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Abstract

This article deals with some existence and Ulam stability results for a class
of Caputo—Fabrizio implicit fractional differential equations subject to boundary
conditions in finite and infinite dimensional Banach spaces. Our results are based
on some fixed point theorems and the technique relies on the concept of measure
of noncompactness. Two illustrative examples are presented in the last section.
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1 Introduction

Fractional differential equations involves Riemann—Liouville, Caputo, Hadamard and
Hilfer fractional differential operators have been applied in various areas of scientific
disciplines, and studied by many mathematicians; see the monographs [1-3, 24,25, 31,
32,37], the papers [4,6-8,11,26,27,36] and the references therein.

In recent years, a new approach of fractional derivative having a kernel with expo-
nential decay is known as the Caputo—Fabrizio operator has been introduced by Caputo
and Fabrizio [16]. Several researchers were recently busy in development of Caputo—
Fabrizio fractional differential equations, see [17-20,25,35] and the references therein.

Considerable attention has been given to the study of the Ulam—Hyers—Rassias sta-
bility of all kinds of functional equations, see the monographs [3, 22], and the pa-
pers [5,9, 10]. More details from historical point of view, and developments of such
stabilities are reported in [21,23,28-30,34].

In this paper we investigate the existence of solutions and some Ulam stability re-
sults for the following class of Caputo—Fabrizio implicit fractional differential equation

(“FDgu)(t) = f(t,u(t), (“"Dgu)(t)), t € I:=0,T], (1.
with the boundary conditions
au(0) + bu(T) = ¢, (1.2)

where 7" > 0, f: I x R x R — R is a given continuous function, a, b and c are real
constants with a + b # 0, ¢ Dy is the Caputo—Fabrizio fractional derivative of order
r e (0,1).

Recently, in [3, 12-15, 33] the authors applied the measure of noncompactness to
some classes of functional Riemann—-Liouville or Caputo fractional differential equa-
tions in Banach spaces. By applying these techniques, we next discuss the existence
of solutions for problem (1.1)—(1.2), when f : I x £ x E — FE is a given continuous
function, ¢ € E, and F is a real (or complex) Banach space with a norm || - ||.

2 Preliminaries

Let C := C(I, E) be the Banach space of all continuous functions from [ into £ with
the norm

[ulle = sup [[u()]]
tel

In the case £ = R, we have

lulle = sup [u(t)].
tel
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By L'(I, E) we denote the Banach space of measurable function v : I — E with are
Bochner integrable, equipped with the norm

T
s = / ()] dt.

Let M x denote the class of all bounded subsets of a metric space X.

Definition 2.1 (See [14]). Let X be a complete metric space. A map p : Mx — [0, 00)
is called a measure of noncompactness on X if it satisfies the following properties for
all B, By, By € My.

(a) u(B) = 0if and only if B is precompact (Regularity),
(b) u(B) = u(B) (Invariance under closure),
(¢) u(By U By) = max{u(By), 1(B2)} (Semi-additivity).

Definition 2.2 (See [14]). Let X be a Banach space and let €2y be the family of bounded
subsets of E. The Kuratowski measure of noncompactness is the map p : Qy — [0, 00)
defined by

p(M) = inf{e > 0: M C UL, M;, diam(M;) < e},

where M € Q.
The Kuratowski measure of noncompactness satisfies the following properties
(1) u(M) =0« M is compact (M is relatively compact).
(2) (M) = p(M).
(3) My C My = pu(My) < p(Ma).
4) p(My + My) < p(My) + pu(Ms).
(5) p(eM) = |c[u(M), ¢ € R.
(6) p(conv M) = u(M).

Definition 2.3 (See [16,25]). The Caputo—Fabrizio fractional integral of order 0 < r <
1 for a function h € L'(I) is defined by

=) 2 T
M(r)(g_r>h( )+M(r)(2—r)/0 h(z)dz, >0,

where M (r) is normalization constant depending on r.

