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Abstract

Values of )\ are determined for which there exist positive solutions of the sys-
tem of nth order dynamic equations on time scales satisfying two-point boundary
conditions. A Guo—Krasnosel’skii fixed point theorem is applied.
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1 Introduction

Let T be a time scale with a,c™(b) € T. Given an interval J of R, we will use the

interval notation
Jr=JNT. (1.1)

We are concerned with determining values of A (eigenvalues) for which there exist pos-
itive solutions for the system of dynamic equations

uA () +Ap(t) f(u(o (1)) = 0, t € [a,b]r,

(n) (1.2)
VBT (0 +Ag(D)g(u(o(t)) =0, t € [a,b]r,
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satisfying the boundary conditions
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where
(A1) f,g9 € C([0,00),[0,00)),

(A2) p,q € C([a,o(b)]r,[0,00)), and each does not vanish identically on any closed
subinterval of [a, o(b)]r,

(A3) Allof fo:= lim (f(2)/2), go := lim (g(z)/2),
foo := lim (f(z)/x) and g := lim (g(z)/x) exist as positive real numbers.
T—00 T—00

The theory of dynamic equations on time scales (more generally, on measure chains)
was introduced in 1988 by Stefan Hilger in his PhD thesis (see [18, 19]). The theory
presents a structure where, once a result is established for a general time scale, then
special cases can be obtained by taking the particular time scale. If T = R, then we
have the result for differential equations. Choosing T = 7Z we immediately get the
result for difference equations. A great deal of work has been done since 1988, unifying
and extending the theories of differential and difference equations, and many results are
now available in the general setting of time scales and references therein.

On a larger scale, there has been a great deal of study focused on positive solutions of
boundary value problems for ordinary differential equations. Interest in such solutions
is high from a theoretical sense [11, 12, 15,20,31] and as applications for which only
positive solutions are meaningful [1,13,21,22]. These considerations are cast primarily
for scalar problems, but much attention has been given to boundary value problems for
systems of differential equations [16,17,27,30,32].

The main tool in this paper is an application of the Guo—Krasnosel’skii fixed point
theorem for operators leaving a Banach space cone invariant [12]. A Green function
plays a fundamental role in defining an appropriate operator on a suitable cone.

2 Preliminaries

By an interval we mean the intersection of the real interval with a given time scale. The
jump operators introduced on a time scale T may be connected or disconnected. To
overcome this topological difficulty, the concept of jump operators is introduced in the
following way. The operators o and p from T to T, defined by o(¢)=Inf {s € T : s > t}
and p(t)=Sup {s € T : s < t} are called jump operators. If ¢ is bounded above and
p is bounded below, then we define c(Max T)=Max T and p(Min T)=Min T. These
operators allow us to classify the points of time scale T. A point ¢ € T is said to be
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right-dense if o(t) = ¢, left-dense if p(t) = t, right-scattered if o (t) > t, left-scattered
if p(t) < t, isolated if p(t) < t < o(t) and dense if p(t) = t = o(t). The set T* which
is derived from the time scale T as follows

. T\(p(sup T),sup T| ifsupT < oo
T = :
T ifsupT = .

Finally, if f : T — R is a function, then we define the function f° : T — R by
fo(t) = f(o(t)) forallt € T.

Definition 2.1. Assume f : T — Ris a function and let ¢ € T*. Then we define [ (t)
to be the number (provided it exists) with the property that given any € > 0, there exists
a neighborhood U of ¢ such that

[f(o(®)) = f()] = f2)[o(t) = s]| < elo(t) —s]
for all s € U. We call f*(t) the delta (or Hilger) derivative of f at ¢.

If f is delta differentiable for every ¢ € T" we say that f : T" — R is delta
differentiable on T. If f and g are two delta differentiable functions at £, then f g is delta

differentiable at t and (fg)(t) = f(t)g™(t) + f2()g° (1) = F2(t)g(t) + f7(t) g™ (t).

