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Abstract

We study singular discreteth order boundary value problems with mixed bound-
ary conditions. We prove the existence of a positive solution by means of the lower
and upper solutions method and the Brouwer fixed point theorem in conjunction
with perturbation methods to approximate regular problems.
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1. Preliminaries

This paper is somewhat of an extension of the recent work done byuRkaova and
Rachunek [19], and the work done by Kunkel [16]. Ractkova and Rachnek studied
a second order singular boundary value problem for the dispresplacian,¢,(z) =
|z|P~2z, p > 1. In particular, Rachnkowva and Rachinek dealt with the discrete bound-
ary value problem,

A(pp(Au(t — 1)) + f(t,u(t),Au(t — 1)) =0, te[l,T+1],
Au(0) =u(T +2) =0,

in which f (¢, 1, z5) was singular inc;. Kunkel's results extend theirs to the third order
case, but only fop = 2, i.e., ¢2(x) = x. That is, Kunkel's extension focussed on the
boundary value problem,

—Au(t —2) + f(t,u(t), Au(t — 1), A*u(t —2)) =0, te2,T+1],
A*u(0) = Au(T +2) = u(T + 3) = 0.
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The results of this paper entail an extension of [16] tonéim order singular discrete
boundary value problem. The methods of the paper rely heavily on upper and lower
solutions methods in conjunction with an application of the Brouwer fixed point theo-
rem [20]. We will provide definitions of appropriate upper and lower solutions. The
upper and lower solutions will be applied to nonsingular perturbations of our nonlin-
ear problem, ultimately giving rise to our boundary value problem by passing to the
limit. Upper and lower solutions have been used extensively in establishing solutions
of boundary value problems for finite difference equations. In addition to [16] and [19],
we mention especially the paper by Jiaegal. [12]. in which they dealt with singu-
lar discrete boundary value problems using upper and lower solutions methods. For
other outstanding results in which upper and lower solutions methods were employed
to obtain solutions of boundary value problems for finite difference equations, we refer
to [1-3,5,6,8-11, 15,18, 21].

Singular discrete boundary value problems also have received a good deal of atten-
tion. For a list of a few representative works, we suggest the references [3-5,7,13, 14,
17]. In this section we will state the definitions that are used in the remainder of the

paper.
Definition 1.1. Leta < b be integers. Define the discrete interval

la,b] = {a,a+1,...,0—1,b}.

Consider theath order nonlinear difference equation,
(—1)"A"u(t—(n—1))+f(t,ut),..., A" u(t—(n—1))) = 0,t € [n—1,T+1], (1.1)
with mixed boundary conditions,
A" (0) = A" 2u(T +2) = A" 2u(T +3) = - =u(T +n) =0. (1.2)

Here A denotes the forward difference operator with step size 1,Ae(f) = u(t +
1) — u(t) and forn > 1, A™u(t) = A(A" !u(t)). Our goal is to prove the existence of
a positive solution of problem (1.1), (1.2).

Definition 1.2. By a solutionu of problem (1.1), (1.2) we meam: [0,7 + n] — R
such thatu satisfies the difference equation (1.1) en— 1,7 + 1] and the boundary
conditions (1.2). Ifu(t) > 0fort € [n—1,T + 1], we sayu is a positive solution of the
problem (1.1), (1.2).

Definition 1.3. Let D C R". We say thatf is continuous orfjn — 1,7 + 1] x D, if
f(,x1,...,z,)isdefined orin—1, T+1]| for each(xy, ..., z,) € Dandif f(t,-,...,")
is continuous orD for eacht € [n — 1,7 + 1].

Definition 1.4. If D = R", problem (1.1), (1.2) is called regular. T # R" and f has
singularities oroD, then problem (1.1), (1.2) is singular.

We will assume throughout this paper that the following hold:
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(A): D= (0,00) x R" 1.
(B): fiscontinuous orin — 1,7 + 1] x D.
(©): f(t,zy,...,z,) has a singularity at; = 0, i.e.,limsup |f(¢t,z1,...,2,)| = 00
for eacht € [n — 1,7 + 1] and for soméz,, . .. ,xx;;(gR”‘l.
2. Lower and Upper Solutions Method for Regular Problems
Let us first consider the regular difference equation,
(—D)"A™u(t—(n—1))+h(t,u(t),..., A" u(t—(n—1))) =0,t € [n—1,T+1], (2.1)

whereh is continuous ofin — 1, T+ 1] x R™. We establish a lower and upper solutions
method for the regular problem (2.1), (1.2).