“Errp(r) =
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Definition 2.4 (See [16,25]). The Caputo—Fabrizio fractional derivative for a function
h € C*(I) of order 0 < r < 1, is defined by

CFDh(r) = —(22_(17“)_]{ )(” /0 exp(—

Note that (“*’ D")(h) = 0 if and only if / is a constant function.

(t — )b (x)dx, T € 1.

1—r

Lemma 2.5. Let h € L'(I, E). A function u € C is a solution of problem

(°FDyu)(t) = h(t), te€1:=1[0,T) o
au(0) + bu(T) = ¢, '
if and only if u satisfies the following integral equation
t bbr T
u(t) = Co + a-h(t) + bT/O h(s)ds + " /0 h(s)ds, (2.2)
where
21 —-r) b — 2r
T R=nME) T 2= )M
1
Coy = . b[c — ba,(h(T) — h(0))] — a,h(0).

Proof. Suppose that u satisfies (2.1). From [25, Proposition 1], the equation
(" Dyu)(t) = h(1),
implies that
t
u() — u(0) = an(h(t) — h(0)) + b, / h(s)ds.
0
Thus,
T
w(T) = u(0) + a.(h(T) — h(0)) + br/ h(s)ds.
0

From the mixed boundary conditions au(0) + bu(T) = ¢, we get

au(0) + b(u(0) + a,(h(T) — h(0)) + bT/O h(s)ds) = c.

Hence,

¢ = b(a,((T) — h(0)) — by J;" h(s)ds)

u(0) = a+b

So, we get (2.2).
Conversely, if u satisfies (2.2), then
(“"Dgu)(t) = h(t), t € I,

and
au(0) + bu(T) = c.
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From Lemma 2.5, we can conclude the following lemma.

Lemma 2.6. A function u is a solution of problem (1.1)—(1.2), if and only if u satisfies
the following integral equation

t bbr T
) = o+ aglt) +b [ ads+ 25 [ ats)as @3)

where g € C, with g(t) = f(t,u(t), g(t)) and

1

¢ = ba,(g(T) — 9(0))] — arg(0).

Cyo —

Now, we consider the Ulam stability for the problem (1.1)—(1.2). Let ¢ > 0 and
® : [ — R, be a continuous function. We consider the following inequalities

1" Dgu)(t) — f(t,u(t), " Dyu) ()| <€, tE€T. (2.4)
1" Dgu) (t) = f(t,u(t), (" Diu) ()] < (1), t € 1. (2.5)
I(*F Dgu)(t) — f(t, u(t), (" Dgu) (1)) < e@(t), t € 1. (2.6)

Definition 2.7 (See [3]). The problem (1.1)—(1.2) is Ulam—Hyers stable if there exists
a real number c¢; > 0 such that for each ¢ > 0 and for each solution u € C of the
inequality (2.4), there exists a solution v € C of (1.1)—(1.2) with

lu(t) —v(t)| <ecp, tel.

Definition 2.8 (See [3]). The problem (1.1)—(1.2) is generalized Ulam—Hyers stable if
there exists ¢, € C(R4,Ry) with ¢(0) = 0 such that for each ¢ > 0 and for each
solution u € C of the inequality (2.4), there exists a solution v € C of (1.1)—(1.2) with

[u(t) =v@)] < efle), te .

Definition 2.9 (See [3]). The problem (1.1)—(1.2) is Ulam—Hyers—Rassias stable with
respect to @ if there exists a real number ¢4 > 0 such that for each € > 0 and for each
solution u € C of the inequality (2.6), there exists a solution v € C of (1.1)—(1.2) with

lu(t) —v(t)| < ecra®(t), t € 1.

