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Roman Šimon Hilscher and Petr Zemánek
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Abstract
In this paper we present an overview of the basic Weyl–Titchmarsh theory for
second order Sturm–Liouville equations on time scales. We construct the m(λ)function, the Weyl solution, and the Weyl disk. We justify the terminology “disk”
by its geometric properties, show explicitly the coordinates of the center of the
disk, and calculate its radius. We show that the dichotomy regarding the squareintegrable solutions known in the continuous time and discrete theory works in the
same way for general time scales.
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1

Introduction

The purpose of this paper is to provide an overview of the Weyl–Titchmarsh theory for
the second order Sturm–Liouville dynamic equation
∆
(1.1)
− p(t) x∆ + q(t) xσ = λ w(t) xσ , t ∈ [a, ∞)T ,
where T is a time scale which is unbounded above, i.e., T = [a, ∞)T with a := min T.
The coefficients p(·), q(·), w(·) are real piecewise rd-continuous functions on [a, ∞)T
such that
inf | p(t)| > 0 for all b ∈ (a, ∞)T

t∈[a,b]T

and w(t) > 0 for all t ∈ [a, ∞)T ,
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(1.2)
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and λ ∈ C is a spectral parameter. The function p(·) is allowed to change its sign. For
the details of the calculus on time scales see Section 2.
It is well known that the second order Sturm–Liouville differential equations
0

− (p(t) x0 ) + q(t) x = λ w(t) x,

t ∈ [a, ∞),

(1.3)

can be divided into two cases depending on the count of its square-integrable solutions.
Namely, in the limit point case there is exactly one (up to a multiplicative constant)
square-integrable solution, and in the limit circle case there are two linearly independent square-integrable solutions. This dichotomy was initially investigated (by using
a geometrical approach) by Weyl in his paper [48] from 1910. One of the most important contributions in extending this theory was made by Titchmarsh in the series of
papers from 1939–1945 (especially in papers [42–44] from 1941), which were summarized in his book [45]. He re-proved Weyl’s results by using an alternative method and
established many properties of the fundamental function appearing in this theory, the
so-called m(λ)-function. Hence in honour of the pioneers of this theory, it is called the
Weyl–Titchmarsh theory.
When studying differential equation (1.3), a crucial role is played by the solutions
θ(·), φ(·) : [a, ∞) → C satisfying the following boundary conditions
θ(a) = sin ϕ,

p(a) θ0 (a) = cos ϕ,

φ(a) = − cos ϕ,

p(a) φ0 (a) = sin ϕ, (1.4)

where ϕ ∈ [0, π). Weyl considered in his paper [48] equation (1.3) with continuous p(·)
and q(·), p(·) > 0, w(·) ≡ 1 on [a, ∞), and boundary conditions (1.4) in which ϕ = π2 .
On the other hand, Titchmarsh studied in his book [45] equation (1.3) with p(·) ≡ 1,
continuous q(·), and w(·) ≡ 1 on [a, ∞), but with general boundary conditions in the
form (1.4) having ϕ ∈ [0, π).
Their results were extended in many ways. First of all, there were weakened conditions put on the coefficients of the differential equation. For an overview of the progress
in this way we refer to [14, Section 1]. In addition, Sims discussed in [38] equation (1.3)
with p(·) ≡ 1, w(·) ≡ 1, and he allowed q(·) to be a complex function. This change
gives (surprisingly) a new limit point behavior which does not occur when q(·) is realvalued, namely, there are two linearly independent square-integrable solutions while the
equation is in the limit point case. Therefore, paper [38] started the development of the
so-called Titchmarsh–Sims–Weyl theory.
The investigation of the Weyl–Titchmarsh theory for the second order difference
equations
bk−1 yk−1 + ak yk + bk yk+1 = λyk , k ∈ N,
where ak ∈ R and bk > 0 for all k ∈ N ∪ {0}, was initiated by Hellinger and Nevanlinna in their independent papers from 1922, see [16, 32]. In the 20th century, the discrete theory was not studied so intensively like the continuous theory, but some results
concerning our treatment can be found e.g. in [1, 5, 6, 8, 39]. In particular, in [5, 6] the
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second order difference equation
−∆ (pk ∆xk ) + qk xk+1 = λ wk xk+1 ,