Definition 2.1. « : [0,7 + n] — R is called a lower solution of (2.1), (1.2) if,
(—=1)"A"a(t — (n — 1)) + h(t,a(t),..., A" ta(t — (n — 1))) > 0, (2.2)

t € [n—1,T + 1], satisfying boundary conditions

(—=1)" A" (0) < 0,
_1\n—1 An—2
()" A" (T + 2)) 2: 0, 2.3)
a(T +n) S 0

Definition 2.2. 3: [0,T + n] — R is called an upper solution of (2.1), (1.2) if,
(=D)"A"B(t = (n = 1)) + h(t, B(t),..., A"t = (n — 1)) <0, (2.4)

t € [n—1,T + 1], satisfying boundary conditions

(=)™ 'A"B(0) > 0,
(—1)" TA"TPB(T + 2)) s 0, (2.5)
B(T+n) > 0

Theorem 2.3. (Lower and Upper Solutions Method)Let o and be lower and upper
solutions of (2.1), (1.2), respectively, and< fon[n—1,T+1]. Leth(t, xq, ..., Tn 1)
be continuous ofn — 1, T+ 1] x R™ and nonincreasing in its,_; variable. Then (2.1),
(1.2) has a solution satisfying,

a(t) <u(t) < p(t), tel0,T+nl.
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Proof. We proceed through a sequence of steps involving modifications of the function
h.

Step 1.Fort € [n — 1,7 + 1], (zo, ..., z,—1) € R", define

lNL(t, X0y ey T2, Ty — Ty 1)
( h(t,a(t),...,A" 2a(t — (n —2)),
A" 2a(t — (? —1)%)_)1(— ot — (anf)(,t:cn_(l)) )
Y Ty - A ate— (- 2) 41
(=1)" e > (=1)" A 2a(t — (n - 2)),

h(t,zg,...,xp 2 —0(t—(n—2),2,1)),
(—1)"ATZB( — (0 - 2)) < (~1)" s
and
(=1)" My < (=1)"TTAPa(t — (n - 2)),

h(t,B(t),..., A" 28t — (n — 2)),

A" 23(t — (n—2)) —o(t — (n—2),2,_1))
(1) (=D)" A" ?B(t = (n = 2)) — mn2)
(=) (Ap2B(t = (n—=2)) =2y 9) + 1
(=1)" g < (=1)"TA"23(t — (n — 2)),

where

o(t—(n—2),z)
(A" 2a(t—(n—1)), (=1)" 2> (=1)" A" 2a(t — (n — 1)),

(=)' AR — (n — 1)) < (1) 'z,
and(—1)"'z < (=1)" A" %a(t — (n — 1)),

= Z7

| ATt (n = 1), (—1)"z < (1) TIATEE(E - (n - 1),

Thus, is continuous offin. — 1,7 + 1] x R™ and there exista/ > 0 so that,

\h(t,zo, ... xn1)| <M, ten—1,T+1],(zo,...,Tn—1) € R™
We now study the auxiliary equation,

(=)™ A Mu(t—(n—1))+h(t,u(t), ..., A" u(t—(n—1))) =0, te[n—1T+1],

(2.6)
satisfying boundary conditions (1.2). Our goal now is to prove the existence of a solution
of (2.6), (1.2).
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Step 2. We lay the foundation to use the Brouwer fixed point theorem. To this end,
define

E={u:[0,T+3] —R: A" '(0) = A" ?u(T +2)=---=u(T +n) =0}

and also define
|lul| = max{|u(t)| : t € [n — 1,T + 1]}.
E'is a Banach space. Further, we define an opefatoFl — E by,

T4+n—1 T4+n—1 71 _
Tty =— S 3 3 R, A (i - (n—1)).  (2.7)
Jn—1=t+n—2 J1=j2 i=n—1

7T is a continuous operator. Moreover, from the bounds placé‘vdiantep 1 and from
(2.7), if

T4+n—1 T+n—1

r> ) Y (s—(n—2)M,

Jn—1=1 §=7J2

then7 (B(r)) C B(r), whereB(r) = {u € F : ||u|| < r}. Therefore, by the Brouwer
fixed point theorem [20], there existsc B(r) such that: = 7 u.

