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Abstract

In this article, we deal with the existence of mild solutions for a class of frac-
tional integro-differential equations with state-dependent delay. Our results are
based on the technique of measures of noncompactness and Darbo’s fixed point
theorem. An example is provided to illustrate the main result.
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1 Introduction

Fractional differential equations have become an important object of investigation in
recent years stimulated by their numerous applications to problems arising in physics,
mechanics and other fields (see [14,15,24,30,34-36]). The theory of differential equa-
tions of fractional order has recently received a lot of attention and now constitutes a
significant branch of nonlinear analysis. Numerous research papers and monographs
have appeared devoted to fractional differential equations, for example see [1,2, 6, 10,
13,27,28,37].

On the other hand, functional differential equations with state-dependent delay ap-
pears frequently in applications as models of equations. Investigations of these classes
of delay equations essentially differ from once of equations with constant or time-
dependent delay. For these reasons the theory of differential equations with state-
dependent delay has drawn the attention of researchers in the recent years, see for
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instance [3,4, 17-19, 21-23,29, 32]. Recently, Carvalho dos Santos et al [8] studied
the existence of solutions for fractional neutral functional integro-differential equations
with state-dependent delay. Kavitha et al [26] established the existence of mild solutions
for a class of neutral functional fractional differential equations with state-dependent
delay. In [9, 11], the authors provide sufficient conditions for the existence of solutions
of fractional functional differential equation with state-dependent delay. Very recently,
Benchohra et al [7] investigated the existence of solutions on a compact interval for
fractional integro-differential equations with state-dependent delay by using standard
fixed point theorems.

Motivated by the previous literature, the purpose of this article is to establish the
existence of mild solutions for fractional functional integro-differential equation with
state-dependent delay of the form

Dix(t) = Ax(t) + /ta(t, $)f(S, Tp(s,wy)s T(8))ds, teJ=10,T],
0

:L'(t) = ¢(t)’ te (—O0,0],

(1.1)

where D] is the Caputo fractional derivative of order 0 < ¢ < 1, A is a generator
of an analytic semigroup {S(¢)};>o of uniformly bounded linear operators on X, f :
JxBxX — Xandp:JxB — (—oo,T] are appropriated functions. a : D —
R (D =A{(t,s) € JxJ:t>s}), ¢ € Bwhere Bis called phase space to be defined in
Section 2. For any continuous function z defined on (—oo, T and any ¢ € J, we denote
by x; the element of B3 defined by

z(0) = z(t + 6), 0 e (—o0,0].

Here x; represents the history of the state up to the present time ¢.

2 Preliminaries

Let (X, ||-||) be areal Banach space, C' = C/(.J, X) the space of all X -valued continuous
functions on J, L(X) the Banach space of all linear and bounded operators on X,
L'(J, X) the space of X-valued Bochner integrable functions on .J with the norm

T
ol = [ lu®las
0
and L*°(J,R) the Banach space of essentially bounded functions, normed by
lyllpe = inf{d > 0: |y(t)| < d, ae.t € J}.

We need some basic definitions of the fractional calculus theory which are used in this
paper.
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Definition 2.1. Let & > O and f : R, — X be in L'(R,, X). Then the Riemann—
Liouville integral is given by:

o L[S
0= 7 |, e

where I'(+) is the Euler gamma function.

For more details on the Riemann—Liouville fractional derivative, we refer the reader
to [12].

Definition 2.2 (See [33]). The Caputo derivative of order « for f : [0, +00) — X can
be written as

1 )
Dy f(t) = )/( / ds=I1""fM(t), t>0,n—1<a<n.
0

['(n—« t —g)atli-n

If 0 < o <1, then

opp 1 bF(s)
th(t)_F(l—oz)/o (=)

Obviously, the Caputo derivative of a constant is equal to zero.

Definition 2.3. A function f : J x B x X — X is said to be a Carathéodory function
if it satisfies

(i) for eacht € J the function f(t,-,-) : B x X — X is continuous;
(ii) for each (v,w) € B x X the function f(-,v,w) : J — X is measurable.
Next we give the concept of a measure of noncompactness [5].