Definition 2.10 (See [3]). The problem (1.1)—(1.2) is generalized Ulam—Hyers—Rassias
stable with respect to ® if there exists a real number ¢y > 0 such that for each solution
u € C of the inequality (2.5), there exists a solution v € C of (1.1)—(1.2) with

[ut) =v@)] < csa®(t), t € 1.
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Remark 2.11. A function u € C is a solution of the inequality (2.5) if and only if there
exist a function h € C (which depend on w) such that

[R(8)]] < @(2),
(""" Dgu)(t) = f(t, u(t), (""" Dyu)(t)) + (1), fort €I,

Lemma 2.12. If u € is a solution of the inequality (2.5), then w is a solution of the
following integral inequality

u(t) — co — apg(t) — br/o g(s)ds — bb /o g(s)ds

a-+b
<(a +Tb, +T bbr)@(t) iftel (2.7)
— s T a+ b ) ) *
where g € C, with g(t) = f(t,u(t), g(t)) and
o = —— e — ba,(g(T) — g(0))] — a,g(0).

T a+tb
Proof. By Remark 2.11, for ¢t € I we have

ult) = Co-+ o)+ ) + b [ [o(s)+ Bl + 225 [ fas) + hislds

Thus, we obtain

t bbr T
) = Co-arglt) =t [ glopas— 2 [ gisis)
Jo a+b 9
bb
< a0l b [ Ields+ 25 [ Il
b
< (ar+TbT+T br )CD(t).
a+b
Hence, we get (2.7). [

For our purpose we will need the following fixed point theorems.

Theorem 2.13 (Schauder fixed point theorem [33]). Let X be a Banach space, D be a
bounded closed convex subset of X and'l" : D — D be a compact and continuous map.
Then 'T" has at least one fixed point in D.

Theorem 2.14 (Monch’s fixed point theorem [27]). Let D be a bounded, closed and
convex subset of a Banach space such that O € D, and let N be a continuous mapping
of D into itself. If the implication

V =conoN(V)or V= N(V)U{0} = V is compact, (2.8)
holds for every subset V of D, then N has a fixed point.
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3 Existence and Ulam Stability Results

In this section, we present some results concerning the existence and Ulam stability of
solutions for the problem (1.1)—(1.2),

Definition 3.1. By a solution of problem (1.1)—(1.2), we mean a function u € C such
that

t bbr T
ut) =cotag(®) 45, [ g(o)ds + 2 [ gl
0 a+b /),

where g € C, with g(t) = f(t,u(t), g(t)) and
1
a+b

Co [ = ba,(g(T) = 9(0))] — arg(0).

3.1 The Scalar Case

The following hypotheses will be used in the sequel:

(Hy) There exist a nondecreasing continuous function ¢» : R, — (0, c0) and continu-
ous functions p, ¢ : I — R, such that

|f(t,u, )] < p(t)(lul) + q(t)|v], foreacht € I u,v € R.

(Hs) There exists a constant R > 0, such that

bb, | p (R
R > [eo] + |ar + T, + 17— POR) 3.1)

+b| 1—q*’

where p* = sup p(t), and ¢* = sup ¢(¢), with 0 < ¢* < 1.
tel tel

(Hj3) There exist constants d; > 0, 0 < dy < 1, such that
(14 |ug —ua|)|f(t,ur,v1) — f(t,ug,va)| < diy®(t)|ur — ua| + dafvy — va,
foreacht € I and u;,v; € R; 1 =1, 2.

(H,) There exists a constant A\ > 0, such that for each ¢ € I we have
T
/ B(1)dt < AaD(L).
0

Remark 3.2. From (H3), foreacht € I, and u,v € R, we have that
[f (&, u,0)] < [f(E,0,0)] + di®(t)[u] + dalv].
So, (Hj) implies (H;) with
Y(z) =1+, p(t) = max{di(¢),|f(t,0,0)[}, ¢(t) = da.
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Now, we prove an existence result for the problem (1.1)—(1.2) based on Schauder’s
fixed point theorem.

Theorem 3.3. Assume that the hypotheses (H1) and (Hz) hold. Then the problem (1.1)—
(1.2) has a least one solution defined on 1.

Proof. Consider the operator N : C — C such that,

(Nu)(t) = co +arg(t) + br/o g(s)ds + ab_?_rb /o g(s)ds, (3.2)
where g € C, with g(t) = f(t,u(t), g(t)) and
o = —le = ba(g(T) = 9(0))] — ag(0).