Definition 2.2. A function f : T — R is called regulated provided its right-sided limits
exist (finite) at all right dense points in T and its left-sided limits exist (finite) at all
left-dense points in T.

Definition 2.3. Assume f : T — R is a regulated function. Any function F' which is
pre-differentiable with region of differentiation D such that F*(¢) = f(¢) holds for all
t € D is called a pre-antiderivative of f. We define the indefinite integral of a regulated
function f by

/f(t)At =F(t) +C,
where C'is an arbitrary constant and F' is pre-antiderivative of f.

Definition 2.4. Let 5 be a real Banach space. A nonempty closed convex set « is called
cone of [ if it satisfies the following conditions:

(1). u € B,0 >0, implies ou € K,

(2). u € K, —u € k implies u = 0.

Definition 2.5. Let X and Y be Banach spaces and 7' : X — Y. T is said to be
completely continuous, if 7" is continuous, and for each bounded sequence {x,} C X,
{Tz,} has a convergent subsequence.



184 A. K. Rao and S. N. Rao

3 Green’s Function and Bounds

In this section, we state the well-known Guo—Krasnosel’skii fixed-point theorem which
we will apply to a completely continuous operator whose kernel, G(t, s), is the Green’s
function for

—yA™ =, (3.1)

y*(a) =0, 0<i<n—2, y(o"(b))=0. 3.2)
Theorem 3.1. The Green’s function for the BVP (3.1), (3.2) is given by
1 (=0 (@) (0" (b) — o'(s)) .
oL o @O—T@) e
= DN) T =t (@) (0" () — 0'(s)  Tp
pale (on(b) — o' (a)) Pl

Proof. Tt is easy to check that the BVP (3.1), (3.2) has only trivial solution. Let y(t, s)
A 0, and be given by

—

—

be the Cauchy function for —y

y(t,s) = n—l / /a /0- 1(S)A7'AT AT—<n__11>!i1:[(t—ai(s)).

tlmes

For each fixed s € [a, b], let u(-, s) be the unique solution of the BVP
—ut" (-, 5) =0,
uA(i)(a, s)=0, 0<i<n-—2 and u(c"(b),s) = —y(c"(b),s).

?J(ta 3) ’t:U”(b): m

Since

t t gt t
ul(t)zl,UQ(t):/ AT,---,un(t):/ / / ATAT - AT
a a Jo(a) on=2(a)

(n—1) times

. (n)
are the solutions of —u>" = 0,

u(t,s>:a1(s)-1+a2(s)./AT+ + an(s // /U " ArAT---Ar.

tlmes
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By using boundary conditions, T (a) =0, 0<i<n—2,wehave a; = ag =

o,—1 = 0. Therefore, we have

n—1

u(t, s) —an// / o ATAT A7 =0, [J(t = 0"} (a)).

=1

tlmes

Since

it follows that

Thus

Hence G(t, s) has the form for ¢ < s,

1 = (=0 (@) () — '(s))
e ORI

Fort > o(s), Gu(t,s) = y(t, s) + u(t, s). It follows that

(07(b) = 0"~ (a))

6t — o [N o) 1 e o

(n =15

This completes the proof.

Lemma 3.2. For (t,s) € [a,0"(b)|T X [a,c(b)|r, we have
G(t,s) < G(a(s),s).

Proof. Fora <t < s < o"(b), we have

Similarly, for a < o(s) <t < o"(b),

G(t,s) < G(o(s),s), forall (t,s) € [a,c"(b)]r X |a,c(b)]r,

completing the proof.