Definition 2.4. Let B be a bounded subset of a seminormed linear space Y. Kura-
towski’s measure of noncompactness of B is defined as

a(B) = inf{d > 0 : B has a finite cover by sets of diameter < d}.

We note that this measure of noncompactness satisfies interesting regularity proper-
ties (for more information, we refer to [5]).

Lemma2.5. [. IfAC B, then a(A) < a(B),

A) = a(A), where A denotes the closure of A,

a
a(A) = 0 < Ais compact (A is relatively compact),
a(AA) = |MA, with X € R,

a(A

B) = max{a(A), a(B)},
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6. a(A+ B) < a(A) + a(B), where

A+B={x+y:x€Aye B},

7. a(A+a) =a(A)foranya €Y,
8. a(convA) = a(A), where CONV A is the closed convex hull of A.

For H C C(J, X)), we define

/OtH(s)dS: {/Otu(s)dszue H} fort € J,

where H(s) = {u(s) € X :u € H}.
Lemma 2.6 (See [5]). If H C C(J, X) is a bounded, equicontinuous set, then

a(H) =supa(H(t)).

teJ

Lemma 2.7 (See [20]). If {u,}>2, C L*(J, X) and there exists m € L'(J,R") such
that ||u,(t)|| < m(t),a.e. t € J, then a({u,(t)},>,) is integrable and

a ({/Ot un(s)ds}j1> < Q/Otoz({un(s) % )ds.

In this paper, we will employ an axiomatic definition for the phase space I3 which is
similar to those introduced by Hale and Kato [16]. Specifically, B will be a linear space
of functions mapping (—oo, 0] into X endowed with a seminorm || - || 5, and satisfies the
following axioms:

(A1) If x : (—o0,T | — X is continuous on J and xy € B, then z; € B and z; is
continuous in ¢t € J and
[z(®)]| < Cllz]|5, 2.1)

where C' > 0 is a constant.

(A2) There exist a continuous function C'(t) > 0 and a locally bounded function
Cy(t) > 0int > 0 such that

[zells < C1(2) sup [lz(s)]| + Ca(t) | zolls, (2.2)

s€[0,1]
fort € [0,7] and x as in (A1).
(A3) The space B is complete.
Remark 2.8. Condition (2.1) in (A1) is equivalent to ||¢(0)|| < C/||¢||s, for all ¢ € B.
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Example 2.9 (The phase space C, x LP(g,X)). Let r > 0,1 < p < oo, and let
g : (—o0, —r) — R be a nonnegative measurable function which satisfies the conditions
(9—>5), (g—6) in the terminology of [25]. Briefly, this means that g is locally integrable
and there exists a nonnegative, locally bounded function A on (—o0, 0], such that g(& +
0) < A(§)g(0), forall £ < 0 and § € (—oo, —1)\ Vg, where Ne C (—oo, —7) is a set
with Lebesgue measure zero.

The space C, x LP(g, X) consists of all classes of functions ¢ : (—00,0] — X,
such that ¢ is continuous on [—7, 0], Lebesgue-measurable, and g||¢||” on (—oo, —r).
The seminorm in || - ||z is defined by

lella = sup 1201+ ( [ atOllco)rar)

o0

The space B = C, x LP(g, X) satisfies axioms (A1), (A2), (A3). Moreover, for r=20
and p = 2, this space coincides with Cy x L*(g, X), H = 1, M(t) = A(— ) K(t) =

0 2
1+ (/ g(T)dT) , for t > 0 (see [25, Theorem 1.3.8] for details).

-r

A continuous map N : D C Y — Y is said to be a a-contraction if there exists a
positive constant v < 1 such that a(N(C)) < va(C) for any bounded closed subset
C CD.

Theorem 2.10 (Darbo-Sadovskii, see [5]). If D C Y is bounded closed and convex,

the continuous map N : D — D is a a-contraction, then the map N has at least one
fixed point in D.

3 Existence of Mild Solutions

In this section, we study the existence of mild solutions for the system (1.1). We give
first the definition of the mild solution of the our problem.