Step 3.We now show that; is a fixed point of7 iff « is a solution of (2.6), (1.2).First
assume;, = 7u. Thenu € E and thus, satisfies (1.2). Further,

Au(t) = u(t+1)—u(t)

Tan—1 T+n-1 5 _
= — > 3 Y hGou@),. . A (i~ (n - 1))
Jn_1=t+n—1 Jji=j2 i=n—1
THn—1 Tin-1 51
] ( > oYXy h@,u(n,...,mluu<n1>>>)
Jn—1=t+n—2 n=j2 i=n—1
THn—1 Ttn-1 5
_ Z Z Z (i, u(i), ..., A" (i — (n — 1))).
Jn—o=t+n—2 J1=j2 i=n—1
And,
Au(t—1) = Au(t) — Au(t —1)
T4+n—1 Tin-1 5
= Y S (i), A (i (n - 1))
Jn—o=t+n—2 Ji=j2 i=n—1
T4n—1 T+n—1 j1 _
— Y TS i), A - (n - 1))
Jn—o=t+n—3 1=j2 i=n-1
THn—1 T+n—1 Jj1

- -y Y ZE(i,u(i),...,AHu(z‘—(n—l))).

Jn—3=t+n—3 J1=72 t=n—1
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Continuing on in this manner, we see that,

A"t —n) = A" u(t —(n—1)) — A" 2u(t —n)
T4+n—-1 71

= (D" > > i u(),. .., A" ui — (n—1)))

ji=t+1i=n—1

—(=1)"2 Z Z h(i,u(@), ..., A" u(i— (n—1)))
= (=)™ > (i u(), ..., A" (i — (n— 1))

Finally,
AMu(t — (n—1)) = A" 'u(t—(n—2)) — A" tu(t — (n— 1))

= (=D"h(t+ Lu(t+1),..., A" u(t — (n —2))).

In particular,(—1)" 'A"u(t — (n — 1)) + h(t, u(t), ..., A" u(t — (n — 1)) = 0 and
(2.6) is satisfied. Now assumet) solves (2.6), (1.2). Then € E and from (1.2) we
get

(—1)"A™u(0) (—=D)"A™ tu(1) — (=1)" A" 1u(0)

(~—1)”A"—1u(1)

h(n —1,u(n —1),..., A" u(0)).

Thus,(=1)"A" 'u(1) = h(n — 1,u(n — 1),..., A" 'u(0)). Also,
(—D)"A™u(1) = (—1)”A”—1u(2)—£—1)"A”—1u(1)
= E—l)”A"‘lu(Q) —h(n—1Lun-1),..., A" 1u(0))
h(n,u(n),..., A" tu(1)).
Thus,(—1)"A" 'u(2) = i h(i,ui),. .., A" 'u(i — (n — 1))). Continuing induc-

tively, we conclude

(—D)"A" tu(t — (n —2)) = Z h(i,u(i), . . ., A" (i — (n —1))). (2.8)
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b
Note here that if. > b, we will use the convention tha} ~ = 0. From (2.8) and (1.2),

a

we get

(—D)"A" (T 4+1) = (=1D)"A" (T +2) — (—=1)"A"2u(T + 1)
= —(=1)"A" (T +1)

T+n—1~
= Z Wi, u(@), ..., A" (i — (n —1))).
Thus,(—=1)" 'A"?y(T + 1) = i h(i,u(i), ..., A" u(i — (n—1))). Also,

(—1)"A™(T) = (=1)"A"2u(T + 1) — (—1)"A"2u(T)

T4+n—1

= — > h(iu(i),..., A" (i — (n— 1))

(1) AT

T+n—2

= Y hiu(i),..., A" u(i — (n - 1))).

i=n—1

T+n—1 J1

Thus,(—1)" A" 2u(T) = > Y h(i,uli), ..., A" 'u(i— (n—1))). Contin-
j1=T4+n—2i=n—1
uing inductively, we conclude

T4+n—-1 J1

()" A Pt — (= 1) = Y > hGuli), ..., A" (i — (n—1))). (2.9)

j1=t—1i=n—1

From (2.9) and (1.2), we get

(=D PAM 2y (T +2) = (—=1)" A" 3u(T 4+ 3) — (=1)" A" 3u(T + 2)
= —(=D)" A" Bu(T +2)
= 0.

