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1 Introduction

Many problems arising from diverse areas of natural science, when modeled from a
mathematical point of view, involve the study of solutions of nonlinear differential equa-
tions, and can be written as a fixed point equation such as

u = N(u), (1.1)

associated to some operator /N. In many cases, the equation also has a variational form,
1.e., it is equivalent to an equation of the type

E'(u) =0, (1.2)

where E is the energy functional and £’ is its derivative. Thus, the fixed points of the
operator /N appear as critical points of the functional £. The critical points could be
minima, maxima, or saddle points, conferring to the fixed points a variational property.
Thus, it makes sense to ask whether a fixed point of /V is a minimum, a maximum, or a
saddle point of . The problem is even more interesting in the case of a system in which
one can associate an energy functional to each of the equations. In recent years, many
authors have studied the existence of weak solutions for impulsive differential equations
via variational methods; see for example [1, 8, 16—-19] and the references therein.

More exactly, we shall consider the following boundary value problem for a system
of impulsive differential equations

—ii 4+ m?u = f(t,u,v), t#£ty,k=1,...,p, t € J,
— +m?v = g(t,u,v), t#£ty,k=1,...,p, t € J,
o(th) —o(ty) = Ie(u(ty)), k=1,...,p,

w(©0) =u®) = v(0)=0v()=0,

where J := [0,b], m # 0, f,g : J x R* — R are two functions, u(¢;") and (¢;) denote
the right and the left limits, respectively, of wat ¢, for0 < k <p, 0 =ty <t;...,1t <
t, <b, peN.

Coupled systems arise from mathematical modeling of many processes from ecol-
ogy, chemistry, biology, and physics. In some classes, the above system was used to
analyze initial value problems and boundary value problems for nonlinear competitive
or cooperative differential systems from mathematical biology [9] and mathematical
economics [6], which can be set in operator form (1.1). Recently, Precup [12] proved
the role of matrix convergence and vector metric in the study of semi-linear operator
systems. In recent years, many authors studied the existence of solutions for systems of
differential equations, with or without impulsive effect, by using the vector version of
a fixed point theorem; see [2,4,5,7,10, 11, 14, 15] and the references therein. The goal
of this paper is to solve a class of boundary value problem for a system of impulsive
differential equations by using critical point theory in generalized Banach spaces.



Second-Order Impulsive Differential Systems 245

This paper is organized as follows. In Section 2, we introduce all the background
material used in this paper such as some properties of Sobolev Banach spaces. In Sec-
tions 3 and 4, we state and prove our main results by using a Nash-type equilibrium
method in vector Banach spaces.

2 Preliminaries

Let (X;,|-];), 7 = 1,2 be Hilbert spaces identified to their duals, and let X = X; x X5.
Consider the system

{u: Ni(u,v)
v = No(u,v),

where (u,v) € X. Assume that each equation of the system has a variational form, i.e.,
that there exist continuous functionals £y, F; : X — R such that F;(-,v) is Fréchet
differentiable for every v € Xo, Fs(u, -) is Fréchet differentiable for every v € X7, and

{Ell(u,'l]) :u—N1<U,U) (2 1)

Eas(u,v) = v — No(u,v).

Here, by E11(u,v), Es(u,v) we mean the Fréchet derivative of (-, v) and Fs(u, ),
respectively. The following theorem gives the existence of the solution for impulsive
boundary value problems by using variational methods and critical point theory.

Theorem 2.1 (See [13]). Assume that the above conditions are satisfied. In addition,
assume that F1(-,v) and Es(u,-) are bounded from below for every u € X;,v € X,
and the following boundedness condition holds: there are R,a > 0 such that

either FEy(u,v) > i)r(1f E(-,v)+afor|uly > Randall v e Xy, (2.2)
1

or Ey(u,v) > i)r(lf Es(u,-) + aforlvly > Rand all u € X;. (2.3)
2

Then, the unique fixed point (u*,v*) of (N1, N2) is a Nash-type equilibrium of the pair
of functionals (E,, E»), i.e.,
Ey(u*,v*) = inf Ey(-,v")
X1
Esy(u,v*) = i)I(lf Es(u*,-).

In order to define the weak solutions for problem (1.3), we need to define derivatives
in a distributional sense (or weak derivative).
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Definition 2.2. A function f € L'(J) is said to be weakly differentiable if there exists
g € L*(J) such that

/J 6(5)g(s)ds = — / F(5)d (s)ds, o € C32(T),

where C5°(J) is the space of smooth functions with compact support.

