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Abstract

In this work, we establish conditions for the existence and uniqueness of so-
lution for a Volterra–Stieltjes integral nonlinear equation on time scales by using
the right Cauchy–Stieltjes integral on regulated functions with values in Banach
spaces. As a particular instance, we apply the result to the linear situation. Further,
we give a result concerning periodic solutions.
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1 Introduction
This paper deals with the question on the existence and uniqueness of solution for inte-
gral equations of the nonlinear Volterra–Stieltjes type on time scales T in the frame of
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Banach spaces:

x(t) +

∫
[a,t]T

DsK(t, s)f(s, x(s)) = u(t), t ∈ [a, b]T, (1.1)

where x, u ∈ G([a, b]T, X), the space of the regulated function from [a, b]T in to X (X
is a Banach space) and K possesses some special proprieties, on the time scale [a, b]T.

The integral
∫

[a,b]T

Ds in the integral equation is the right Cauchy–Stieltjes one.

2 Results
We will be using in full the theory and notations about time scales as in [2], and about
the right Cauchy–Stieltjes integral and all other symbols and definitions as in [1, 3, 4].

This paper deals with the question on the existence and uniqueness of solutions
for the nonlinear Volterra–Stieltjes integral equation on time scales T in the frame of
Banach spaces for Equation (1.1), where

K ∈ Gσ
∆SV

u([a, b]T × [a, b]T, L(X, Y )) and u ∈ G([a, b]T, X).

More precisely: K : [a, b]T× [a, b]T → L(X, Y ) and K(t, s) = Ks(t) = Kt(s). We say
that

K ∈ Gσ
∆SV

u([a, b]T × [a, b]T, L(X, Y ))

if K satisfies

• K(t, s) = 0 ∀s, t ∈ [a, b]T, t ≤ s,

• ∀s ∈ [a, b]T, K : [a, b]T × [a, b]T → L(X, Y ) is simply regulated (see [4, Def.
3.1.4]), i.e., ∀x ∈ X,Ks.x ∈ G([a, b]T, Y ) with Ks.x(t) = K(t, s)x(t),

• ∀t ∈ [a, b]T,Kt is of bounded semivariation (see [1, Def. 2 in Sec. 2.3]), uniformly
on the interval, i.e., sup

t∈[a,b]T

∣∣∣∣SV [Kt]
∣∣∣∣ ≤M .

Another (nonlinear) operator we will be using in this paper is the Nemytskij operator
associated to f :

Nx(t) = f(·, x(·))(t) = f(t, x(t))

A necessary and sufficient condition for having N well defined on G([a, b]T, X) was
proved in [5]. It consists in having f regulated with respect to the first variable and
Lipschitzian with respect to the second one.

After having pointed out the above facts, it is possible to prove the main theorem in
this paper. It reads as follows.
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Theorem 2.1. LetK ∈ Gσ
∆SV

u([a, b]T× [a, b]T, L(X, Y )). Consider the integral equa-
tion (1.1) and f : [a, b]T×X → X regulated in the first variable and Lipschitzian in the

second one with Lipschitz constant L satisfying L <
1

SV u[K]
. Then the equation (1.1)

has a unique solution x ∈ G([a, b]T, X). Moreover, if {xi} is the sequence of functions
in G([a, b]T, X) with

xi(t) +

∫
[a,t]T

DsK(t, s)Nxi(s) = u(t), t ∈ [a, b]T,

then xi → x as i→∞, uniformly on [a, b]T.

Proof. We have K ∈ Gσ
∆SV

u([a, b]T× [a, b]T, L(X, Y )), and then the integral operator
on (1.1) is well defined. Consider for every u ∈ G([a, b]T, X) the operator F defined by

[Fx](t) = u(t)−
∫

[a,t]T

DsK
t(s)f(s, x(s)), t ∈ [a, b]T.