k∈N

was investigated, where pk , qk , wk are real and satisfy pk 6= 0 and wk > 0. A comprehensive summary of the history of the Weyl–Titchmarsh theory for the second order differential and difference equations can be found in the expository paper [14] by
Everitt.
It is known that every Sturm–Liouville differential equation can be written in the
form of the linear Hamiltonian differential system, see [2] for the even order equations
and [46] for arbitrary order equations. As a consequence, since middle seventies of the
20th century a constant attention is paid for the study of the Weyl–Titchmarsh theory for
continuous time linear Hamiltonian systems, see [2, 7, 9, 10, 15, 18–25, 27–31, 33–35].
The discrete analogy of these continuous time results, i.e., the Weyl–Titchmarsh theory for discrete linear Hamiltonian systems and more generally for discrete symplectic
systems, was given in [11, 36, 40] and [4, 12].
Most recent extensions of the Weyl–Titchmarsh theory are represented by dynamic
equations on time scales. Following the results in [48], the elements of the Weyl–
Titchmarsh theory for equation (1.1) with p(·) = w(·) ≡ 1 and the time scale analogue
of boundary conditions (1.4) with ϕ = π2 , see also (3.2), is considered in [49]. Similarly,
when p(·) is piecewise continuously nabla-differentiable and w(·) ≡ 1, the results in
[48] are generalized in [26] to equation (1.1). A classification of the limit point and
limit circle cases for the second order dynamic equations with mixed time scale delta
and nabla derivatives and nonzero continuous coefficients is given in [47]. The Weyl–
Titchmarsh theory for linear Hamiltonian dynamic systems was studied in [41]. For the
purpose of this paper we consider the system

x∆ (t) = A(t) xσ (t) + B(t) u(t),
t ∈ [a, ∞)T ,
(1.5)
u∆ (t) = [C(t) − λ W (t)] xσ (t) − A∗ (t) u(t),
which has the spectral parameter in the second equation. The coefficients A(·), B(·),
C(·), and W (·) are rd-continuous complex n×n matrix-valued functions such that B(·),
C(·), W (·) are Hermitian matrices, W (·) is nonnegative definite, and I − µ(t) A(t) is
invertible. Here A∗ denotes the conjugate transpose of the indicated matrix. Finally, it
is well known that linear Hamiltonian dynamic system (1.5) is a special case of the time
scale symplectic system

x∆ (t) = A(t) x(t) + B(t) u(t),
t ∈ [a, ∞)T ,
(S)
u∆ (t) = C(t) x(t) + D(t) u(t) − λ W(t) xσ (t),
where A(·), B(·), C(·), D(·), W(·) are piecewise rd-continuous complex n × n matrixvalued functions on [a, ∞)T , W(·) is Hermitian and nonnegative definite on [a, ∞)T ,




A(t) B(t)
0 I
∗
∗
S (t) J + J S(t) + µ(t) S (t) J S(t) = 0, S(t) =
, J =
.
C(t) D(t)
−I 0
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System (S) generalizes and unifies the continuous, discrete, and dynamic linear Hamiltonian systems, and consequently continuous, discrete, and dynamic Sturm–Liouville
equations.
In this paper we present an overview of the Weyl–Titchmarsh theory for equation (1.1) in which the function p(·) is merely piecewise rd-continuous (without any requirement on the existence of its delta-derivative or nabla-derivative) and w(·) is piecewise rd-continuous, satisfying (1.2). In particular, an important role in this theory is
played by the m(λ)-function, whose natural properties
m(λ̄) = m(λ)

and (Im λ) (Im m(λ)) > 0 for λ 6∈ R

remain true on general time scales, where Im ν denotes the imaginary part of the complex number ν. We construct the so-called Weyl solution and Weyl disk. We justify
the terminology “disk” by its geometric properties, show explicitly the coordinates of
the center of the disk, and calculate its radius. We show that the dichotomy mentioned
above works in the same way (especially, that the Weyl solution is square-integrable)
and present a necessary and sufficient criterion for the limit point case. Finally, we consider a nonhomogeneous problem associated with equation (1.1). We define the Green
function and use it for expressing a solution of the nonhomogeneous problem. These
results complete the study in [49], in which the square-integrable Weyl solution and the
center and radius of the Weyl disk were obtained for the special case of (1.1) as we
discuss above.
Our method is to transform equation (1.1) into a 2 × 2 symplectic dynamic system
(S), which allows us to apply the results from [37]. Also, it needs to be mentioned that
when the coefficients of equation (1.1) satisfy the assumption that
p(·), q(·), w(·) are rd-continuous and (1.2) holds,