Remark 2.3. There are functions which are weakly differentiable, but not differentiable
in the classical sense.

Define the Sobolev space
Hy(J)={ue L*(J) :u € L*(J),u(0) = u(b) = 0}.

We endow H(.J) with the scalar product

(w, V) gaesy = /Ob(ui) + mPuv)dt = m*(u, v) 205y + (0, 0) r2(),
and the corresponding equivalent norm
lellmgesy = Nl + 32 )2 2.4
Let H*(.J) be the dual of H](.J). If we identify L?(.J) to its dual, then we may write
Cee(J) c Hy(J) c HY(J) c L*(J) € H*(J).
We define the following isometry operator
L:HYJ)— Hy(J), hw Lh:=uy,

where u;, is the unique element of H; (/) guaranteed by Riesz’s representation theorem,
satisfying the identity

(uns V) ay = (hyv), v E Hi(J). (2.5)
Here, by (h, v), we mean the value at v of the functional  from (2.5). One then has
HuhH%rg(J) = <uh7uh>H§(J) = (h,up) < HhHH—l(J)HuhHHg(J),

whence
lanlims ey < Nl
On the other hand,

h Up, V) gl
Al = supM = su M
v [ollmyny oo vllmg
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||Uh||H5(J)||U||H3(J)

<
v#£0 HU||H5(J)

These two inequalities show that L is an isometry between H~'(J) and H,(.J). The
advantage of using the norm (2.4) on H;(.J) is that a Poincaré-type inequality holds in
connection to the embedding H;(.J) C L*(J), namely, the obvious relation

1
lullzoy < —lullmyen,  we Hy(J). (2.6)

A similar Poincaré inequality holds for the inclusion L*(J) c H '(J). Indeed, if
h € L*(J), then using (2.5), (2.6), and the above isometry, we obtain

||h||§{*1(J) = HuhHiIS(J):<h7uh> = <h7uh>L2(J)

N

1
< llezopyllunllzgy < E”uhHHg(J)HhHLQ(J)

1
— ||~ - h
— [l 1l 2200

which gives

1Alla-10) < —=Pllz2()- (2.7

1
m
Lemma 2.4 (See [3]). There exists ¢ > 0 such that, ifu € H?(J,R), 1< p < oo,

per
then

[ulloo < cllull gz

per

b
Moreover, if/ u(t)dt = 0, then
0

[ulloe < cllu'l| e,

where

HY(JR) = {u € H"(J,R) : u(0) = u(b), v'(0) = u'(b)}.

per
b
Lemma 2.5 (See [3]). Ifu € H2(J.R) (p € (1,00)) and/ u(t)dt = 0, then
0

1 11
[lloo < 0¥ ||| 1o, with = + — = 1.
pp

3 Main Results

Lemma 3.1. The function E = (Ey, E,) : Hy(J) x H}(J) — R defined by

b P rulty)
1
Ei(u,v) = / [§(u2 +m*u?) — F(t,u, v)} dt + E / I (s)ds,
0 =1 Jo
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b P polty)
Es(u,v) = / [5(@2 +m*?) — G(t,u, v)} dt + Z/ Ix(s)ds,
0 = Jo

where .
F(t,u,v) = / f(t,s,v)ds
0
and .
Git.u.o) = [ gltus)ds,
0
is the functional energy of the system (1.3).

Proof. Letw € C5°(J). Fort € [0, ],

t1 t1 t1
/ —iiw—l—/ m*uw :/ wf(t,u,v).
0 0 0

By integration of the above equation, we get

(—uw)(t1)+/tl uw+/0tl m2uw:/0t1 wf(tu,v).