Definition 3.1. A function z : (—o0,T] — X is said to be a mild solution of (1.1) if
To = @, Tp(rz,) € Bforevery 7 € J and

gb(t), te (—oo,O],
- /Rt—s (5, 7)f(T, T p(ryr), x(T))dTds, t € J,

Q) = [ sloswain, RO =q [ ot (@S0
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and £, is a probability density function defined on (0, o) such that

1
&,(0) = 50—1—<;>wq(0—;) >0,

where

wy(0) =

A=

k!

Remark 3.2. Note that {S(t)}:>o is a uniformly bounded, i.e.,

there exists a constant M/ > 0 such that ||S(¢)|| < M forall t > 0.

Remark 3.3. According to [31], direct calculation gives that
IR()|| < Coumt?™, t>0,

qM
where C = —
M1+ g)

Set
R(p™) ={p(s;¢) : (s,0) € J x B, p(s,p) < 0}.

- r 1
Z:(—l)k’_la_qk_IM sin(kmq), o € (0,00).
k=1

3.1

We always assume that p : J x B — (—o0, T'] is continuous. Additionally, we introduce

following hypothesis:

(H,) The function t — ¢, is continuous from R (p~) into B3 and there exists a continu-

ous and bounded function L? : R(p~) — (0, 00) such that

l¢ells < L()16lls  for every t € R(p7).

Remark 3.4. The condition (H,) is frequently verified by functions continuous and

bounded. For more details, see for instance [25].

Remark 3.5. In the rest of this section, C} and C; are the constants

C] =sup Cy(s) and C; = sup Cs(s).

seJ seJ

Lemma 3.6 (See [23]). If x : (—oo,T| — X is a function such that ©o = ¢, then

lzslls < (C5 + L) |Iglls + C7 sup{|y(0) ;0 € [0, max{0,s}]}, s € R(p™) U J,

where L® = sup L°(t).
teR(p™)

Let us introduce the following hypotheses:
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(H1) The function f : J x B x X — X is Carathéodory.

(H2) There exists a function 1 € L*(J,R") and a continuous nondecreasing function
¥ : RT — (0, +00) such that

17t v, w)l| < p@)y ([vlls + lwllx), (& v,w) € JxBxX.

(H3) For each t € J, a(t,s) is measurable on [0,¢] and a(t) = esssup{|a(t, s)|,0 <
s <t} is bounded on .J. The map ¢t — a; is continuous from J to L*>°(.J, R), here,
ai(s) = alt, s).

(H4) For any bounded sets D; C B, Dy C X,and 0 < s <t < T, there exists an
integrable positive function 7 such that

a(R(t — s)f(r, Dy, Ds)) < ny(s,7) (Oi%ETa(Dl(H)) + a(D2)> ,

where n,(s,7) = n(t,s, T andsup/ / ne(s, T)drds = n* < oc.
te]

Theorem 3.7. Suppose that the assumptions (H,), (H1)—-(H4) hold, and if
dan(1+C) <1, (3.2)

then the problem (1.1) has at least one mild solution on (—oo, T.

Proof. Let ¢ : (—oo,T] — X be the extension of ¢ to (—oo, T such that ¢(f) =

#»(0) = 0 on J. Consider the space Y = {u € C(J, E) : u(0) = ¢(0) = 0} endowed
with the uniform convergence topology and define the operator ® : Y — Y by

O(x)(t) = —Q(t)p(0) +/0 /US R(t — s)a(s,7) f(T,ZTprz,), T(T))dTds, t € J.

Let the set
B, ={zxeY :|z| <r},

where 7 is any fixed finite real number which satisfies the inequality

T T
2 Mfolla +aCyan " (G5 + L)olls + (€5 + 1)) / wrydr.  (3.3)
0

Clearly, the subset B, is closed, bounded, and convex. In order to apply Theorem 2.10,
we give the proof in several steps.
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Step 1: @ is continuous. Let {z"},cn be a sequence such that ¥ — 2 in Y. Then for
each t € J, we have

o0 - 6@ O] < [ [ IRE - 1 ats, T, 740)
By, () s

Cont [ [ 0= 15T 070

By, B drds.