(1.6)

then some of our results, but not all of them, follow from [41], where equation (1.1) is
considered as the special case of linear Hamiltonian system (1.5). In spite of that the
results of this paper are derived as a special case of the time scale symplectic system
(S) in [37], their particular forms for the second order dynamic equation (1.1) are now
published for the first time. Therefore, this paper provides a straightforward unification
and extension of the Weyl–Titchmarsh theory for the second order Sturm–Liouville
differential and difference equations.
Concerning the structure of this paper, we recall in the next section some important
notation from the theory of time scales. The main results of this paper are then displayed
in Section 3, where at the end we quote the corresponding sources.

2

Sturm–Liouville Equations on Time Scales

For the basic notation and terminology of dynamic on time scales we refer to [3]. The
definitions of piecewise rd-continuous functions (Cprd ) and piecewise rd-continuously
delta-differentiable functions (C1prd ) can be found in [17, 37].
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For a given λ ∈ C, a function x(·,
 λ) : [a, 1∞)T → C is said to be a solution of
1
∆
equation (1.1) if x(·, λ) ∈ Cprd , p x (·, λ) ∈ Cprd , and equation (1.1) is satisfied for all
t ∈ [a, ∞)T . The existence and uniqueness of solutions of (1.1) together with the initial
conditions x(t0 ) = x0 and x∆ (t0 ) = x1 , where x0 , x1 ∈ C are given constants, follows
through the next lemma by the corresponding result for the linear systems, see [13,
Corollary 7.12].
Lemma 2.1. Equation (1.1) is equivalent with the time scale symplectic system (S) of
the form
!
! 
 ∆
0
1/p(t)
0
x
x
,
=
−
u
u
q(t)
µ(t) q(t)/p(t)
λ w(t) xσ
where u(t) := p(t) x∆ (t), or equivalently with the Hamiltonian system (1.5) of the form
  σ
 ∆ 
0
1/p(t)
x
x
.
=
u
u
q(t) − λ w(t)
0
Proof. The statements follow by straightforward calculations.
For any two functions x(·), y(·) ∈ C1prd on [a, ∞)T we define their Wronskian by
W [x(t), y(t)] = x(t) y ∆ (t) − x∆ (t) y(t) for all t ∈ [a, ∞)T ,

(2.1)

which will be used in the formulation of our results similarly to [45].

3

Main Results

Throughout this paper we assume that β1 , β2 ∈ C are given numbers such that
β1 β̄1 + β2 β̄2 = 1,

β̄1 β2 − β1 β̄2 = 0.

(3.1)

Following (1.4), we denote by θ(·, λ, ϕ) and φ(·, λ, ϕ) the solutions of (1.1) satisfying
the initial conditions
)
θ(a, λ, ϕ) = sin ϕ,
p(a) θ∆ (a, λ, ϕ) = cos ϕ,
(3.2)
φ(a, λ, ϕ) = − cos ϕ,
p(a) φ∆ (a, λ, ϕ) = sin ϕ,
where λ ∈ C and ϕ ∈ [0, π). Our first result is associated with the regular spectral
problem.
Theorem 3.1. Consider the boundary value problem
(1.1) with x(a) sin ϕ + p(a) x∆ (a) cos ϕ = 0,
where b ∈ [a, ∞)T is fixed. Then

β1 x(b) + β2 p(b) x∆ (b) = 0, (3.3)
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(i) a number λ ∈ C is an eigenvalue of (3.3) if and only if
β1 φ(b, λ, ϕ) + β2 p(b) φ∆ (b, λ, ϕ) = 0,

(ii) the eigenvalues of (3.3) are real and the eigenfunctions corresponding to different
eigenvalues are orthogonal with respect to the semi-inner product
Z b
w(t) x̄σ (t) y σ (t) ∆t.
(3.4)
hx(·), y(·)iw, b :=
a