0

For t € (11, t5], we have

to to to
/ —iiw+/ m*uw :/ wf(t,u,v).
t1 t1 t1

By integration of the last equation, and using the jump definition of u’(¢]"), we obtain

to to to
(—aw)(ty) + (wu') () + / b + / mAuw = / wf(t,u,v).
t1 t1 t1
For t € (t,,b), we continue the same calculus and we find

b b b
/ —u'w—l—/ m*uw :/ wf(t,u,v).
t tp t

P P

Then,
b b b
(—taw)(b) + (ww)(t)) + / wh+ [ mPuw = / wf(t,u,v)
tp tp tp
b b b
(w)(t, ) + (wly)(t,) + / b + / miuw = / wf(t,u,v).
ty tp ty
Observe that

p

alty)w(t) = S wite) Lu(ult), v(t) + /0 e /0 Y muw — /0 " wf (b u.v)

=1

ol
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Consequently,

p

w(te) Le(u(ty))) + /buw + /Obm2uw = /Obwf(t,u,v).

k=1 0

For w = u, we obtain

S ulte) In(ult) + / i / i = / uf (b,

k=1 0

Finally, we define the energy functional £ = (4, E») via

b 1 p u(ty)
Ei(u,v) = /0 §(u2 +m*u®) — F(t,u,v)| dt + Z/o Ix(s)ds,

b1 1 P polty)
Es(u,v) = / 5(1’)2 +m?*v?) — G(t,u,v)| dt + Z/ I (s)ds,
o L 0

- k=1
where

F(t,u,v) = / f(t,s,v)ds, G(t,u,v) = / g(t,u, s)ds.
0 0
This ends the proof. [
Now, we define what we mean by a solution of problem (1.3).

Definition 3.2. A pair of functions (u,v) € H)(J) x Hy(J) is said to be a weak solution
of problem (1.3) if

P b b b
;w(tk)fk(u(tk))+/o uw—i—/o muw:/o wf(t,u,v),
and

iw(tk)lk(u(tk))+/bu2+/0bm2u2:/Obwf(t,u,v),

k=1 0
for every w € Hy(J).

We assume that the following conditions are satisfied:
(H,) f,g:J x R?* — R are Carathéodory functions.
(Hy) f(-,0,0),9(-,0,0) € L*(J), and there exist m;; € R, (i,j = 1,2) such that

‘f(t,u,’l})—f(t,ﬂ,ﬁ)‘ < mll’u_ﬂ‘—i_mw‘v_ﬂ’
\g(t,u,v)—g(t,ﬂ,@ﬂ < m21|u—ﬂ\+m22|v—ﬂ]

for all u,u,v,v € R a.e. t € J.
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(H3) There exist m;; € R, (7,7 = 1,2) such that

(@) = Te(y)| < Ty, o =yl [Ti(2) = Te(y)] < Mgy, [v =], forallz,y € R.

Lemma 3.3. Assume that conditions (H,) and (Hs) hold. Then,

mi

b
- [ ulds 2 =Tl - msleleolden g,
0 |

—[1f (0,00l 20 lull 2
Proof. Indeed, from (Hs) we have
]f(t,u, U)‘ < mll’u‘ + le‘”' + ‘f(taoao)ya (32)

since f(-,0,0) € L*(J), f(-,u(-),v(-)) € L*(J) whenever (u,v) € L*(R,) x L*(R,).
Also, (3.2) gives

m
|F(t,u,v)| < Tn\u|2 + maglvl|u] + [ £(t,0,0)]|ul.

Then,
b b miy
- [P alas = = [ [HHuR + malo()llu(s)] + 1(5,0.0) ()] ds
> = luliag) = masllolzzn lull o)
=[1£C, 0,0 2 1wl 2y
This ends the proof. [

In all of this section, we assume that the spectral radius of the matrix

p
mi1 + Z m?’mkn \V btk mig

M = — k=1 (3.3)

p
moq Moo + Z m3mk22 vV btk

k=1
is strictly less than one.
Lemma 3.4. The energy E of the problem has a Fréchet derivative.

Proof. Direct computation shows that the derivative of E at any u, after the direction
w € Hy(R), is given by

(Ef(u,v),w) = /l\lg(l](El(u + Aw,v) — By (u, )\
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(El(w,v),w) = lim [/Ob E((u ) 4+ (04 Aw)?) — F(t,u+ A, 0)1 dt

k=1

; u(ty)
—Z/ ]k(s)ds] At
k=170

- / [+ m*u*w? — f(t,u, v)wldt + Y w(ty) I (u(t)
0 k=1

= (u,w)gryy — (f(u,0),w) 20y + Zw(tk)jk(u(tk))'
k=1

Hence, the Fréchet derivative of E; at any u € Hj(.J) is given by

En(u,v) = uw—Lf(u0)+ Y I(u(ty))

k=1
= u— Ni(u,v)
and
p —_—
EQQ(“@ ’U) = v Lg(a u, U) + Z ]k’(v(tk»
k=1
= v — Ny(u,v),

where Ny, Ny : Hy(J) x Hy(J) — Hy(J) are defined by

Nl(uv U) = Lf('?“?v) - ij(u(tk))a

and
Na(u,v) = Lg(-,u,0) = Y Ti(v(t)).