185

(3.3)

we have G(t, s) < G(a(s), s). Thus, we have
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o"(b) +3a 30™(b) +a

4 ’ 4 T
1
e —G(o(s),s). (3.4)
Proof. The Green’s function for the BVP (3.1), (3.2) as given in the Theorem 3.1, shows
that

Lemma 3.3. Let [ = [ . For (t,s) € I x [a,o(b)]r, we have

G(t,s) >

G(t,s) >0 on (a,d™(b))r x (a,o(b))r. (3.5)
Fora <t <s<o"(b)andt € I, we have

Gt,s) Tpr (t—o'a)(0"(b) —oi(s))
11 (0(s) — 07 1(a)) (0" (b) — o¥(s))

T (t— o' Y(a)

=l a=a

1
> .
>
Fora < o(s) <t <o"(b)andt € I, we have
G(t, s)
G(o(s), s)

IS (=0 (@) (0" (0) = o'(s) — [T1) (t = 0'(s)) (0" (b) — o (a))
IS (o(s) = 0= (a)) (0 (b) —0'(s))
IS (=o' 1(a))EU”( ) —0'(s) — [T (t = o'(s)

)(0"(b) — o"(a))

N [T (07 (b) = o' L(a) (07 (b) — '(s))

o [(o(s) = a)(@*(b) = O] T (t = 0" H(a)) (0" (b) — 0(5))

- [T (07 (b) = o' 1(a)) (0" (b) — o' (a))

1

— 167t

Therefore 1
i Glo(s),5) < Gt )

This completes the proof. ]

We note that a pair (u(t),v(t)) is a solution of the eigenvalue problem (1.2), (1.3) if
and only if

a(b) o(b)
ut)=x [ Gl (3 [ Glots)natrgtulolr)ar) s
a<t<o™(b), (3.6)
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Values of )\ for which there are positive solutions (positive with respect to a cone)
of (1.2), (1.3) will be determined via applications of the following fixed-point theorem
[24].

Theorem 3.4 (Krasnosel’skii). Let B be a Banach space, and le_t P C B be a cone in
B. Assume that )1 and Q9 are open subsets of B with 0 € )y C Q1 C o, and let

T:PN(Q\Q) =P (3.7)
be a completely continuous operator such that either
(i) [|[Tul] < ||lul|, we PN, and |Tul| > ||u|, we P NIy, or
(i) |Tu| > [Jull, v € PNOQ, and ||Tul| < ||ull, v € P NI,

Then, T has a fixed point in P N (Qz\1).

4 Positive Solutions in a Cone

In this section, we apply Theorem 3.4 to obtain solutions in a cone (i.e., positive solu-
tions) of (1.2), (1.3). Assume throughout that [a, o™ (b)]r is such that

fzmin{tET:tZ&L%a(l))},

4.1)
30™(b
w:max{tGT:tSHTm};
both exist and satisfy
"(b "(b
3a+0()_€<w_a+30() 42)
4 4
Next, let 7 € [, w]r be defied by
/ G(7,s)p(s)As = max / G(t, s)p(s)As. 4.3)
¢ tel§wlr J¢
Finally, we define
. G(o(w),s)
[= min —————=, 4.4)
s€la,o(b)]r G(O’(S), S)
and let |
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For our construction, let B = {z : [a,0"(b)]y — R} with supremum norm |[|z|| =
sup{|z(t)| : t € [a,0"(b)]r} and define a cone P C B by

P = {:c € B|z(t) >0, on [a,c"(b)]r, and x(t) > v||z|, fort € [f,w]qy}. (4.6)

For our first result, define positive numbers L; and Ly by

L; : = max { [7 /: G(r, s)p(s)Asfoo] 717 ['y /; G(r, s)q(s)Asgoo} 1},

Ly : = min { [/:(b) G(o(s), s)p(s)Ast] 71, [/:(b) G(o(s), s)q(s)Asgo] 1}.

Theorem 4.1. Assume that conditions (A1)—(A3) are satisfied. Then, for each ) satis-

Jying
L1 <\ < Lo, 4.7)

there exists a pair (u,v) satisfying (1.2), (1.3) such that uw(z) > 0 and v(x) > 0 on
(a,o™(b))r.