Consider the ball Bg := {u € C : ||u|lc < R}. Letu € Bg From (H,), foreacht € I,
we have

l9(1)] |F(t,ult), g(t))]
p()¢(llulle) + q(t)]g(t)]

PY(R) +q*lglle-

IAIA

Thus, from (H) we get

p*Y(R)
1—q

lglle < (3.3)

Next, we have

VO] < el + lag] + b [ ats)dsl+ 125 [ gls)as

¢ bb,

< el +arlglt)] + b [ las)lds + 2 [ lgls)lds
Vb TR

< |co\+[ar+Tbr+T T]p
a+b| 1—¢g*

< R.

Hence
[N (u)l[c < R.

This proves that N transforms the ball By into itself. We shall show that the operator
N : Br — Bp satisfies all the assumptions of Theorem 2.13. The proof will be given
in two steps.
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Step 1

N : Br — Bpg is continuous. Let {u,},cn be a sequence such that u,, — u in Bp.
Then, for each ¢ € I, we have

[(Nun)(t) = (Nu)(®)] < ar(gn(t) — g(t))]

++bTQ/£ (gn(s) — g(s)ds| (3.4)
+ ab-b:b/o (9n(s) = g(s))ds|,

where g,,, g € C such that

gn(t) = [t un(t), gn(t)) and g(t) = f(t, u(t), g(t)).

Since||u,, — ullc — O0Oasn — oo and f, g and g, are continuous, then the Lebesgue
dominated convergence theorem, implies that

|IN(u,) — N(u)|lc -0 asn — oc.

Hence, the operator N is continuous.

Step 2

N(Bg) is bounded and equicontinuous. Since N(Bg) C Bg and Bp is bounded, then
N(Bpg) is bounded. Next, let t1,t; € I, with 0 < ¢; < ¢, < T, and let u € Bg. Then
we have

a

t1 bb T
- ds — — d
| stas =25 [ atspas

(V)5 = (V)] < Jangle) b [ ool 2 [ s — o)

IN

to 0
larg(ts) + by / g(s)ds — arg(tr) + b, / o(s)ds|
0 t1

< ar|g(t2)—g(t1)|+br/2|g(3)|d3

t1

< alg(ta) — g(t)| +b,.(t2 — t1)|lgllc-

PY(R)
1—q*’

Since [|glc < in view to (3.3), we obtain

p*Y(R)
1—q*

[(Nu)(t2) — (Nu)(t1)| < ar|g(t2) — g(t1)| + by(t2 — 1)
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As ty — t; the continuity of g implies that the right-hand side of the above inequality
tends to zero.

As a consequence of the above two steps, together with the Ascoli—Arzela theorem,
we can conclude that N : B — Bp is continuous and compact. From an application
of Theorem 2.13, we deduce that N has a fixed point v which is a solution of problem
(1.1)-(1.2). ]

Now, we are concerned with the generalized Ulam—Hyers—Rassias stability of prob-
lem (1.1)—(1.2).

Theorem 3.4. Assume that the hypotheses (Hy)—(H,) hold. Then the problem (1.1)—
(1.2) has at least one solution defined on I and it is generalized Ulam—Hyers—Rassias
stable.

Proof. From Remark 3.2, there exists a solution v of the problem (1.1)—(1.2). That is

t bbr T
v(t) = cp +arg(t) + br/ h(s)ds + / h(s)ds,
0 a+bJ,

where h € C, with h(t) = f(t,v(t), h(t)) and

eh = — [ — bay(W(T) — h(0))] — a,h(0).

Let u be a solution of the inequality (2.5), then from Lemma 2.12, u is a solution of the
integral inequality (2.7), that is

u(t) —cy —ayg(t) — br/o g(s)ds — abj—rb/o g(s)ds

bb,.
< (ar+Tbr+T )‘I’(t),
a+b

where g € C, with g(t) = f(t,u(t), g(t)) and

1
C =
Y a+b

¢ = ba,(9(T') — g(0))] — arg(0).

