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Abstract

We investigate the local and global character of the unique equilibrium point,
the existence and the local stability of the period-two solutions of certain homoge-
neous fractional difference equation with quadratic terms. The local stability and
global attractivity results of the minimal period-two solution in one special case are
given. Also, we investigate the bifurcation of a fixed point of the map associated
to the equation in the special case where the eigenvalues are complex conjugate
numbers on the unit circle.

AMS Subject Classifications: 39A10, 39A28, 39A30.
Keywords: Difference equation, attractivity, Neimark—Sacker bifurcation, periodic so-
lutions.

1 Introduction and Preliminaries

In this paper, we investigate the local and global character of the equilibrium point and
the existence of period-two solutions of the difference equation

Ax? + Bryx, 1+ Cx?

2 Y
ax? + br,x,_1 + cri_y

Tt = n=01,... (1.1)
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where the parameters A, B, C, a, b, ¢ are positive numbers and where the initial condi-
tions x_; and z( are arbitrary nonnegative real numbers such that z_; + 2y > 0. Also,
we investigate the special case of (1.1) when A = C' = 0.

Equation (1.1) is the special case of a general second order quadratic fractional equa-
tion of the form

Ax? + Brpr, 1 +C2% |+ Dz, + Ex,  + F
ax? +br,x, 1 +cx: | +dr, ter, 1+ f

Tpi1 = , n=0,1,... (1.2)
with nonnegative parameters and A+ B+ C > 0,a+b+c+d+ e+ f > 0 and initial
conditions such that a:ci—irbxnxn,l +cxi,1+dxn+exn,1+f >0,n=0,1,.... Several
global asymptotic results for some special cases of (1.2) were obtained in [14-16,28,31].
One interesting special case of (1.1) is the following difference equation studied
in [4,18,19], when ¢ = C = O:
Dx, + Ex,_1
pil = —— " n=0,1,... 1.3
Tnt1 T n (1.3)
which represents discretization of the differential equation model in biochemical net-
works, see [8]. Also, the special case of (1.1) when a = A = B = 0 is the linear
fractional difference equation whose global dynamics is described in [18]. Notice that
(1.3) is also the special case of the linear fractional difference equation

Dx, + FEx,1+F
day, + ety + f

Tptl = n=0,1,... (1.4)

(which was investigated in great detail in [18]) with well-known but very complicated
dynamics, such as Lyness’ equation (see [20]).
Equation (1.1) can be written in the form

A(zn /0 1)’ + B (2n/Tp1) + C
a (a:n/xn_l)2 +b(2p/Tn1) + ¢

L+l = 7’L:0,1,...
and one can take the advantage of this auxiliary equation to describe the dynamics of
(1.1) (see [5,6,15,16,31]).

The first systematic study of global dynamics of (1.2) in a special case where A =
C =D =a=c=d=0was performed in [1,2].

In [9] and [10], we gave more precisely the dynamics in two special cases of (1.1)
where the right-hand side of (1.1) is decreasing in z,, and increasing in x,,_; and where
we could have applied the theory of monotone maps to give global dynamics. Also,
see [11,12,21-23,25-27,29] for an application of the monotone maps techniques to
some competitive systems of linear fractional difference equations.

The special case of (1.1) when A = B =0,C =1, 1i.e.,

2

n—1
, n=0,1,... 1.5
ar? + br, T, 1 + cx?_, (1-5)

T

Tnt1 =
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was investigated in [9]. It was shown that equation (1.5) exhibits three types of global
behavior characterized by the existence of a unique positive equilibrium point and one
or two minimal period-two solutions, one of which is locally stable and the other is a
saddle point. The unique feature of the equation is the coexistence of an equilibrium
point and the minimal period-two solutions both being locally asymptotically stable.
This new phenomenon is caused by the presence of quadratic terms and did not exist in
the case of (1.4).
The special case of (1.1) when B = C' = 0, i.e.,

Az? + Ca?_,

2 )
azr? + br,r,_4

Tptl = n=0,1,... (1.6)
was studied in [10]. It was shown that (1.6) exhibits three types of global behavior
characterized by the existence of a unique equilibrium point and a minimal period-two
solution, which stable manifold serves the boundary of the basins of attraction of locally
stable equilibrium and points at infinity (0, co) and (oo, 0). In fact, the equation exhibits
period-two bifurcation studied in great details in [22].

Following the approach from [18], we can divide (1.1) into 49 cases of types (k, m),
where type (k,m) means that special case has k terms in the numerator and m terms
in the denominator. Notice the following fact: if we use substitution z,, = t, then
each of the equations of the type (3,1) transforms into an equation of the type (1,3),
each of the equations of the type (2,1) transforms into an equation of the type (1,2), and
three of seven equations of the type (2,2) transform into the other equations of the type
(2,2). In this paper we present the local and global character of the unique equilibrium
point, the existence and the local stability of the period-two solutions of (1.1), with
positive parameters, i.e., of the equation of the type (3,3). The local stability analysis
indicates some possible scenarios for (1.1): global attractivity of the unique equilibrium
point, Neimark—Sacker bifurcation and period-doubling bifurcation, see [13, 17, 24].
This means that the techniques used in [3, 14, 18,20, 22,23,30] can be applied here.