Proof. Let A be as in (4.7), and let € > 0 be chosen such that

max { [ [ e peasi-a] [ [ 6 asason - eﬂ‘l} <A

-1

A < min { [/:(b) G(o(s), s)p(s)As(fo+ e)] :

[/av(b)G(g(s),s)q(s)As(go_i_e)]—l}'

Define an integral operator 7" : P — B by

o (b)

G(o(s), r)q(r)g(u(a(r)))Ar) As, ueP.

o(b)
Tu(t) = A / Gt s)p(s)f (A
‘ ‘ (4.8)

By the remarks in Section 3, we seek suitable fixed points of 7" in the cone P.

Notice from (A1), (A2) and (3.5) that, for u € P, Tu(t) > 0 on [a,c"(b)|r. Also,
for u € P, we have from (3.3) that

ru) =2 [ Goms(x [ Gloto) naristuioar)ss
<3 [ cto w5 (r [ Gloto) naistutotrar)as
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so that

o(b) o(b)
Il < [ Glo s (3 [ Glols)atigtulotr)ar) as

Next, if © € P, we have from (3.4), (4.5), and (4.8) that

min T'u(t)

te[f,wh‘

= min /\/:(b) G(t, s)p(s)f(/\ /:(b) G(J(s),r)q(r)g(u(a(r)))AT) As

te [va]T
o(b) o(b)

> Xy [ Glols).s)p(s)f (X

a a

> [ Tul.

G(o(s),)a(r)g(u(o () Ar) As

189

Consequently, 7" : P — P. Moreover, 1" is completely continuous by a typical applica-
tion of the Ascoli—Arzela Theorem.

Let u € P with ||ul|

that

Now, from the definitions of f, and gy, there exists H; > 0 such that

f(z) < (fo+e)z and g(z) < (90 +€)z, 0 <z < Hy.

o(b) o(b)
A / G(o(s),r)q(r)g(u(o(r))Ar < A / G(o(r),m)q(r)g(u(o(r)))Ar

o(b)
<) / G(o(r),r)q(r)(go + )u(r) Ar

<A G(o(r),r)q(r)Ar(go + €)||ull

As a consequence, we next have from (3.4) and choice of ¢, for a < t < ¢"(b), that

_/\/ Glt. s)p / Clo(s). P)a(r)g(u(o(r)Ar) As
<) / G(0(5), 5)p(5)(fo + A / G(0(5), P)a(r)g(ulo(r)) ArAs

a(b)
<3 [ Gl ) (o + A
< H, = Jul.

So, ||Tu|| < ||u||. If we set

O ={xeB:|z| < H},

= H;. We first have from (3.3) and choice of ¢, for a < s < o(b),
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then
| Tul|| < ||u|, for ue PNo. 4.9)

Next, from the definitions of f., and g.., there exists H, > 0 such that
f(@) > (foo =€)z and g(2) > (goo — €)z, @ > Ho.
Let
H
HQZID&X{2H1, 2}.
Y
Let u € P and ||u|| = Hs. Then,

min u(t) > v||u| > H,.
te[ézwh‘

Consequently, from (3.4) and choice of ¢, for a < s < o(b), we have that

o(b) w
A [ Glot) et glulor))ar > A /g G(o(s), r)a(r)g(ulo(r)) Ar
" Glr ra(r)g(u(o(r)Ar

w

G<T> T)Q(T) (goo - E)U(T)AT

v
>

>
~—~—

> ) /E " G(r, 1)a(r)(gse — AT u]
> Jlufl =

So, we have from (3.4) and choice of ¢ that
_A/‘ G(r, s)p /) Glo(s), a(r)g(ulo(r)) Ar) As
a(b)
>0 [ Gl pe) e~ 0N / Glo(s), P)a(r)g(u(o(r)ArAs
o(b)
>0 [ Grops) (e — ) Hass
> vHy > Hy = [|ul|.
Hence, ||T'u|| > ||u]|. So if we set

={z e B:|z| < Hy},

then
| Tu| > ||ul|, for ue P naoQy. (4.10)
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Applying Theorem 3.4 to (4.9) and (4.10), we obtain that 7" has a fixed point u €
P N (Q22\21). As such, and with v being defined by

o(b)
o) =2 [ Gt slaelulo(s))as

(u,v) is a desired solution of (1.2), (1.3) for the given A. The proof is complete. ]
Prior to our next result, we introduce another hypothesis.
(A4) ¢(0) =0, and f is an increasing function.