Thus, for each £ € I, we obtain

lu(t,w) —v(t,w)| <
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This implies that,

bb
lu(t, w) —v(t,w)| < <a7~ +Tb, + Ta —i—Tb) (1)

+\%—wm+www—wun+mAWM®—h@wm

2 [ lats) = hi)las.

On the other hand, from (H3), for each ¢ € I, we have

l9(t) = h(t)] = |f(t,u(t),g(t) — f(t v(t), h(t))]
< (1) + do|g(t) — h(D)],
which gives
9(6) = h(D)] < T2 2(0) (3.5)
Again,
=l < 2 (gT) = WD)+ 19(0) — AO)) + ar]g(0) — ()
<

QbCLle ardl
(it 1)

Thus, we obtain

bb,
lu(t,w) —v(t,w)] < (ar +Tb, + Ta n b) (1)

2ba7~d1 ardl ardl
D(t
i Km+mu_@ﬁ1_@)+1—@}()
b,d; t
o
+ 1—d2/0 (s)ds

bb,.d; ) /OT B(s)ds.

(a+b)(1—dy
Hence, from (H,), we get
bb
t,w) — ot < .+ Th, +T—
ulte) = oltw)l < (o Th T
4 2bard1 X Cerl ardl
(a+b)(1—d2) 1—d2 1—d2
Agpb,dy Aabb,.dq
+ D(t

= C f@q)(t) .
This conclude that problem (1.1)—(1.2) is generalized Ulam—Hyers—Rassias stable. [
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3.2 Results in Banach Spaces

The following hypotheses will be used in the sequel:

(Hp1) There exist a nondecreasing continuous function ¥ : R, — (0, c0) and continu-
ous functions p,q : I — R, such that

1f(t w0) | <P@Y([[ull) +g(#)||v]l, foreacht € T u,v € E.

(Hp2) There exists a constant M > 0, such that

bb, | P (M)
a+b| 1—-q°"

M > ||eo|| + |a, + Tb, + T (3.6)

where p* = sup p(t), and §* = supq(t), with 0 < g* < 1.
tel tel

(Hys) For each bounded sets K, L C E and each t € I,

u(f(t, K, L)) < p(t)u(K) +q(t)u(L),
where p is the Kuratowski measure of noncompactness on the space E.

Now, we prove an existence result for the problem (1.1)—(1.2) based on Monch’s
fixed point theorem.

Theorem 3.5. Assume that the hypothesis (Hy, )—(Hosz) hold. If

7 T,
= - 1, 3.7
A (a a+ b) = 3-7)

then the problem (1.1)—(1.2) has a least one solution defined on I.

Proof. Consider the operator N : C — C be the operator defined in (3.2). Define the
ball
By = {z€C, |alle < M}.

Let u € By, from (Hp; ), for each ¢ € I, we have

lg ()l 1f (¢, ult), g(@))]
p@)¥([lull) +q()llg(®)ll

p¥(lulle) + 7|9l

p¥(llullc) + 7" (lglle-

IAIAINIA

This gives
P (M)

lglle £ —==.
1—-79q



Caputo—Fabrizio Implicit Fractional Differential Equations 505

Thus, from (Hys), we obtain

b, | (M)

Nu)(t)|| < r+Tb.+T
IN0@ I < lleoll + far+ T, + 7= B2

< M.

Hence
[N (u)]lec < M.

This proves that N transforms the ball B}, into itself.