The global attractivity results obtained specifically for complicated cases of (1.2)
are the following theorems (see [7]).

Theorem 1.1. Assume that (1.2) has the unique equilibrium z. If the following condition
holds
(|A—az|+|B —bz|+|C —cz|)(U +Z) + |D — dx| + |E — e _
(a+b+c)L2+ (d+e)L+ f
where L and U are lower and upper bounds of all solutions of (1.2), then T is globally
asymptotically stable.

1 1.7)

Theorem 1.2. Assume that (1.2) has the unique equilibrium . If the following condition
holds

(|A—az|+|B—bx|+|C—cz|) (M +2)+|D—dz|+|E—ez| < (a+b+c)m*+(d+e)m+ f
(1.8)
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where m = min{Zz, x_1,xo} and M = max{Z,z_1, xo} are lower and upper bounds of
specific solution of (1.2), then T is globally asymptotically stable on the interval [m, M].

Theorem 1.1 and Theorem 1.2 can be used efficiently to obtain global stability re-
sults for the special cases of (1.1), in particular, for some equations of types (2,2), (3,3)
(see Section 2) and (1,3) (see Subsection 3.1).

The paper is organized as follows. Section 2 gives the local stability analysis of the
unique positive equilibrium point of (1.1) and some global attractivity results in some
special cases. In Section 3, we investigate the existence of the minimal period-two
solutions of (1.1) and of the some special cases of (1.1). Subsection 3.1 gives the local
stability and the global attractivity results of the minimal period-two solution of (1.1) in
special case when A = C' = 0, B = 1. In Section 4, we consider the bifurcation of a
fixed point of the map associated to (1.1), when B = C' = 0, A = 1, in the case where
the eigenvalues are complex conjugate numbers on the unit circle.

2 Stability of the Positive Equilibrium Point of (1.1)

In this section, we investigate the local and global stability analysis of the positive equi-
librium point of (1.1) (with some special cases of (1.1)).

It is clear that (1.1) has a unique equilibrium point 7 = A+B+¢

e If we denote

Au? + Buv + Cv?
f<u7 U) - 2 2 )
au? + buv + cv

then the linearized equation associated with (1.1) about the equilibrium point 7 is of the
form

Yn+1 = SUn + tyn—ly

where
of _ _ Ab— Ba+2(Ac—Ca)+ Be—Cb
s=—t=—"(7,7) =
ou (A+B+C)(a+b+c)
Theorem 2.1. Equation (1.1) has a unique positive equilibrium point T = %.
i) If
A(a+3b+5c)+B(—a+b+3c)>CBa+b—c)
and

A(c—a) < (2a+b) B+ (3a+2b+c)C,

then the equilibrium point T is locally asymptotically stable.

ii) If Ala+3b+5¢c) + B(—a+b+3c) < C(3a+b—c), then the equilibrium
point T is a saddle point.
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iii) If A(c—a) > (2a +b) B + (3a+ 20+ ¢) C, then the equilibrium point T is a
repeller.

w) If A(la+3b+5¢) + B(—a+b+3c) = C(3a+b—c), then the equilibrium
point T is nonhyperbolic with eigenvalues \; o € {—1, % Af

A(c—a)=(2a+b) B+ (3a+2b+¢)C,

then the equilibrium point T is nonhyperbolic with eigenvalues \; 5 = H[;‘/g.

Proof. The characteristic equation at the equilibrium point is of the form
A —s\A—t=0. 2.1)
1) Equilibrium point ¥ is locally asymptotically stable if

1
|s\<1—t<2<:>|s|<1+s<2<:>—§<s<1

A(a+3b+5c)+B(—a+b+3c)>CBa+b—c)
=4 A
A(c—a) < (2a+b)B+ (3a+2b+¢c)C

ii) Equilibrium point 7 is a saddle point if
{Is|>1—t|As*+4t >0} & {s*> (1+35)>As(s—4) >0}
<:>{s<—%/\s(s—4) >O},
1.e.,
s < —%@A(a+3b+5c)+B(—a+b+30) <C@Ba+b—rc).
ii1) Equilibrium point 7 is a repeller if
{Is| <[1=t|Alt] > 1} & {s* < (1+3)°Als >1}<:>{S>—%/\|S| > 1}
Ss>1eA(c—a)>2a+b)B+(3a+2b+c¢)C.
iv) Equilibrium point 7 is nonhyperbolic if

{]s]:|1—t]\/(t:—1/\]s\§2)}<:>(s:—%VSzl)

A(a+3b+5c)+B(—a+b+3c)=CBa+b—rc)
& %
A(c—a)=(2a+b)B+ (3a+2b+¢)C
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Ifs=1,ie,A(c—a)=(2a+b) B+(3a + 2b+ c¢) C, then the characteristic equation
(2.1) becomes

M- A+1=0,

with eigenvalues \; o = HE;‘/?:.

If s = —3, ie, A(a+3b+5¢) + B(—a+b+3c) = C(3a+b—c), then the

-1,
characteristic equation (2.1) is of the form

207+ A —1=0,
with eigenvalues A\; = —1 and Ay = % O

This leads to the following global attractivity result for (1.1), and for some its special
cases.