This ends the proof.

p w(ty)+Aw(ty) b 1 .2 2 2
oy nis)is = [ 300+t~ Pl a

O

This shows that weak solutions of (1.3) are the critical points of the functional E.

Theorem 3.5. Assume that the conditions (Hy), (Hs), and (Hs) hold. In addition,
assume that there exist two functions g, g, : J X R — R such that ¢(t,-), g:1(t,-) are

coercive and satisfy

gi(ty) <Gt z,y) <g(t,y), forallz,y € R,ae t € J,

(3.4)
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and 3
Iy(z) >0, Ix(y) >0, forall z,y € R. (3.5)

Then the system (1.3) has a unique solution (u*,v*) € H}(J) x Hy(J), which is a
Nash-type equilibrium of the pair of functionals (E,, Ey) associated to the system, i.e.,

Ey(u*,v*) = inf Eq(-,v")
Hg(J)

Ey(u*,v*) = inf Ey(u’,-).
Hg (J)

Proof. We shall apply Theorem 2.1. First, using the Lipschitz conditions in (Hs), we
can obtain that E,(-,v), Ey(u, .) are bounded for each u, v € Hy(J), and

b 1 p u(ty)
El(u, ’U) = / |:§(u2 + m2u2) — F(t, Uu, U):| dt + Z/ Ik(S)dS
0 = Jo

1 9 b b u(tx)
= 5”“”}1&(])_/ F(37U7U)d8+2/ Ii(s)ds.
0 k=10

Using inequalities (3.1) and (3.5), we obtain
miy
2
—1f(0,0) || L2y llw]| L2y

By the Poincaré inequality, we get

1
Ei(u,v) = Sllully) — = lellzew) = mollollzo el

1 2 mn 2 mi2
Ei(u,v) > §||UHH3(J) - wHUHHg(J) - WHUHL?(J)HUHH(}(J)
1
= A£G 0,002 el g o
1 miy mi2
> B) ( - ﬁ) ||U||§{OI(J) - WHU”LQ(J)HUHH&(J)

1
=0, 00zl g -

Similarly, we can get

1 Mo mi2
By(uv) = 5 (1=525) Il — = lull o llollmg

1
——lg( 0,0) [z [Vl a3y

Consequently, the functionals F(-,v) and Fs(u,-) are bounded from below for each
u,v € Hy(J). In addition, we use the inequality from (3.4) to obtain

1 , b P v(te)
Es(u,v) = §HUHH3(J)_/0 G(t,u(t),v(t))dt—i—Z/o Ix(s)ds
k=1
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1 b
> Sty — | sttt
and we use the inequality from (3.5) to obtain
Esy(u,v) > ¢(v), forallv e Hy(J), (3.6)
where
Lo b
o) = 3ol = [ att.o0)at

Since g is a coercive function, ¢ is bounded from below and thus Fs(u, -) is bounded
from below uniformly with respect to u. Next,

- b P ot
Es(u,v) = §‘|UHH3(J)_/0 G(t,u(t),v(t))dt—l—;/o I(s)ds
1 , b p v(tk)
< 5”“”1{3@])‘/ gl(t,v(t))dt+2/ Iy (s)ds.
0 1 /0

Then,

Es(u,v) < ¢1(v), forallv e Hy(J), (3.7)
where

1 tk)
$1(v) = §\|UH§{3(J) _/ (L, v(t dt+2/
From (3.6) and (3.7),
P(v) < Ey(u,v) < ¢1(v), forallu,v € Hy(J). (3.8)

Since ¢ is coercive, for each A > 0, there is R, such that

¢(v) = Afor [[v][ g3y = R (3.9)
Leta > 0and A = mf qﬁl( )+ afor [[v g1 sy > Ry and any u € Hg(J). Then, we
veEH,
have .
Es(u,v) > ¢(v) > egllf o1(v) + (3.10)