IA

Since f is of Carathéodory type, we have by the Lebesgue dominated convergence the-
orem that

|®(2*)(t) — ®(2)(t)|| — 0as k — oco.

Thus ® is continuous.
Step 2: ¢ maps B, into itself. If x € B,., from Lemma 3.6 follows that

IZpirznlls < (C5 + L) 6lls + Cir

For each x € B,, by (H2) and (3.3), we have foreach t € J

B@O1 < 1= Qo0+ [ [ IR = 5)als, 17 Ty 7 s

IN

M||¢||B+CLO‘ZM/ / (t—s)"""u (Y| Zpirz) |8 + ||Z||)dTds
MHQSHB‘FCLO%M//(t—s)q_llu(T)

o Jo
x 4 ((C3 + LO)¢lls + Cir + 1) drds

K T
Mol +aCya v (G5 + L)l + (G + 1) / u(r)dr
< r

IN

IN

Step 3: (B, ) is bounded and equicontinuous. By Step 2, it is obvious that ®(B,.) C B,
is bounded. For the equicontinuity of ®(B5,.). Set

G Do), T0)) = / a( 7) (T, Ty, T(T) )T

0

Let 7, 5 € J with 71 > 7, and let x € B,. Then

[P(2)(m1) = P(2)(r2)|| < [y + o + I,
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where

Iy = [|Q(m1) — Q(m2)l|o(0)]]
I, = /0 [R(m1 — 5) — R(12 — 5)|G(S, T p(s7,), T(5))ds

Iy — / U IR — ) 1G5, Fygomy, 7(5)) s,

T2

I, tends to zero as 7, — 71, since S(t) is uniformly continuous operator. For I, using
(3.1) and (H2), we have

L < ‘ I [q | ot =91 = 5oy
= 0 [ olr = 90 (7 )| Gl Ty ()
<[ ol =97 - (= 97 NS - 970)

XG(8,Tp(sz,), T(s))||dods
T / / o(7 — 8)T ', () |S((1 — 8)10) — S((m — 5)70)|
<G (5, Tptazy, T(5)) || dords
o |17 =817 = (= )7 1G5, e 7)) 0
4 / / o(7 — 8)T () 1S((71 — 8)10) — S((m — 5)70)|

x| G (s, Tps 7., B(s))||dods
av ((C5 + LO)6lls + (Cf + 1)r) ||l e

« {CQ,M /0 Ul — 8T = (1 — 5) | ds
s [ [ otr = @S - 970) = S((r = 5)70)dods

IA

IN

Clearly, the first term on the right-hand side of the above inequality tends to zero as
Ty — 71. From the continuity of S(¢) in the uniform operator topology for ¢ > 0, The
second term on the right-hand side of the above inequality tends to zero as 75 — 73. In
view of (H2), we have

I < Cyu / (1 — ) G(S, Doy, T(s)) | ds

T2

< aCyumty ((Cs + L)||0]|s + (CF + 1)r) “MHLI/ (1 — 5)7"'ds.

T2
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As 75 — 71, I3 tends to zero. So ®(B,) is equicontinuous.
Now let V' be a subset of B, such that V' C conv(®(V) U {0}). Using Lemmas
2.5-2.7 and (H4), we get

a(dV) =

IN

IN

IN

IN

IN

<

sup a(PV (1))

teJ

supa (~Q00(0) + [ [ Rit = Sats. ) (T )irds)

sup a (—Q(£)9(0))

teJ

supa ({ /0 t /0 CR(t = s)als, 7) f(r, zp(T,xT),z(T))des})
2stl€1§)/0toz ({R(t—s) /Osa(s,T)f(T T ooz T (T ))drds})

4sup/ /s o ({R(t — s)a(s,7) [ (T, Tp(rz,), T(T))dTds } )

teJ

4asup// (LR(t — 8)f(r, Tpgrry, T(r))drds )

teJ

4 asup / / nils,7) {Cl(t) sup a(V(M))m(V(T))] drds

teJ O<u<rt

4a(l+C)a sup/ / (s, T)drds
teJ
dan (14 CT)a(V)