The following definition corresponds in the continuous case to [45, identity (2.1.5)].
Definition 3.2 (m(λ)-function). For any λ ∈ C \ R and b ∈ [a, ∞)T we define the
m(λ)-function
β1 θ(b, λ, ϕ) + β2 p(b) θ∆ (b, λ, ϕ)
m(b, λ, ϕ) := −
.
β1 φ(b, λ, ϕ) + β2 p(b) φ∆ (b, λ, ϕ)
In the next theorem we present the fundamental properties of the m(λ)-function.
Theorem 3.3. The m(λ)-function is an entire function in λ and it satisfies
m(b, λ, ϕ) = m(b, λ̄, ϕ) for every λ ∈ C \ R.
Now, we define the so-called Weyl solution, compare with [45, pg. 25].
Definition 3.4 (Weyl solution). For any λ ∈ C \ R and m ∈ C we define the Weyl
solution
X (·, λ, ϕ, m) := θ(·, λ, ϕ) + m φ(·, λ, ϕ).
(3.5)
Now, we describe how the m(λ)-function depends on the value of ϕ used in the
initial conditions (3.2).
Theorem 3.5. For any ϕ, ψ ∈ [0, π) we have
m(b, λ, ϕ) =

sin(ϕ − ψ) + cos(ϕ − ψ) m(b, λ, ψ)
.
cos(ϕ − ψ) + sin(ϕ − ψ) m(b, λ, ψ)

Now, we define the corresponding Weyl disk. The justification of this terminology
follows from Theorem 3.8 bellow.
Definition 3.6 (Weyl disk). By using the function


E(m) := i sgn(Im λ) p(b) W X (b, λ̄, ϕ, m), X (b, λ, ϕ, m)
with fixed b ∈ [a, ∞)T we construct the Weyl disk to be the set
D(b, λ) := {m ∈ C : E(m) ≤ 0} .
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A characterization of elements of the Weyl disk is formulated in the following theorem. In this result the numbers β1 , β2 ∈ C satisfy only the first identity in (3.1), while
the second identity from (3.1) is replaced by an inequality.
Theorem 3.7. The number m ∈ C belongs to the Weyl disk D(b, λ) if and only if there
exist β1 , β2 ∈ C such that (3.1)(i) holds, β̄1 β2 − β1 β̄2 ≥ 0, and
β1 X (b, λ, ϕ, m) + β2 p(b) X ∆ (b, λ, ϕ, m) = 0.
Moreover, in this case we have m = m(b, λ, ϕ).
The following properties represent the time scales analogies of the geometric characterization of the Weyl disk obtained for the continuous time case in [45, pg. 24].
Theorem 3.8. For b ∈ [a, ∞)T , the Weyl disk D(b, λ) has the form
D(b, λ) = {c(b, λ) + r(b, λ) v, v ∈ C with kvk ≤ 1} ,
where the center c(b, λ) ∈ C is the point
c(b, λ) = −W [φ(b, λ̄), θ(b, λ)] / W [φ(b, λ̄), φ(b, λ)],
and the radius r(b, λ) ∈ R is given by
1/r(b, λ) = p(b) W [φ(b, λ̄), φ(b, λ)] .
From now on, we consider the corresponding singular spectral problem. For this
case we use the semi-inner product which is the limit of h·, ·iw, b as b → ∞, i.e.,
Z ∞
hx(·), y(·)iw :=
w(t) x̄σ (t) y σ (t) ∆t.
a

First of all we use the nesting property of the Weyl disks and define the limiting Weyl
disk.
Theorem 3.9. The Weyl disks D(b, λ) are closed, convex, and nested with respect to
b → ∞. Hence, the so-called limiting Weyl disk
\
D(b, λ)
D+ (λ) :=
b∈[a,∞)T

is closed, convex, and nonempty. Moreover, the limits lim c(b, λ) and lim r(b, λ) exist
b→∞

b→∞

and define the center c+ (λ) and the radius r+ (λ) of the limiting Weyl disk D+ (λ), i.e.,
c+ (λ) = lim c(b, λ),
b→∞

r+ (λ) = lim r(b, λ) ≥ 0.
b→∞
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Next, we consider the linear space of complex square-integrable C1prd functions on
the interval [a, ∞)T , i.e.,


