A (t) =c. 4.2)

Solving equation (4.2) and using the boundary conditions z(0) = 0 and z(1) = 1,

1

t
1 1
:@/Tm_t @/qu , 4.3)
0 0

F . ) .
where () := ]_—_1 Therefore, the solution depends on the time scale. Let us consider two
2

1
examples: T =R and T = {O, 3 1}. With T = R, from (4.3) we obtain

40 — 1 1 40 — 1
= g t, () =2V (t) =2'(t) = ==t : 4.4
12 1 48Q)*
Substituting (4.4) into F; and F> gives F; = 2%5 and fy = 4?8—6;2_’ that is,
2Q(12Q + 1)
== _r 7 4.5
@ 4802 + 1 (4.5)
3—2vV3 3+ 2v3
Solving equation (4.5) we get () € { 12\/—, +12\/_}. Because (4.1) is a mini-
.. —2vV3
mizing problem, we select () = BETEE and we get the extremal
z(t) = —(3 4 2V3)t2 + (4 + 2V3)t. (4.6)

2t—1

1 8O —
IfT = {0,5,1} then from (4.3) we obtain z(¢ 8Q Z + ¢ t that is,

8Q
0, ift =0,
sO—-1 .. 1
x(t) = 160 ift = 3
1, ift=1.
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Direct calculations show that

A z(3) —z(0) 8Q—1 2! (1) —z(3) 8Q+1

(O) - 1 = ) T 5 = 1 - )
5 8Q) 2 5 8Q)

; ) 4.7)

v <1> B z(35) — x(0) 8@ -1 (1) = x(1) — z(3) 8@ +1

2) . 8Q N : 8@
Substituting (4.7) into the integrals F; and J» gives
8Q+1 _64Q2+1 _ﬁ_QQ(SQ—i—l)

F1= 320 T2 = 64Q2 Q_Fg_ 6402 +1

Thus, we obtain the equation 64Q? — 16Q) — 1 = 0. The solutions to this equation are:

0 e {1—\/5’1+8ﬂ

}. We are interested in the minimum value (), so we select

8
1—+v2
Q= 8\/_ to get the extremal
0, ift =0,
2 1
2(t) = 1+£, ift = -, (4.8)
2 2
1, ift =1.
. 5 3
Note that the extremals (4.6) and (4.8) are different: for (4.6) one has z(1/2) = 1 + 5

We now present a problem where, in contrast with Example 4.1, the extremal does
not depend on the time scale T.

Example 4.2. Consider the autonomous problem
2 2
[ (z2(t))" At
L(z) = 0 — min,
i [xv(t) + (a:v(t))ﬂ Vit
0
z(0) =0, x(2)=4.
If z is a local minimizer to (4.9), then the Euler-Lagrange equations must hold, i.e.,

2
—
Fa

(4.9)

F 2 F
V(t)—?é@xv(t)—i—l):c and ExA(t)—]_Té(ZIA(t)Jrl):C, (4.10)

2 2

where F; = Fi(x) = / (mA(t))2 At and F, 1= Fr(x) = / [mv(t) + (mv(t))Z] Vt.

Choosing one of the equations of (4.10), for example the first one, we get

F F2
V() = i) P e — 4.11
T W=\*7)Fm A 1D
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Using (4.11) with boundary conditions z(0) = 0 and z(2) = 4, we obtain, for any given
time scale T, the extremal z(t) = 2t.

In the previous two examples, the variational functional is given by the ratio of a
delta and a nabla integral. We now discuss a variational problem where the composition
is expressed by the product of three time-scale integrals.

Example 4.3. Consider the problem
1 1 1
L(z) = / tr®(t) At / 2 (t) (1 +1t) At / (=¥ (1))* Vit | — min,
0 0 0
z(0) =0, z(1)=1.
(4.12)
If = is a local minimizer to problem (4.12), then the Euler—Lagrange equations must
hold, and we can write that
(Flfg+f2f3)t+f1f3+2f1f2$v<0'(t)) =C, (413)
1 1
where c is a constant, F; := Fi(x) = /th(t)At, Foi=Fyz) = /xA(t) (1+1)At,

0 0
1

and F3 := F3(z) = / (xv(t))2 Vt. Using relation (2.2), we can write (4.13) as

0
(flfg + fgfg,) t + flf3 + 2F1f2$A(t) = C. (414)

Using the boundary conditions z(0) = 0 and z(1) = 1, we get from (4.14) that

1 ¢
x(t)=|1 +Q/TAT t— Q/TAT, (4.15)
0 0
F1Fs + FoF:
where () = % Therefore, the solution depends on the time scale. Let us

1
consider T =Rand T = {0, 2 1}. With T = R, expression (4.15) gives

(t) = (%) (- %tQ, A1) = 2V (1) = (1) = % —Qt. (4.16)
Substituting (4.16) into F7, F» and F3 gives:
_6—-Q 18—Q Q* + 12

Fi1= Fo = J3 = :

12 7 12 7 12
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One can proceed by solving the equation Q* —18(Q)*460Q) — 72 = 0, to find the extremal
2 9— V17
z(t) = <+TQ> t— %tz with Q = 24/9 + V17 + T\/_f’/@ +V/17)2 4 6.

1
Let us consider now the time scale T = {O, 5 1 } From (4.15), we obtain
0,

ift =

2t—1 )

4

z(t) = 1TQ), _@§,_)4+0 it =L (4.17)

4 4 e 8 ) 27

- 1, ift =1

Substituting (4.17) into F7, F» and JF3, we obtain
4-Q - 20-Q _Q*+16
=g T BTG

and the equation (Q* — 18Q*+48(Q) — 96 = 0. Solving this equation, we find the extremal

0, ift =0,
5+ /54 /25 1

x(t) = + V5 o ift = -,
4 2

1, ift=1.

Finally, we apply the results of Section 3.3 to an isoperimetric variational problem.

Example 4.4. Let us consider the problem of extremizing

(x())?At

o .

L(x) ==
[taV () Vi

subject to the boundary conditions z(0) = 0 and z(1) = 1, and the constraint
K(t) = /twv(t)Vt =1

Applying Theorem 3.9, we get the nabla differential equation

2 v F1 _
¢ (t) — (A+ (F2)2)t—c. (4.18)

Solving this equation, we obtain

1 t
x(t)=11- Q/TVT t—i—Q/TVT, (4.19)
0 0
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where ) = % ((‘;—1)2 + /\). Therefore, the solution of equation (4.18) depends on
2
1
the time scale. As before, let us consider T =R and T = < 0, 3 1
_ : _ 2— Q Q 2 . . .
For T = R, we obtain from (4.19) that z(t) = Tt + Et . Substituting this
2412 6
expression for x into the integrals /7 and F», gives F; = ¢ 1—; and Fy, = Q%

Using the given isoperimetric constraint, we obtain () = 6, A = 8, and z(t) = 3t2 — 2t.

1
Let us consider now the time scale T = {O, =, 1}. From (4.19), we have

2
5 0, ift =0,
4—3 k 4 — 1
)=t G =Y - g
= 18 ift—12

Simple calculations show that

AT (2 () s (= G)) - S

k=0
2
1 BN 1 o/1\ 1 Q+ 12
Fo=Y ~kaV (=) ==2"z)+z2V(1) =
2 ;433 (2) 1" <2>+2$() 16
12
and KC(t) = @+ = 1. Therefore, () = 4, A\ = 6, and we have the extremal
1
0, ifteq0,=,,
(=3 " { 2}
1, ift=1.
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