We now define positive numbers L3 and L, by
w -1 w -1
L= max{[y [ Gropeash] [y [ G
3 3

L4 : = min { [/:(b) G(o(s), s)p(s)Asfoo] 71, [/:(b) G(o(s), s)q(s)Asgoo} 1}.

Theorem 4.2. Assume that conditions (A1)—(A4) are satisfied. Then, for each ) satis-
fying
Ly <\ < Ly, 4.11)

there exists a pair (u,v) satisfying (1.2), (1.3) such that u(x) > 0 and v(x) > 0 on
(a,a"(b))r.

Proof. Let Abe asin (4.11), and let ¢ > 0 be chosen such that

mox{ [ [ G p@ast -] [ [ 6t asem o] <

-1

A < min { [/:(b) G(o(s),8)p(s)As(fo + €>i| ,

[/aa(b)G(U(S)7S)q(S)AS(goo—i—e)]1}.

Let T be the cone preserving, completely continuous operator that was defined by (4.8).
From the definitions of f, and gy, there exists H; > 0 such that

f(x) = (fo =€)z and g(x) > (g0 — )z, 0 <z < Hy.

Now, ¢(0) = 0, and so there exists 0 < H, < H; such that

H,
Ag(x) < 2
9(@) faa()G(a(s),s)q(s)As

y OS.’ESHQ
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Choose u € P with ||u|]| = Ha. Then, fora < s < o(b), we have

o(b)
fa G(o(s),r)q(r)H Ar <,

o(b)
A Glo(s),r)a(r)glulo(r)Ar < 2o
179 G(o(s), s)q(s)As

Then,

3
A
2

I

>

o(b) o(b)
[ cEsmof0 [ Glots)natrgtulo () s As

a a

o(b)
G(, )p(s)(fo = E)A/ G(a(s),r)q(r)g(u(a(r)))ArAs

G(7,5)p(s)(fo — A /; G(r,r)q(r)g(u(o(r)))ArAs

v
>

| 6o o-ox [ GEratan—o | ul ras
3 3

v
>

/5 " G(r 5)p()(fo — O)llull As
> My /5 " Gr 5)p(s)(fo — llullAs > [lull.

So, || Tu|| > ||u||. If we put
Ql = {CE eB: H$H < HQ},

then
| Tul|| > ||u|, for ue PNoy. 4.12)

Next, by definitions of f., and g.., there exists H, such that
f(@) < (fo—€)z and g(z) < (9o — &)z, x> H,

There are two cases: (i) g is bounded, and (i7) ¢ is unbounded.
For case (i), suppose N > 0 is such that g(x) < N for all 0 < z < co. Then, for
a<s<o(b)andu € P,

o(b) o(b)
)\/ G(o(s),r)q(r)g(u(a(r)))Ar < N)\/ G(o(r),r)q(r)Ar.
Let o)
M = max {f(x) |0<z< N)\/ G(a(r),r)q(r)Ar},

and let
o(b)
Hjs > max {QHQ,M)\/ G(a(s),s)p(s)As}.
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Then, for u € P with ||u|| = Hs,

a(b)
)\/ G(o(s),s)p(s)MAs

< Hz = |[ull

Tu(t)

IN

so that | T < [|ul. Tt
QQ = {fﬂ < B . HLE” < Hg},

then
| Tul| < ||u||, for ue P Nos. (4.13)

For case (ii), there exists Hz > max{2Ho, H,} such that g(z) < g(Hs), for 0 < o <
o(b)