Z ∞
1
σ
2
2
2
w(t) |x (t)| ∆t < ∞ .
Lw := x ∈ Cprd , k x(·)kw :=
a

The following theorem says that the Weyl solution is square-integrable, which corresponds to [45, inequality (2.1.9)] in the continuous time case.
Theorem 3.10. For any m ∈ D+ (λ) we have
k X (·, λ, ϕ, m)k2w ≤ (Im m) / Im λ.
From Theorem 3.10 it follows that there is always at least one square-integrable
solution. Hence, it is natural to classify the second order Sturm–Liouville equations
on time scales of the form (1.1) depending on their number of linearly independent
square-integrable solutions.
Definition 3.11. Equation (1.1) is said to be in the limit point case if, for every λ ∈
C\R, there is exactly one (up to a multiplicative constant) square-integrable solution on
[a, ∞)T , while it is said to be in the limit circle case if there are two linearly independent
square-integrable solutions on [a, ∞)T .
The limit point case is characterized in the next theorem.
Theorem 3.12. The following statements are equivalent.
(i) Equation (1.1) is in the limit point case.
(ii) For every λ ∈ C \ R we have r+ (λ) = 0, and consequently D+ (λ) = {c+ (λ)}.
(iii) For every λ, ν ∈ C \ R and every square-integrable solutions x1 (·, λ) and x2 (·, ν)
of (1.1) with the spectral parameter equal to λ and ν, respectively, we have
lim p(t) W [x1 (t, λ̄), x2 (t, ν)] = 0.

t→∞

Now, for f (·) ∈ L2w we consider the nonhomogeneous equation
∆
p(t) x∆ + q(t)x σ = λw(t) x σ + w(t) f σ (t), t ∈ [a, ∞)T .

(3.6)

The form of the solution of the nonhomogeneous problem given in the following theorem corresponds to the continuous time case in [45, identity (2.6.1)]. For m ∈ D+ (λ)
we define the Green function
(
[θ(t, λ) + m φ(t, λ)] φ(s, λ), s ∈ [a, t]T ,
G(t, s, λ) :=
φ(t, λ) [θ(s, λ) + m φ(s, λ)] , s ∈ [t, ∞)T .

Weyl–Titchmarsh Theory for Second Order Equations on Time Scales
Theorem 3.13. The function
Z ∞
G(t, σ(s), λ) w(s)f σ (s) ∆s,
x̂(t, λ) = −
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t ∈ [a, ∞)T ,

a

solves equation (3.6) and satisfies the boundary conditions
x̂(a, λ) sin ϕ + p(a) x̂∆ (a, λ) cos ϕ = 0,
lim p(t) W [X (t, ν̄, ϕ, m), x̂(t, λ)] = 0

t→∞

for every ν ∈ C \ R. Moreover, we have the estimate
kx̂(·, λ)kw ≤ kf (·)kw / |Im λ|.
Remark 3.14. The statements of the results in this paper follow from the corresponding
results in [37], and some of them under (1.6) in [41]. More precisely, Theorems 3.1, 3.7–
3.10 and Definition 3.6 have their counterparts both in [41] and [37]. The remaining
results in this paper follow from [37] alone.
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[6] B. M. Brown, W. D. Evans, and L. L. Littlejohn, Orthogonal polynomials and extensions of Copson’s inequality, in: “Proceedings of the Seventh Spanish Symposium on Orthogonal Polynomials and Applications (VII SPOA) (Granada, 1991)”,
J. Comput. Appl. Math. 48 (1993), no. 1-2, 33–48.
[7] B. M. Brown, W. D. Evans, and M. Plum, Titchmarsh–Sims–Weyl theory for complex Hamiltonian systems, Proc. London Math. Soc. (3) 87 (2003), no. 2, 419–450.
[8] S. L. Clark, A spectral analysis for self-adjoint operators generated by a class of
second order difference equations, J. Math. Anal. Appl. 197 (1996), no. 1, 267–
285.
[9] S. L. Clark and F. Gesztesy, Weyl–Titchmarsh M -function asymptotics for matrixvalued Schrödinger operators, Proc. London Math. Soc. (3) 82 (2001), no. 3, 701–
724.
[10] S. L. Clark and F. Gesztesy, Weyl–Titchmarsh M -function asymptotics, local
uniqueness results, trace formulas, and Borg-type theorems for Dirac operators,
Trans. Amer. Math. Soc. 354 (2002), no. 9, 3475–3534 (electronic).
[11] S. L. Clark and F. Gesztesy, On Weyl–Titchmarsh theory for singular finite difference Hamiltonian systems, J. Comput. Appl. Math. 171 (2004), no. 1-2, 151–184.
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