Theorem 2.2. (i) Consider (1.1), where all coefficients are positive, subject to the con-
dition
AU (a+b+c)+A+B+C) < (a+b+c¢)L?

where
A=|A(b+c)—a(B+CO)+|Bla+c)—b(A+C)| +|C(a+b) —c(A+ B)|,

and [ — 2{ABCY rp  max{ABC} gy .z _ A+B+C

Tl min{abe] pewsali globally asymptotically

stable.
(ii) Consider (1.1), where C = ¢ = 0, and all other coefficients are positive, subject
to the condition

2|Ab — Ba| (U (a +b) + A+ B) < (a + )’ L?,
where L = n;:;liﬁbff U = mn?;{{‘:’ﬁ}. Then T = f‘;rT]bg is globally asymptotically stable.
(iii) Consider (1.1), where B = b = 0, and all other coefficients are positive, subject
to the condition

2|Ac— Ca| (U (a+c)+ A+ C) < (a+¢)’L?

where L = rgf:iéff U = rﬁ;{{‘zf}} Then T = % is globally asymptotically stable.

(iv) Consider (1.1), where A = a = 0, and all other coefficients are positive, subject
to the condition

2|Be — Cb| (U (b+c¢)+ B+ C) < (b+¢)*L?,

min{B,C} U= max{B,C}

where I = max{b,c} ’ min{b,c}

. Thenr = % is globally asymptotically stable.
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Proof. In view of Theorem 1.1, we need to find the lower and upper bounds for all
solutions of (1.1) forn > 1.

(1) In this case the lower and upper bounds for all solutions of (1.1) for n > 1 are
derived as:

min{A, B,C} 22 + x,x,_1 + 22 min{A, B,C'}

n—1
n > =L>0,
ot = max{a,b,c} 22+ z,x,1 +22_; — max{a,b,c}
and
2 2
o < max{A, B,C} z; + x,Tp_1 + 2, _, < max{A, B,C} _Uu

min{a,b,c} 22 +z,x,1 + 22, ~ min{a,b,c}
The condition (1.7) is of the form
AU(@+b+c¢)+A+B+C) < (a+b+¢)’ L
where
A=]|A(b+c)—a(B+CO)|+|Bla+c)—b(A+C)|+|C(a+b)—c(A+ B)|.

The proof of the other cases is analogous. 0

3 The Existence of the Period-two Solutions

In this section, we investigate the existence of the minimal period-two solutions of (1.1)
and of the some special cases of (1.1).

First, consider the existence of the minimal period-two solutions of (1.1), where all
the parameters A, B, C, a, b, c are positive. Assume that (¢, ) is a minimal period-two
solution of (1.1) with ¢, 1) € [0,400) and ¢ # 1. Then

_ Ay 4 Bgy + C¢? A¢? + By + Cop?

¢ a)® + bgnh + cg? Y= ad? + borp + cp?
from which
¢ (a)? + bgyp + c¢?) = AY?® + Bonp + C¢? (3.1)
and
¥ (ag? + bpep + cp?) = Ag* + By + O (3.2)
Subtracting (3.1) and (3.2), we obtain
(b—a—c)gh+c(dp+) =(C—A) (p+1). (3.3)

Lemma 3.1. Equation (1.1) has a minimal period-two solution (¢, ), with ¢ = 0, if
and only if A =0, and then (¢,v) = (0 C).

e
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Proof. If ¢ = 0, then equations (3.1) and (3.2) implies
A=0and ¢ = g
c

[
Now, suppose that ¢, 1 € (0, +00), ¢ # 1 and b — a — ¢ # 0. Then (3.3) implies

¢¢:m(¢+¢)[(C—A)—C(¢+¢)]- (3.4)
Dividing (3.1) by ¢ and (3.2) by v and subtracting them, we have
2
(a—c)(gzﬁ—l—l/z):A%—A—i—B—C. (3.5)

If we set
oY =zand ¢ + ¢ =y,

where z > (0 and y > 0, then ¢ and v are positive and different solutions of the quadratic
equation
t?—yt+x=0. (3.6)

In addition to the conditions x,y > 0, it is necessary that y* — 4z > 0. From (3.4) and
(3.5), we obtain the system

b—a—c)x=y(C—A—cy)

z[(a—c)y+A— B+ C]= Ay, (3.7)

from which
Ay?

(a—c)y+A—-—B+C

r =
Since x > 0, we have

(a—c)y+A-B+C>0<(a—c)y>B—-A-C.
The condition y* — 4x > 0 is equivalent to

s(a—c)y—3A—-B+C
(a—c)y+A—-B+C

> 0,

which implies
(a—c)y—3A—-B+C>0<(a—c)y>3A+B-C.
Since 34+ B —C > B — A — C, we have z > 0 and > — 4z > 0 reduce to

(a—c)y>3A+B—-C. (3.8)
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From (3.7), since y > 0, we have

y(C—A—cy)

b—a—c

[(a—c)y+A—B+C| = Ay,

1.e.,

c(a—rc) 2+[A(b—a—c)+c(A—B+C)_(C_A)(a_c)]
{ ’ —(C-A4)(A-B+0C)=0 y} (3.9)

Under the assumption a # c, the roots of the (3.9) are of the form

yizizkzjPFiV@Q+&ﬂmeC—AMA—B+Cﬂ
1
- 2¢(a—c) [_Fi\/ﬁ}’
where
F=Ab-a—¢)+c(A—B+C)—(C—A)(a—c)
=bA—aC+c(—A—-B+20), (3.10)
and