Thus,(—1)"2A"u(T + 2) = 0. Also,

A(=D)"TAT (T +1) = (=1)" A (T +2) — (1) A (T + 1)
= —(-D)" A (T +1)

= > > hiu(i),... A" u(i — (n - 1))).

J1=T+n—1i=n—1
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Thus,(—1)" 2A"3u(T+1) = in:_l f: h(i,u(@), ..., A" Tu(i—(n—1))). Also,
j1=T+n—1i=n—1
(=1)"APu(T) = (—1)”‘1A”‘39(T+1)—(—1)"‘1A”‘3U(T)
- - > ‘Z R(i,u(i), ..., A" (i — (n—1)))
—(=1)" A Pu(T)
T+n—1 J1 _
- > AZ Wi, u(@), ..., A" u(i — (n —1))).
Hence,(—1)"2A"3y(T) = 2 zf > h(iyu(i), ..., A" (i — (n—1))).

. . . . j2:T+n—2 J1=J2 t=n—1
Continuing inductively, we conclude

T+n—1T4+n—1 7J1

(—D)"2A" Pyt — (n — 1)) Z Z Z h(i,u(@), ..., A" ui — (n —1))).

Jje=t—1 ji=j2 i=n-—1
Continuing in this manner, we notice that
TH+n—1 T4+n—1 T+n—1 J1

Ault—(n—1)= > > - Y > hG,uli), ..., A" u(i—(n—1))).

Jn—2=t—1 jn_3=jn—2 j1=j2 i=n—1
Thus, we see that

Au(T+n—-1) = w(T+n)—uT +n-1)

= —u(T+n-1)
= 0.
In a similar manner,
wWT+n—-2)=...=u(T+3)=0.
Thus,
Au(T+2) = uw(T+3)—u(T+2)
= —u(T+2)
= 0,

which implies that(7" + 2) = 0. And
Au(T+1)=u(T +2)—u(T+1)
=—u(T+1)
T+n—1 T+n—1 T4+n—1 7J1

-y > T > G ui), ., A (i — (n = 1)),

Jn—2=T+n—1jn_3=jn—2 j1=j2 i=n-1
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Thus,
T+n—1 T+n—1 T+n—1 J1 .
—u(T+1)= > S Y hliuli), . A (i — (n— 1)),
Jn—2=T+n—1jn_3=jn—2 J1=j2 i=n—1
Also,

Au(T) =uw(T + 1) — u(T)

S Z Z

Jn—2=T4n—1jn—_3=Jn—2

T+n—1 1
<SS R uli), .., A i = (n— 1)) — u(T)
j1=j2 i=n—1
T+n—1 T+n—1 T4n—1 j1
= 2 o >0 D hiu(i), .., A (i — (n— 1)),
Jn—2=T+n—=2jn-3=jn—2 ji1=j2 i=n—1
Thus,
T+n—1 T4+n—1 T+n-1 j1
—u(l)= ) o > D hiu(i), ., A (i — (n— 1)),
In—1=T+n=2jn—2=jn-1 j1=j2 i=n—1

Continuing the pattern, we notice that

T4+n—1 T+n-—1 T4+n—1 51 _
—u(t—(n—=1)= > > - Y > h(iuli),..., A" u(i— (n—1))).
Jn—1=t=1 jn_2=jn—1 Jji1=j2 i=n—1

Thereforeu = Tw and this step is completed.
Step 4.We now show that solutions(t) of (2.6), (1.2) satisfy,

at) < u(t) < Bt), telo,T+2).

Consider the case of obtainingt) < 5(t). Letv(t) = () — u(t) and then consider
A" ?y(t) = A" 2B(t) — A" 2u(t). For the sake of establishing a contradiction, assume
thatmax{A"?v(t) : t € [0, T+ 2]} = A" ?v(l) > 0. Conditions (1.2) and (2.5) imply
that! € [1,7 + 1]. Thus, A" ?v(l + 1) < A" 2p(l) andA™ ?v(l — 1) < A" 2y(1).
ConsequentlyA™ 'o(l) < 0 andA™ o(l — 1) > 0. This in turn implies that\"v(l —

1) < 0. Therefore,

A"B(1—1) < A™u(l — 1). (2.10)
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On the other hand, sindeis nonincreasing in its,,_; variable, from (2.1) we have
A"B(1=1) = A™u(l —1) = (=1)" Wl +n,u(l+n),..., A" u(l - 1))

+A"B(1—1)

(=D h(l+n, B8 +n),...,A" 151 —1))

A"2y(]) "
Az 1 AU
A" 2y(1)

A" 2p(l) + 1

Y

> —A"B(1—1)+ +AB(1—1)

A" 2y(])
Ar=2y(l) + 1
> 0.