Hj. Similarly, there exists H, > max{Hj, )\/ G(o(r),r)q(r)g(Hs)Ar} such that
f(z) < f(Hy), for 0 < x < Hy. Choosing u &P with |u|| = H4 we have by (A4) that

a(b) o(b)
Tu(t) < )\/ G(t,s)p(s)f()\/ G(o(r),r)q(r)g(Hs)Ar)As

a(b)
<A G(t, s)p(s)f(Ha)As
o(b)

<A G(o(s),$)p(s)As(feo +€)Hy

a
< Hy = lul],
and so ||7u|| < ||u||. For this case, if we let

Oy ={z € B:|z| < Hy},

then
|Tu|| < [Jull, for ue P NoQy. (4.14)

In either cases, application of part (77) of Theorem 3.4 yields a fixed point u of T" be-
longing to P N (Q25\§2;), which in turn yields a pair (u, v) satisfying (1.2), (1.3) for the
chosen value of . The proof is complete. [

S Example

In this section, we give an example illustrating our result. For the sake of simplicity we
take p(t) = q(t) and f(t) = g(t). Let

T:{@)n:neNo}U{O}U[l,Z].
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Consider the system of two-point dynamic equations

1 kve??

2 4 2
A
)+ —M—— =0, ¢ [—7—},
Y ()+1O c+ev 4 e < 25’5
2 1 kue?* 4 2
A
ISV TS
v ()+1O c+ et + et < 25" 5

() =0 (D) =0 () 0. o((2) o

1
Here p(t) = q(t) = —t, k = 100, ¢ = 1000,

10
kve? kue?
f(v)_c+e”+e2“’g(u)_c—l—e“+ez“'
1 k 500
By simpl Iculation, findy = —, fo = = —— = —— foo = 0o = k =
y simple calculation, we find 7 = = fo = 9o 5 = 1002 f q

500, L; = 1.2851, Ly = 2.13625. By Theorem 4.1, it follows that for every A such
that 1.2851 < A < 2.13625, the two-point system of dynamic equation has at least one
positive solution.

References

[1] Agarwal, R. P, O’Regan, D. and Wong, P. J. Y., Positive Solutions of Differen-
tial, Difference and Integral Equations, Kluwer Academic, Dordrecht, The Nether-
lands, 1999.

[2] Agarwal, R. P. and O’Regan, D., Triple solutions to boundary value problems on
time scales, Appl. Math. Lett., 13(4):7-11, 2000.

[3] Anderson, D. R., Eigenvalue intervals for a second-order mixed-conditions prob-
lem on time scale, Int. J. Nonlinear Diff. Eqns., 7:97-104, 2002.

[4] Anderson, D. R., Eigenvalue intervals for a two-point boundary value problem on
a measure chain, J. Comp. Appl. Math., 141(1-2):57-64, 2002.

[5] Atici, F. M., Biles, D. C. and Lebedinsky, A., An appilcation of time scales to
economics, Math Comput Model., 43:718-726, 2006.

[6] Bohner, M. and Peterson, A., Dynamic Equations on Time Scales: An Introduction
with Applications, Birkhduser, Boston, Mass, USA, 2001.

[7] Bohner, M. and Peterson, A., Advances in Dynamic Equations on Time Scales,
Birkhiuser, Boston (2003).



Eigenvalue Intervals for Systems of Two-Point BVPs 195

[8] Chyan, C. J., Davis, J. M., Henderson, J. and Yin, W. K. C., Eigenvalue compar-
isons for differential equations on a measure chain, Elec. J. Diff. Egns., 35:1-7,
1998.

[9] Chyan, C. J. and Henderson, J., Eigenvalue problems for nonlinear differential
equations on a measure chain, J. Math. Anal. Appl., 245(2):547-559, 2000.

[10] Erbe, L. H. and Peterson, A., Positive solutions for a nonlinear differential equation
on a measure chain, Math. Comp. Modell., 32(5-6):571-585, 2000.