Then the operator F satisfies

[Fx](t) = u(t)−
∫

[a,t]T

DsK
t(s)Nx(s), t ∈ [a, b]T,

where N is the Nemytskij operator associated to f .
Observe that both F : G([a, b]T, X)→ G([a, b]T, X), because

K ∈ Gσ
∆SV

u([a, b]T × [a, b]T, L(X, Y )),

and N : G([a, b]T, X)→ G([a, b]T, X) are well defined, and further, the fixed points of
F will be the solutions of (1.1).

Now, consider β = L.SV u[K] < 1. Then, for all x, y ∈ G([a, b]T, X), we have

‖Fx− Fy‖ = sup
t∈[a,b]T

‖Fx(t)− Fy(t)‖

= sup
t∈[a,b]T

∥∥∥∥u(t)− ∫
[a,t]T

DsK
t(s)Nx(s)− u(t) +

∫
[a,t]T

DsK
t(s)Ny(s)

∥∥∥∥
= sup

t∈[a,b]T

∥∥∥∥∫
[a,t]T

DsK
t(s)Nx(s)−

∫
[a,t]T

DsK
t(s)Ny(s)

∥∥∥∥
= sup

t∈[a,b]T

∥∥∥∥∫
[a,t]T

DsK
t(s)(Nx(s)−Ny(s))

∥∥∥∥ ≤ SV u[Kt].‖Nx−Ny‖

≤ sup
t∈[a,b]T

SV u[Kt].L‖x− y‖ = SV u[K].L‖x− y‖ = β‖x− y‖.

In this way, ‖Fx−Fy‖ ≤ β ‖x−y‖ for all x, y ∈ G([a, b]T, X) and β < 1. Hence, F is
a contraction, and then by using the Banach fixed point theorem, we end the proof.
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Example 2.2. The integral equation

x(t) +

∫
[0,1]T

Ds[t− ρ(s)] sin(x(s)) = 2t, t ∈ [0, 1]T

has only one solution x for an arbitrary time scale T, where ρ is the backward operator
from the Calculus on time scales.

Proof. It is easy to see that K ∈ Gσ
∆SV

u([a, b]T × [a, b]T, L(R)) and u(t) = 2t is
regulated. Moreover, SV [K] = sup

t∈[0,1]T

SV [Kt] < 1 because

SV [Kt] = sup
‖xi‖<1


∥∥∥∥∥∥
n(P )∑
i=1

[ρ(ti)− ρ(ti−1)]xi

∥∥∥∥∥∥
 < 1.

The Nemytskij operator associated to f with Nx(t) = sin x(t) is Lipschitzian with
Lipschitz constant L = 1. Then all conditions of Theorem 2.1 are fulfilled.

As an important corollary of Theorem 2.1, we have a sufficient condition for the
existence and uniqueness of a solution of equation (1.1) in the linear case (because in
this case, f(t, x(t)) = x(t)): It is enough to have SV u[K] < 1.

3 Solutions Returning in Time
Here, after having guaranteed the existence of solutions for the integral equation, we
can deal with conditions for the existence of periodic solutions (or more generally, the
existence of solutions returning in time) . We will be considering this task for equa-
tion (1.1).

Suppose all conditions of Theorem 2.1 are satisfied. Let t1, t2 ∈ [a, b]T with t1 6= t2.
We say that xu ∈ G([a, b]T, X) is a returning solution of equation (1.1) (forced by u) in
time t1, t2 if xu(t1) = xu(t2).

Theorem 3.1. Let t1 6= t2 be in [a, b]T and K(t1, s) = K(t2, s) for every s ∈ [a, b]T
in equation (1.1). A necessary and sufficient condition for the existence of a returning
solution in time t1, t2 is the existence of a forcing function u such that u(t1) = u(t2).

Proof. If xu(t1) = xu(t2), then due to K(t1, s) = K(t2, s) for every s ∈ [a, b]T, we
have ∫

[t1,t2]T

DsK(t1, s)g(s) = 0

for every g ∈ G([a, b]T, X). Then xu(t1) = xu(t2) is equivalent to u(t1) = u(t2).
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