1), but this contradicts (2.10). Therefor&! 2v(l) <

< A" ?y(l), and hence, from repeated applications of
nd (2

Bt

Hence A"B(l — 1) > A™u(l —
0. This implies thatA"24(l
)

)
boundary conditions (1.2) an .5) along with summing both sided’of3(l) <

A" 2y(l), we see that(t) < §(t). A similar argument shows that(t) < u(t). Thus,
the conclusion of the theorem holds and our proof is complete. [ |

3. Main Result

In this section, we make use of Theorem 2.3 to obtain positive solutions of the singular
problem (1.1), (1.2). In particular, in applying Theorem 2.3, we deal with a sequence of
regular perturbations of (1.1), (1.2). Ultimately, we obtain a desired solution of (1.1),
(1.2) by passing to the limit on a sequence of solutions for the perturbations.
Theorem 3.1. Assume conditions (A), (B), and (C) hold, along with the following:

(D): There existg € (0,00) sothat—1)"f(t,¢,0,...,0) < Oforallt € [n—1,T+1].

(E): f(t,zo,...,x,—_1) iS NONiNcreasing in its,,_, variable fort € [n — 1,7 + 1] and

zo € (0,c].

(F): lim f(t,zg,...,2p 1) =oc0forten—1,T+1],21 € (—c,c).

zo—01

Then (1.1), (1.2) has a solutiansatisfying,

0<u(t)<ec, tel0,T+1].
Proof. Again for the proof, we proceed through a sequence of steps.
Stepl.Fork e Nt € [n—1,T+1],(xo,...,2,_1) € R", define

f(t7 |I0|,I‘1,...,$n_1), |.I’0| Z

9

?vlb— | =

fk(t,wo,...7xn_1) — .
/(

E?xh'”axn—l) ) |x0‘ <
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Thenfy is continuous ofin—1, T+1] xR™ and non-increasing farc [n—1,T+1], 2o €
[—c, c]. Assumption (F) implies that there exigts such that, for alk > &,

fk(t,o,...,o):f<t, 0,...,0) >0, ten-—1T+1).

Consider,
(—=1)"A"u(t — (n — 1)) + fut,u(t),..., A" u(t — (n —1))) =0,
teln—1,T+1l. (3.1)

Definea(t) = 0 and3(t) = c¢. Thena andg are lower and upper solutions for (3.1),
(1.2) andw(t) < B(t) on[0,T + n]. Thus, by Theorem 2.3, there exisisa solution of
(3.1), (1.2) satisfyin® < ui(t) < c,t € (0,7 +n],k > ky. Consequently,

|Aug(t) < e, t€[0,T+(n—1)]. (3.2)

Step 2.Letk € N,k > ky. Sinceuy(t) solves (3.1), we get from our work in Theo-
rem 2.3,

T+n—1 T+n—1 T4+n—-1 J1
Augt)y= > > 3TN fliw(i), . A (i — (n— 1)),
Jn—2=t+n—2 jn_3=jn—2 J1=j2 i=n—1
(3.3)
: : 1 . 1
By assumption (F), there exists € (0, k_) such that ifk > .
0 1
frn—1,x0,..., 20 1) > ¢, x9€ (0,e1],21 € [—¢,]. (3.4)
1
Assumek > ~ and thatu, (1) < &;. Then, by (3.3) and (3.4),
1
T+n—1 T+n—1 T4+n—-1 7j1
AugD) = > > 3T ST fliw(i), . A (i — (n— 1))
Jn—2=n—1jn_3=jn—2 J1=j2 i=n—1
T4+n—1 T4+n—1 T+n—1 751
= Z Z Z Z fe(ur (), .., A g (i — (n = 1)))
Jn—2=N jn-3=jn—2 J1=j2 i=n—1
+fe(n = Lug(n —1),..., A" g (0))
T4+n—1 T+n—1 T4+n—-1 751
> et > > Y fuliugli), . A (i — (n = 1))
jn—2:njn—3:jn—2 j1:j2 i=n—1

> C.