D=F*+4c(a—c)(C—A)(A-B+C).
Notice that from (3.6), we have

Y (a—c)y—3A—-B+C
ti_Q(li\/(a—c)y+A—B+C>’ G-1D)

i.e., (1.1) has one or two minimal period-two solutions of the form
_ (a—c)y+ —3A—B+C _ (a—c)y+ —3A—B+C
¢1 o y% (1 + \/ (ac)?Jy+++AB+C’) ’ ¢1 - y% (1 B \/ (ac)?i;tr+AB+C’) ) (3.12)
or
Y- (a—c)y——3A—B+C _y— (a—c)y——3A—B+C
¢2 - y? (1 + \/ (a—c)yy+A—B+C) ) wZ - y? (1 B \/ (a—c)gJy-l-A—B—l—C) : (313)

Since y > 0, we have the following cases:

{a—c>0,(C—A)(A-B+C)>0} =y, >0(y_<0), (3.14)

{a—¢c>0,(C-—A)(A-B+C)<0,D>0,F<0,} =yy >y >0, (3.15
{a—c<0,F>0,(C—-—A)(A-B+C)>0,D>0}=y_>y, >0, (3.16)
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{a—ec<0,(C-—A)(A-B+C)<0}=y_>0(ys <0), (3.17)
{D=0AsgnF =—sgn(a—c)} =ys =y =555, (3.18)

{(C’—A)(A—B+C’):0/\sgnF:—sgn(a—c)}:>y_:ﬁ,er:O.
(3.19)

We have to check the condition (3.8) in all of this situations. To this end, consideration
will continue depending on the sign of the expression 3A + B — C' assuming D > 0.
On the other hand, we can find the minimal period-two solutions for some special
cases of (1.1) (see cases 13—17 in Table 3.1).
In Table 3.1, we have all situations when (1.1), with positive parameters, has the
minimal period-two solutions. In other cases, (1.1) has no minimal period-two solutions.

3.1 Local Stability when A =C =0,B=1

Consider the equation

B:Enxn—l

. n=0,1,..., (3.20)

Tpt1 =
az? + bx,x, 1+ cr?

which is special case of (1.1) with A = C' = 0. As we see in Table 3.1, case 17, (3.20)
has only one minimal period-two solution of the form

B a—b-—3c B a—b-—3c
¢—z;:50+v;:mz>w‘5@ta<“";3:z>’6ﬂ)

when a — b — 3¢ > 0. It is interesting because we can investigate the local stability of
the minimal period-two solution.

Assume that B = 1. By substitution
{ Tpo1 = Up
Ty = Up,
(3.20) becomes the system
Up+1 = Un

Uy . (3.22)
av? + bu,v, + cu?

Un4+1 =

The map T' corresponding to (3.22) is of the form

()= (o )
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1. 3A+B—-C<0,a>c
2. A+ B—-C<0,a<e,
D>0, M<0, N#0
3. 3A+B—-C <0, Only one P2 solution
a<c, D>0, N=0
3A+B—-C >0, a>c,
4. (C—A)(A-B+C) >0,
N>0 M<O0
5. 3A+B—-C >0, a>c, of the form (3.12).
(C—A)(A-B+C)>0, N<O
3A+B—-C >0, a>c,
6. (C—A)(A-B+C) <0,
D>0 F<0, M<QO0
7. C=Aa—-b—3c>0 Only one P2 solution
8. | B=A+C,C(a—c)>A(b+20) generated by y_ = — -
0. uC >Dcz521’—|C—L;)C—7|— DA, Only one P2 solution
aC > c(—A—B+2C)+bA generated by
D=0,a<c,
10. c(—A—B+2C)+bA > aC y+:y_:—ﬁ
aC > c(bA+ B)+bA
11. A+ B—-C<0,a<ec, Two P2 solutions
D>0 N<0, M>0 of the form
3A+B—C>0,a>c,
12. (C—A)(A-B+C) <0, (3.12) and (3.13)
F<0,D>0,N<0, M>0
Only one P2 solution:
¢ =<4 (1 +K> :
13.] b=a+c¢, a(C—A)>c(2A+D) @b:C;cA(l_}?)v
K= \/1 - (a—c)(C—/;L)cfc(A—B—i-C)
Only one P2 solution:
¢:ﬁ(1+131>,
14. a=¢3A+B-C<0 sz(l—R),
P — 1(C=A)(A-B+C)
2 Ab+a(C—A—B) >
P =/ =5




38 M. Garié-Demirovié, M. Nurkanovié¢ and Z. Nurkanovié

e a(B—a)+b(C—B)>3(Ab—aC) >0 Only one P2 solution:

=0, (C-A)(A-=B+C)>0. ¢="1 (1+s)
16 a( —a)+b(C = B) <3(Ab—aC) <0, _(c A)(A-B+C)
' 0, (C—A)(A—B+C)<0. Y= A

§ _ ay—3A—B+C
- ay+A—B+C

Only one P2 solution:

¢ = 2(a ) <1+S1)

17. A=C=0,a—b—3c>0 B 3
w_ 2(a—c)< _Sl)

_ a—b—3c
Sl - a—b+c *

Table 3.1: Existence of the minimal period-two solutions.