From the first inequality of (3.8), we have

inf Fy(u,v)+a< inf ¢1(v)+a=A (3.11)

vEHS(J) veH(J)
But, (3.9) and (3.11) imply that

Es(u,v) > vegllf(J) Es(u,v) +a HUHH(%(J) > Ry Yu € H&(J).
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This shows that F, satisfies the condition (2.3). Finally, we prove that N = (N;, N»)
is a Perov contraction. Indeed, for any u,v,u,v € H&(J ), using the fact that L is an
isometry between H~'(.J) and H}(J), using the relations (2.6), (2.7), and the Lipschitz
condition (H3), we obtain

||N1(U,U) - Nl(ﬂv E)HH&(J) < HLf('vu?U) - Lf('vﬂ7g)||H3(J)

IN
=
N
=
|
=
=
E
=

=

IN

%Hf("uav) - f('vﬂ7@)||L2(J)
+ Z [k (ultr)) — Te(@(ti))] 53 -

Foreach k € {1,...,p}, we have

12 (u(te)) — Le (i) || )

IN

m (/Ob [T (u(ty)) — Ik(ﬂ(tk))Pdt);

mVO| I (u(ty)) — L(a(ty)))|
mimy,, Volu(ty) — u(ty)|

i, Vb /0 ") — )t
i /b ( /0 ") — H’(t)|2dt)% |

IN

IN

IN

Hence,

[ 2 (u(te)) = Le(@(t)) || a2y < mm, V/0bkl|w = Ullmp oy k=1,....p.

Then,

— miy _ mio _
[ N1 (u, v) = Ni(@,0)|[ gy < WHU — 0|2y + WHU — |20

p
+ Z MMy, btk”“ - ﬂHH&(J)'
k=1

Therefore,

o 1 ~ g _
[N1(u,v) = Ni(@,0) | mp ) < poec (mll + ) m T, v btk) [l = | 2 )

k=0
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+WHU =0l (-

Similarly for N5, we have

o 1 ~ _
[ N2(u,v) = No(@,0) || gy sy < " <m22 + ) m g, v btk) v =l a2y

k=0
+ ol =l
m?

Hence, NN is a Perov contraction with the Lipschitz matrix M given by (3.3). Therefore,
Theorem 2.1 can be applied. 0

Remark 3.6. Notice that the theory for systems of two equations can easily be extended
to the general case of n-dimensional systems.

4 Example

We conclude this paper with an illustrative example.

Example 4.1. Consider the following system
( —ii 4+ mPu = ay(t)cosu(t) + B1(t) sinu(t) sinv(t) + o1 (t), t € [0,0]
—i +m?v = a2(t) sinv(t) + B2(t) cosu(t) sinv(t) + oo(t), t € 0,b]
w(th) —a(ty) = |u( Dl a; > 0,t1 #0, t; €(0,b)

o(ty) —o(ty) = —2| v(t)l; ag >0

[ u(0) =u(b) = v(0)=uv(b) =0,

where m # 0, oy, B; € C([0,b],R,), o5 € L*([0,b],R,)(i = 1,2), and

4.1)

f(t, o, y) = ai(t) cosx + Bi(t) sinxsiny + o1 (t),
G(t,7,y) = as(t) siny + Pa(t) cos wsiny + oo(t).
In this case,
F(t,z,y) = ai(t)sinz + p1(t)(1 — cosz) siny + o1 (t)x,

G(t,z,y) = as(t)(1 — cosy) + Pa(1l — cosy)cosx + aa(t)y.

If the spectral radius of the matrix

bt

m
letfloo + [[Brlloe + 151 ]loe

1
W m3 btl
18210 lozloo + [ B2lloe +

4.2)
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is less than one, then the system (4.1) has a unique solution, which is a Nash-type
equilibrium of the corresponding pair of energy functionals. In particular, the result
holds for the following system on [0, 1]

[ +u = %—25 cosu(t) + %sin u(t) sinwv(t) + oy (t)
—U + v = 5 sinv(t) + %Cos u(t) sinv(t) 4+ o2(t)
i) i) = )l b= @3)
o(ty) —o(ty) = Jo(td)l, t= g
( u(0) =u(l) = v(0)=0v(1) =0,
where o; € L*([0,1], R )(i = 1,2). In this case, the matrix M is
2 1
M= |33 (4.4)
6 3

and one can easily see that its spectral radius is less than one.
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