. . 1
But this contradicts (3.2). Henag,(1) > ¢4, forall &k > o Denote
1

me = max{|fe(n — 1, z0,...,2n-1)| : o € [e1,¢],21 € [—¢, ]}
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. . . 1
By assumption (F), there exists € (0, ;] such that, ift > — andu;, < e,, then

€2
fr(nyzo, ..., xp_q1) > c— T2 ms, g€ (0,e5], 1 € [—¢, .
Hence,
T+n—1 T4+n—1 T4+n—-1 71
Aug(2) = >0 Y DT ST fl i), A (i — (0 — 1))
Jn—2=N jn_3=jn_2 Jj1=j2 i=n—1
T+n—1 T4+n—1 T4+n—1 Jj1
= > ) DD Al A (i — (n = 1))
Jn—2=N jn_3=jn_2 j1=j2 i=n
472 fr(n — Lug(n—1),... ,A”fluk(O))
T+n—1 T+n—1 T4+n—1 Jj1
= > D) DD Rl A (i = (n = 1))
Jn—2=n+1 jn—3=jn—2 J1=j2 i=n

+frn,up(n), ..., A"ty (1))
+T"2 . frln — Lug(n —1),..., A" 1y, (0))

T4+n—1 TH4+n—1 T+n—1 71
> Z Z Z ka (4, ur (i A" (i — (n — 1))
—2= n]n 3 Jn 2 ]1 ]2 i=n

B S () £ T
> fr(n,uk(n),. .., A"’luk(l)) + T %m
> C.

: : 1 Lo
But this contradicts (3.2). Henag,(2) > e, for all £ > —. Continuing similarly for

€9
t=3,4,...,T,wegetd) < ey < -+ < gy < g1 Such thaty(t) > er, fort € [1,T). For
2 <i < T, denotem; = max{|fy(n+i—3,20,...,2n-1)| : xo € [&4, ], 21 € [—¢, ]}

By assumption (F), there exists,; € (0, er] such that, ift > andu,(T + 1) <

ET+1
ery1, then

T
fiT+n—2,20,...,2,-1) >cC— Zmi, zo € (0,e7], 21 € [—¢, (]

i=2
Hence,

T+n—1 T+n—1 T4+n—-1 71

Jn—2=T+n—1jn_3=jn—2 Jj1=j2 i=n—1
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A" (i — (n — 1))

TH+n—1

- Z fe(iyug (i), ..., A" g (i — (n — 1))

i=n—1
= fiT+n—1u(T+n-1),...,A" u(T))

+fe(T+n—2,u(T+n—2),...,A" (T — 1))
T

+>  fuln+i— 3 up(n+i—3),.. A" (i — 2))
=2

> filT+n—2,u(T+n—2),..., A" (T —1))
T
S
i=2
> cC.

But this contradicts (3.2). Heneg,(T' + 1) > ery4, forall & >

lettinge = e, 1, we get

. Therefore, by

ET+1

1
0 <e<u(t) <g, tE[O,T+2],/€Z; (3.5)

Sinceuy(t) satisfies (3.5) and (1.2), we can choose a subsequencé)} C {ux(t)}
such thatlim wy, (t) = u(t), ¢ € [0,T +n],u(t) € E, whereE is as defined in Step

2 of Theorem 2.3. Now,

TH+n—1 TH+n—1 T4+n—1 J1
Aug,(t) = > S DY fliu, (i), Ay, (= (n = 1)),
jn—2:t+n*2]’n—3:jn—2 j1:j2 i=n—1

and so letting: — oo and from the continuity of, we get that

T+n—1 T+n—1 T4+n—-1 71
Au(t)= > S D flul), . A (i — (n - 1)),
Jn—2=t+n—2 jn_3=jn—2 Jj1=j2 i=n—1

Consequently, via similar methods used in Step 3 of Theorem 2.3,
(~1)" A"t — (n— 1) = f(tut), ..., A ult — (n - 1)).
Thereforeu solves (1.1), and by (3.5), our theorem holds. |
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