uv
av? + buv + cu?

r ( . ) :T(g<§,v> > - ( St ) B ( Gl )

vF (u,v)
aF? (u,v) + buF (u,v) + cv?

where g (u,v) = . The second iteration of the map 7 is

where

F(u,v) =g (u,v) and G (u,v) =

The Jacobian matrix of the map 77 is

or  OF

T u _ ou ov
T v - G oG )

ou v

where
OF 99  w(av® +buv+cu?) —uv (bv+2cu)  av® —cuv
. Ou (av? + buv + cu?)’ (av? + buw + cu?)®’
OF  0g  wu(av®+buv + cu®) — uv (bu + 2av) cu?® — auv?
v v (av? + buv + cu?)®  (av? + buv + cu?)?’
oG v (cv? — aF? (u,v)) 26

E (aF? (u,v) + boF (u,v) + cv?)”’
0G  aF?(u,v) + v’ %F avF? (u,v) %—F — v’ F (u,v)
ov (aF? (u,v) 4+ bvF (u,v) + cv?)? '
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Theorem 3.2. Assume that a — b — 3¢ > 0, B = 1 and that {¢, 1} is a unique periodic
solution of minimal period-two of (3.20), given by (3.21).

(i) If A = 4a®b+Ta*c+ ac® +b*c+ & — 4abc — 3ab® — a® > 0, then {¢, 1)} is locally
asymptotically stable solution.

(ii) If A = 4a®b + Ta’c + ac® + b*c + ¢* — dabc — 3ab® — a® < 0, then {¢, ¢} is a
saddle.

(iii) If A = 4ab + Ta*c + ac® + b*c + ¢® — dabc — 3ab® — a® = 0, then {¢, 9} is
nonhyperbolic.

Proof. We have that

_ (0
1= a? + binp + cgp?’ (3.23)
1= ¢ (3.24)
ad? + bpp + cp?’ '
F(¢,¢) =9,
and
oF (¢) _ W@’ —ed’) ey a’ocf? (a ~ C¢_2>
du\Y)  (ah? + bonh + cp?)? ah? + boyp + cp? P2)

3_F(¢) _ et —ay) e pled® —av) ( ¢2)
ov \ (a)? + b + c¢?)? )2 '

Similarly, by (3.23) and (3.24), we obtain

oG (¢ 2 P
()= (o) (o e3)

oG (¢) (200 + 0y) ¢ — (2a¢ + b)) ¥ 5E(7)
ow\y) (ag? + bpg + cy?)”

2 2 2
o) E) ()

The Jacobian matrix of the map 77 at the point (¢, ) is of the form

N
@(w>‘(%é %@)'
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The corresponding characteristic equation is A> — pA + ¢ = 0, where
OF (¢ oG (¢
p=7- + 5
ou \ ov \¢

2 2 2 2
:w<a—c%)+¢(a—c%)+(a—c%) (a—c%)@b

=a+ B +ap,
with ; )
azw(a—c%),,@:(b(a—c%), (3.25)
and
q = det Jpe <Z> =aB(l+a)—a?B=ap,
because

oF (¢ oF (¢\ ¢
£ HQ-

oG (¢\ ¢ oG (o) _
B 0) = 5o ()=t

¢* ¢? 1 2
ozzzb(a—c—) :CW—CEGE)@@/)—E(@D—CW — boyp) = 2ay) + bo — 1,

Notice that

f=¢ (a—cgb—j) :agb—c%i(”“)agb— % (¢ — ag® — boyp) = 2a¢ + byp — 1.

(1) We need show that
Ip| <14 ¢ and ¢ < 1.

First, we will show that ¢ + 1 > 0. Indeed,

g+l=af+1=2ap+bp—1)(2ap+bp—1)+1
= (4a® 4+ b*) ¢ + 2ab (¢° + ¢%) — (2a +b) (¢ + 1) + 2
= (2a — b)* ¢b + 2ab (¢ + ¥)* — (2a+ D) (¢ + ) + 2
3.21) c(2a—b)2 2ab 20+ b
T a—bro@—c? (a—ef a-c
ab(a —b) + ¢ (2a* — be) + 23

= 5 > 0,
(a—b+c)(a—c)

+2

becausea —b—3c > 0= (a >bAa>c).
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Using (3.25), we have that

) ) ¢2 wQ
q<1<:>a6<1<:>¢¢(a +c —ac<%+g)) <1
©a2+c2—ac(w—z+z—j) <ﬁ@a2+c2—ﬁ<ac(%§+g).

Since , ,
2ac<ac(%+p>,

we need to show that

1
2 < %ac.

Py

a2+c

Namely,

1 1 —¢)? —b
a2+62——<2ac<:>—>a2—|—c2—2ac<:>(a o) (ate >>(a—c)2

ol ¢ ¢

Sat+c—b>cesa—b>0,

which is satisfied because a — b — 3¢ > 0.
Similarly,

p<ltqgeat+f<le2a(d+d)+bo+y)—2<le (p+v)(2a+b) <3
<2a+3b<3(a—c)ea—b—3c>0.