We shall show that the operator N : Br — Bp satisfies all the assumptions of
Theorem 2.14. We have N(Br) C Bg, and as in the proof of Theorem 3.3, we can
easily show that N : Br — By is continuous, and N (Bpg) is equicontinuous. Next,
we prove that Monch’s condition (2.8) is satisfied. Let V' be a subset of B),; such
that V. C N(V) U {0}, V is bounded and equicontinuous and therefore the function
t — v(t) = pu(V (t)) is continuous on /. From (Hy3) and the properties of the measure
u, foreach t € I, we have

v(t) < u((NV)(@) U{0})
p((NV)(1))

ww@wquV}+mé%mm@wuevws

abirb/o {1(g(s)) : u € Vids,

IAINA

IN

+

where g € C, with g(t) = f(t,u(t), g(t)). However, hypothesis (Hp;) implies that for
eacht € I,

p{g(t) - ue Vi) p({f( u(t),g(t) - u eV}

prufu) - uwe V) + 7 u{g(t) -u eV},

IA

which gives

=%

1-9

=%

p{g(t) sueVy) < pfu(s) :ueVy
p

= V).

Thus, we get

IN

o) 1f@kkﬁmvu>+biéﬁwiﬁw+,f” [fu@«ﬁd%

— % t T
p bb,
. b, d d
1_T[wmw+ 4HMM8+@+@AHMC4

7 Tbb,
T (ar +Th, + P b) |lv]|c-

IN

IN
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Hence
[vlle < pllvfle-

From (3.7), we get ||v||c = 0, that is v(t) = u(V(t)) = 0, for each ¢ € I, and then
V (t) is relatively compact in F. In view of the Ascoli—Arzela theorem, V' is relatively
compact in B);. From Mo6nch’s fixed point Theorem (Theorem 2.14), we conclude that
N has a fixed point which is a solution of the problem (1.1)—(1.2). ]

As in the proof of Theorem 3.3, we present (without proof) a result about the gener-
alized Ulam—Hyers—Rassias stability.

Theorem 3.6. Assume that the hypotheses (Hys), (Hos), (Hy) and the following hy-
pothesis holds.

(Hos) There exist constants dy > 0, 0 < dy < 1, such that
(1 + Jlug = w2lDIIS(E, g, 01) = f(t ug, v2)|| < dv®(8)[|ur — ugl + daflor — vall,
foreacht € I and u;,v; € E; 1 =1,2.

Then the problem (1.1)—(1.2) has at least one solution defined on I and it is generalized
Ulam—Hyers—Rassias stable.

4 Examples

Example 4.1. Consider the Caputo—Fabrizio implicit fractional differential equation

1 2

©pjuy = — D epa, @
10(1 + |u(®)| + [(“F Dgu)(@)])
with the boundary conditions

w(0) + 2u(1) = 1. (4.2)

Set g

1 t

Flt ), 000) = fo e e € 01

L+ fu(®)] + [o(8)])’
The hypothesis (H3) is satisfied with

1+ 1In(2
d1:d2:—10< )l

Simple computations show that all conditions of Theorems 3.3 and 3.4 are satisfied.
Hence problem (4.1)—(4.2) has a solution, and it is generalized Ulam—Hyers—Rassias
stable.
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Example 4.2. Let

o
E=10'= {u:(ul,u2,...,un,...),2|un| <oo},
n=1

be the Banach space with the norm

[eS)
luls = lunl.
n=1

Consider the Caputo—Fabrizio fractional differential equation

(27 + up (1)

e G R G [ G G A
with the boundary conditions
u(0) +u(l) = (274,272,...,27" ). (4.4)
Set f=(f1, fo, s fu,--+)s
Fult,u(t), v(t)) (27 + un(b)) Feo.]

- exp(t + 3)(1 + [u(t)| + [v(2)])

Simple computations with a good choice of the constant ¢, show that all conditions of
Theorem 3.5 are satisfied. Consequently, Theorem 3.5 implies that the problem (4.3)—
(4.4) has at least one solution defined on [0, 1]. Also, hypothesis (H) is satisfied with
Ap = € — 1. Indeed

T T
/ O(t,w)dt = / eldt =1—e ' < Ape ! = A ®(t,w), t €10,1].
0 0

Consequently, Theorem 3.6 implies that (4.3)—(4.4) is generalized Ulam—Hyers—Rassias
stable.
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