[11] Erbe, L. H. and Wang, H., On the existence of positive solutions of ordinary dif-
ferential equations, Proc. Amer. Math. Soc., 120(3):743-748, 1994.

[12] Guo, D. J. and Lakshmikantham, V., Nonlinear Problems in Abstract Cones., Aca-
demic Press, Boston, Mass, USA, 1988.

[13] Graef, J. R. and Yang, B., Boundary value problems for second order nonlinear
ordinary differential equations, Comm. Applied Anal., 6(2):273-288, 2002.

[14] He, Z., Double positive solutions of boundary value problems for p-Laplacian
dynamic equations on time scales, Applicable Anal., 84(4):377-390, 2005.

[15] Henderson, J. and Wang, H., Positive solutions for nonlinear eigenvalue problems,
J. Math. Anal. Appl., 208(1):252-259, 1997.

[16] Henderson, J. and Wang, H., Nonlinear eigenvalue problems for quasilinear sys-
tems, Comp. Math. Appl., 49(11-12):1941-1949, 2005.

[17] Henderson, J. and Wang, H., An eigenvalue problem for quasilinear systems,
Rocky. Mont. J. Math., 37(1):215-228, 2007.

[18] Hilger, S., Analysis on measure chains-a unified approach to continuous and dis-
crete calculus, Results Math., 18:18-56, 1990.

[19] Hilger, S., Differential and difference calculus-Unified!, Nonlinear Anal. (T. M.
A), 30(5):2683-2694, 1997.

[20] Hu, L. and Wang, L., Multiple positive solutions of boundary value problems for
systems of nonlinear second-order differential equations, J. Math. Anal. Appl.,
335(2):1052-1060, 2007.

[21] Infante, G., Eigenvalues of some non-local boundary value problems, Proc. Edin-
burgh Math. Soc., 46(1):75-86, 2003.

[22] Infante, G. and Webb, J. R. L., Loss of positivity in a nonlinear scalar heat equa-
tion, Nonlinear Diff. Egns. Appl., 13(2):249-261, 2006.



196 A. K. Rao and S. N. Rao

[23] Jones, M. A., Song, B. and Thomas, D. M., Controlling wound healing through
debridement, Math Comput Modelling., 40:1057-1064, 2004.

[24] Krasnosel’skii, M. A., Positive Solutions of Operator Equations, P. Noordhoff Ltd,
Groningen, The Netherlands, 1964.

[25] Kuiper, H. J., On positive solutions of nonlinear elliptic eigenvalue problems,
Rend. Circ. Mat. Palermo., 20:113-138, 1971.

[26] Li, W. T. and Sun, H. R., Multiple positive solutions for nonlinear dynamical sys-
tems on a measure chain, J. Comp. Appl. Math., 162(2):421-430, 2004.

[27] Ma, R., Multiple nonnegative solutions of second-order systems of boundary value
problems, Nonlinear Anal., 42(6):1003-1010, 2000.

[28] Sun, H. R., Existence of positive solutions to second-order time scale systems,
Comp. Math. Appl., 49(1):131-145, 2005.

[29] Tisdell, C. and Zaidi, A., Basic qualitative and quantitative results for solutions
to nonlinear, dynamic equations on time scales with an application to economic
modelling, Nonlinear Anal., 68:3504-3524 (2008). doi:10.1016/j.na.2007.03.043

[30] Wang, H., On the number of positive solutions of nonlinear systems, J. Math. Anal.
Appl., 281(1):287-306, 2003.

[31] Webb, J. R. L., Positive solutions of some three point boundary value problems
via fixed point index theory, Nonlinear Anal(T. M. A)., 47(7):4319-4332, 2001.

[32] Zhou, Y. and Xu, Y., Positive solutions of three-point boundary value problems for
systems of nonlinear second order ordinary differential equations, J. Math. Anal.
Appl., 320(2):578-590, 2006.