On the other hand, we have
p+q+1>0a++2a8+1>0
& 1+ (8a® 4 20%) ¢p + 4ab (¢* + ¢*) — (2a +b) (¢ + ) > 0
& 142(2a—b)* ¢tp + dab (¢ +1)* — (2a +b) (¢ + ) > 0
2¢(2a — b)? 4ab 2 +b
(a—b+c)(a—c)? * (a—c)? Ca-—c
& 4a?b + Ta*c + ac® + b*c + ¢ — 4abe — 3ab* — a® > 0.

&1+

(i1) The minimal period-two solution is a saddle if
p|>[1+gqle@-qg-1)(p+qg+1)>0.
Sincep —q—1 < 0,wehavethatp+ ¢+ 1 <0, i.e.,
4a®b + 7a*c + ac® + b*c + ¢ — dabc — 3ab® — a® < 0.
(iii) Analogously, the minimal period-two solution is nonhyperbolic if

pl=1+q¢lepP-—qg-1)(p+q+1)=0&p+q+1=0
< 4a’h + Tac + ac® + bPe+ & — dabe — 3ab® — a® = 0.
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Remark 3.3. We see that (3.20) has very complicated dynamics, particularly in the case
¢), where the equilibrium point is unstable, but minimal period-two solution {¢, ¢}
can be stable, nonhyperbolic or unstable (a saddle), see Figures 3.1-3.5. The plots are
produced by Dynamica 3 [20].

Remark 3.4. Notice that for the unique equilibrium point of (3.20), under the assumption
B =1, the following statements hold (see Theorem 2.1):

1
a+b+c

a) If a — b — 3¢ < 0, then the unique equilibrium point 7 =
totically stable.

is locally asymp-

b) If a — b — 3¢ = 0, then the unique equilibrium point 7 = ﬁ is nonhyperbolic

with eigenvalues \; 5 € {—1,% )

1

¢) If a —b—3c > 0, then the unique equilibrium point T = _——

is unstable).

is a saddle (i.e., x

This leads to the following global asymptotic stability result for (3.20) (see Theorem
1.2).

x(n) X(n)

012 - a=15b=1c=1 012
x=0.0588235

a=15b=1c=1

¢ =0.06298 , ¢ = 0.0051304

010 010

0.08 - ’ l A A A

|
n| WW

oo ) S S R n

0.08 -

0.06

0.04

0.02

0.00

(a) (b)

Figure 3.1: a) For x_; = 0.0599 and o = 0.0582, 7 = %7 is unstable. b) The minimal
period-two solution {¢,} is unstable when x_; = 0.065 and xy = 0.0045 (here is

A < 0).

Theorem 3.5. Consider (3.20) with B = 1 and a — b — 3¢ < 0, subject to the condition
2(a+c)(1+M(a+b+c) < (a+b+c)’m?

where m = min{Z,x_1,x0} and M = max {Z,x_1,x0} are lower and upper bounds

of specific solution of (3.20). Then, the unique equilibrium point T = - +}) — is globally
asymptotically stable on the interval [m, M].
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X(n) X(n)

010

:::,.MAAA e L <UL DL

W

0.00 ! I L ' 0.00 ! I I | ' n

0.10

(a) b)

Figure 3.2: The minimal period-four solution {1, @2, 3, 4} Where ¢ = 0.0046861,
po = 0.034535, p3 = 0.11087, ¢4 = 0.0078329, is stable, when a = 15, b =1, c = 1,
T_1 =Ty = 0.06.

004}

0.02f

0.00
0

Figure 3.3: The minimal period-four solution on the bifurcation diagram for b = 1,
c=1landa € (0,16).

4 Neimark-Sacker Bifurcation

Consider (1.1) when B = C' = 0 and assume that A = 1, that is consider the equation

1'2

nil= L . 4.1
ot ar? + br,r, 1 + cx?_, 1)

. . . ey . . —_ 1
This equation has a unique equilibrium point T=_——.

Lemma 4.1. Ifa > ¢, then equilibrium point ¥ is locally asymptotically stable. If a = c,

then equilibrium point T is nonhyperbolic with eigenvalues Ny = # If a < ¢, then
equilibrium point T is a repeller.

Proof. See Lemma 2.1. [

Unfortunately, in a global sense, we can give only the following result.
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X(n) x(n)
0.155 ozoh a=5b=c=1, ¢=0.1809, ¢ = 0.069098
[ a=5b=1c=1

0.150 - X = 0.142857

[ 015
0.145

0140 [
b 010

oassf

[ 0.05
0.130 I I I I I ' I I I I I -
0 5 10 15 20 25 30 0 5 10 15 20 25 30

(a) b)

Figure 3.4: a)® = % is unstable when x_; = 0.142 and xy = 0.143; b) the minimal
period-two solution {¢, ¢} is stable, when z_; = 0.18 and z¢ = 0.063 (here is A > 0).

= 012
- o1of
 o08f

- 006f

0.04F

0.02

- 0.00 L L L L L L
12 13 14 15 16 17

(d)

I I
10 L1

Figure 3.5: Two bifurcation diagrams of a typical solution of (3.20): a) for a €
(0.0,30.0), 6 =0.2,c=0.1;b) forb € (1.0,1.8),a = 13, c = 1.

Theorem 4.2. If
Ab+c)(M(a+b+c)+A) < (a+b+e)*m?

where m = min{Z,x_1,x0} and M = max {Z,x_1,x0} are lower and upper bounds
of specific solution of (4.1), then the unique equilibrium x is globally asymptotically
stable on the interval [m, M] .

Proof. See Theorem 1.2. [

Now, we consider bifurcation of a fixed point of map associated to (4.1) in the case
where the eigenvalues are complex conjugate numbers on the unit circle. For this, we
need the following result.

Theorem 4.3 (Poincaré—Andronov—Hopf Bifurcation for Maps). Let

F:RxR?*=R?% (\z)— F(\2)



Stability, Periodicity and Neimark—Sacker Bifurcation 45

be a C* map depending on real parameter \ satisfying the following conditions:

(i) F(X\,0) =0 for \ near some fixed \o;

(ii) DF(X,0) has two nonreal eigenvalues j1(\) and () for X near X,

1(Xo)| = 1;
o d
(iii) a\,u()\ﬂ =d(Mo) #O0at A=\,
(iv) pF(No) # 1fork =1,2,3,4.
Then there is a smooth \-dependent change of coordinate bringing f into the form
F(\z) = F(\ )+ O(||]]°)

and there are smooth function a(\),b(\) and w(\) so that in polar coordinates the

Sfunction F (A, x) is given by
™\ _ (e —a(A)r?
(9)‘_ (94—w(A)+IKAﬁ3)' 42)

If a(Ao) > 0and d (XNg) > 0 (d (o) < 0), then there is a neighborhood U of the origin
and a 6 > 0 such that for |\ — X\o| < ¢ and x¢ € U, then w-limit set of x is the origin if
A < Ao (A > \o) and belongs to a closed invariant C* curve T'(\) encircling the origin
if A< Ao (A > X\g). Furthermore, I'(\g) = 0.

If a(No) < 0and d(N\g) > 0 (d(Xo) < 0), then there is a neighborhood U of the origin
and a § > 0 such that for |\ — X\o| < § and x¢ € U, then a-limit set of x is the origin if
A > Ao (A < \o) and belongs to a closed invariant C* curve T'()\) encircling the origin
if A > Ao (A < N\o). Furthermore, I'(\g) = 0.

Consider a general map F' (), x) that has a fixed point at the origin with complex

eigenvalues 1(\) = a()\) + iB(\) and p(N) = a()) — iB()\) satisfying (a(N))* +
(B(\))> = 1 and B()\) # 0. By putting the linear part of such a map into Jordan
canonical form, we may assume F' to have the following form near the origin

a(A) =B\ (= 91 (A, w1, 22)
F(\zx) = + . 4.3
= (500 e ) (5)+ (ntn @3)
Then the coefficient a()g) of the cubic term in (4.2) in polar coordinate is equal to

@ (o) = Re (S2G061650) + Ll + 6l — Re (1 ()6 ) . (44)

_ l 82g1(070) _ 8291(070) + 28292(070) + ; 8292(0>0) _ 8292(070) _ 28291(070)
20 — 3 0x3 03 Ox10xz2 0x? 0x2 0x10xz2 )
4.5)
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_ 1 (2*°1(0,0) | 8%91(0,0) - (0292(0,0) | 8292(0,0)
611 ! < ox? + 0x3 + Ox3 + ox3 ) (46)
5 — l 8291(010) _ 8291(070) _ 28292(010) _|_Z 8292(070) _ 8292(070) _|_ 8291(070)
02 — 3 81% Bzg 0x10x2 81% 8&:% Ox10x2 )
“4.7)
and
_ 1 (a B g0 gy | ;g Bgp  _ _Bq  _ Baq
521 16 (89:? 8z1023 + 0x30z2 + z3 + z3 + Oz1023 8270z o3 '
4.8)
Theorem 4.4. Let
_ 1
ap=c¢ and T=—""—.
a+b+c

Then there is a neighborhood U of the equilibrium point © and a p > 0 such that for
la — ap| < pand g, x_1 € U, the w-limit set of a solution of (4.1), with initial condition
To, T_1, is the equilibrium point T if a > ag and belongs to a closed invariant C* curve
I (a) encircling T if a < ag. Furthermore, I" (ag) = 0.

Visual illustrations of Theorem 4.4 are given in Figures 4.1-4.3.

20+

05+

0'.\\\\.\\\\\\\\\\\\0.0?“‘\““\““\““\“
0 2 4 6 8 0.0 05 10 15 20

(a) b)

Figure 4.1: a) Phase portrait when a = 0.055, b = 0.3, ¢ = 0.05 and z_1 = 16.1,
xo = 16.1. b) Phase portraits when a = 0.25, b = 0.25, ¢ = 0.25, z_1 = 0.4, x( = 0.4
(red)and z_1 = 1.1, g = 0.1 (green).

Proof. In order to apply Theorem 4.3, we make a change of variable y,, = =, — . Then,
the new equation is given by

(yo +7)° =
AW +T)° +bn +T) Wn1 +T) + ¢ (Yp1 +7)°

Yn+1 =
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15+ 15+

(b)

Figure 4.2: a) Phase portrait when a = 0.05, b = 0.25, ¢ = 0.06, x_1 = 15.1, zy = 2.1.
b) Phase portrait when a = 0.05, b = 0.25, ¢ = 0.06, x_1 = 2.8, x¢ = 2.8.

10t
08}
06l
04f

02}

00l

Figure 4.3: Bifurcation diagram in (¢, z) plane for A = 1,a = 1,b = 1.

Set u,, = y,_1 and v,, =y, forn = 0,1, .... The previous equation is equivalent with
the system
Un+1 = Un
(vn+7)> = (4.9)

Untl = o e b (un43) (ot @) te(unt)®
Let F' be the function defined by
v

F (U, U) - (v+T)2 _z
a(v+%) 2 +b(v+T) (u+T) +c(utT)?

Then F'(u,v) has the unique fixed point (0,0) and the Jacobian matrix of F'(u,v) is
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given by
0 1
JF(uvv)_(R S)a
where
B — (bv + 2cu + bT 4 2¢T) (v + T)°
= — — = — —
(buv + 2avT + buT + VT + 2cuT + av? + cu? + aT? + bT? + cT?)
o (bv + 2cu + bT + 2¢T) (v +T) (u + T)
(buv + 2avT + buT + T + 2cuT 4 av? + cu? + az? + bz2 + cz2)”
and

0 1
Jr(0,0) = ( —(b+2¢)  bt2e ) .

a+b+c a+b+c
The eigenvalues of Jr (0,0) are i (a) and 7 (a):

b+2ctiq/ (b+2c)(4a+3b+2c)
Mt (CZ) = 2(a+b+-c) :

Since p (a) = a (a) +if (a) and i (a) = « (a) — i3 (a), we have that

(b+2¢)(4a+3b+2c¢)
2(a+b+c)

a(a) = g5 and B (a) =

Assume that F' has the following form near the origin

0 1 u > < f1(a,u,v) )
Fla,u,v) = _ptoc . + T .
( ) ( a(—lliz_—zc) ali:ii-c ) < v f2 (a’ u, U)

Then
v
(v47)> _ | =F(a,u,v), (4.10)
(0422 1b(047) (ur ) re(urz)?  ©
from which
fi(a,u,v) =0,
_ (v+7)* = _b+2c b+2c
fa(a,u,v) = PN Y N PR N s AU e el e el
Let ¢y = c¢. For a = ag, we obtain
_ 1 0 1
x—b+26andJ0— ( 1 1).
The eigenvalues of Jp (0,0) are py (ap) = %, and the eigenvectors corresponding

to s (a)ip(a) are v (ag) iv (ag) , where

v (ag) = (1 _22'\/37 1) :
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Note that
3 V3
1 (ao)| =1, p(ag) = 5 +i——, p~ (ap) = —3 —HT’
1 V3
p (a0) = =1, p (a0) = —5 — S

Fora =apand = = (4.10) has the form

ren=( 4 1) (0)+ (i)

hy (u,v) = f1 (ag,u,v) =0

where

and

hs (u,v) = f2 (ag,u,v)

(bu + cu + cv + 2bcuv + beu? + bev? + b*uv + 2c%u? + 2¢*v?) (u —

49

v)

~ by + bu + 2cu + 2cv + 2bcuv + beu? + bev? + b2uv + 2c2u? + 2c2v? + 17

Hence (for a = ay), (4.9) is equivalent to

()= (0 ) () (),

Let
() =r(5):
(%% n
where /s
JREVE] 0 1
P:(i S)andPlz(M __3)
3 3

Then (4.9) is equivalent to

§n+1 _ : —v3 gn -1 gn
(nm)_(%ﬁ L ><77n)+P H(P(nn>>’

where

Let
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Now, if we set u; = u(b+ 2¢) + 1, v; = (b + 2¢) <%u + %v\/§>, then
) - | N u?
U, V) = =0 —u ,
& 2 b+2c 2 cul+ cv?+buu

g2 (U, U) = _\/?ggl (u7 U) :

By straightforward calculation, we obtain

b+ 3c
(gl)uu - - 2 ) (gl)u'u - \/7307 (gl)'uv = %(b+ C) Y

%(b+46) (b+20), (gl)vvv = —%gb <b+2c)’

(gl)uvv ==

090 = P53 () = e (= —E G40),
(92) e = =22 (b+4¢) (b+20), (92) ey = —2b (b +20),
(92)ws = L2 (b+4c) (b+26), (g2)yyy = 20(b+20),

and furthermore

fz1=b+—20)b(l+z’\/§>,

a () = Re [(w; + g) (1 - wg) b <b+ 2 — Ngb)} + 20
+ 35 (b° + 3bc + 3¢°) — Re (W)

=5 (b+2c) + 20> + 35 (b° + 3bc + 3¢%) = 1 (3be + 4b* + ¢*) > 0.

We can see that

(b+2¢)° (b+ 2¢) (4a + 3b+ 2¢) b+ 2c

a)| = a?(a) + B% (a) = = ,
i (a) (@) +5(a) A(a+b+c)’ A(a+b+c) a+b+tc
and so that
d _(d [ b+2c [ —(b+20) -1
(da ‘”(a)‘)a:% - (da <a+b+c>>a:ao - ((a+b+c>2>a:ao IV
H

Based on our simulations, we pose the following conjecture.
Conjecture 4.5. In all considered equations the equilibrium is globally asymptotically

stable whenever is locally stable.
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