By (3.2) it follows that @ is a a-contraction. According to Theorem 2.10, the operator
® has at least one fixed point z in B,.. 0

4 An Example

In this section we give an example to illustrate the above results. Consider the following
integrodifferential model:

Gt = 50t O+ [(=9) [ o = ulr = po)pallo(s, O, Qards
+/O (t — 5)% cos |v(s, ¢)|ds, te[0,7], ¢ €l0,7],
v(t,0) = v(t,m) =0, t € [0,7],
v(0,¢) = (0, ¢), 0 € (—00,0], ¢ €[0,7],

(4.1)
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where 0 < ¢ < 1,p; : [0,+00) — [0,+00),i = 1,2,7 : R — R are continuous
functions, and 07/0t? = Dy".
Set X = L*([0, 71]) and define A by

D(A)={ue X :u" € X,u(0) = u(r) =0},

1"
Au=u .

It is well known that A is the infinitesimal generator of an analytic semigroup (S(t));>0
on X. For the phase space, we choose B = Cjy x L*(g, X), see Example 2.9 for details.
Fort € [0, 7] and ¢ € [0, 7], we set

z(t)(¢) = v(t, C),

a(t,s) =t —s,

ftos®)O = [ Aol dr + 5 cosla(0)(O)]

—00

p(t, 0) = p1(t)p2(le(0)]).

Under the above conditions, we can represent the system (4.1) in the abstract form (1.1).
The following result is a direct consequence of Theorem 3.7.

Proposition 4.1. Let ¢ € B be such that (H,) holds, and let t — ¢, be continuous on
R(p~). Then there exists a mild solution of (4.1).

References

[1] S. Abbas, M. Benchohra and G.M. N’Guérékata, Topics in Fractional Differential
Equations, Springer, New York, 2012.

[2] O. P. Agrawal; Analytical schemes for a new class of fractional differential equa-
tions, J. Phys. A. 40 (21) (2007), 5469-5477.

[3] W. Aiello, H. I. Freedman and J. Wu; Analysis of a model representing stage-
structured population growth with state-dependent time delay, STAM J. Appl. Math.
52(3) (1992), 855-869.

[4] A. Anguraj, M. Mallika Arjunan and E. Herndndez, Existence results for an im-
pulsive neutral functional differential equation with state-dependent delay, Appl.
Anal. 86(7)(2007), 861-872.

[5] J. Banas and K. Goebel, Measures of Noncompactness in Banach Spaces, of Lec-
ture Notes in Pure and Applied Mathematics, Marcel Dekker, New York, 1980.



28 K. Aissani and M. Benchohra

[6] M. Benchohra, J. Henderson, S. K. Ntouyas and A. Ouahab; Existence results for
fractional order functional differential equations with infinite delay, J. Math. Anal.
Appl. 338 (2008), 1340-1350.

[7] M. Benchohra, S. Litimein, J. J. Trujillo and M.P. Velasco, Abstract fractional
integro-differential equations with state-dependent delay, Int. J. Evol. Equat.
6(2)(2012), 25-38.

[8] J. P. Carvalho dos Santos, M. Mallika Arjunan and C. Cuevas, Existence results for
fractional neutral integrodifferential equations with state-dependent delay, Com-
put. Math. Appl. 62(3)(2011), 1275-1283.

[9] J. P. Carvalho dos Santos, C. Cuevas and B. de Andrade, Existence results for
a fractional equation with state-dependent delay, Adv. Diff. Equat. 2011(2011),
Article ID 642013, 15 pages.

[10] M. A. Darwich and S. K. Ntouyas; Existence results for a fractional functional
differential equation of mixed type, Commun. Appl. Nonlinear Anal. 15 (2008),
47-55.

[11] M. A. Darwish and S. K. Ntouyas, Semilinear functional differential equations
of fractional order with state-dependent delay, Electron. J. Differential Equations
2009(38)(2009), 1-10.

[12] L. Debnath and D. Bhatta, Integral Transforms and Their Applications(Second
Edition), CRC Press, 2007.

[13] D. Delboso and L. Rodino; Existence and uniqueness for a nonlinear fractional
differential equation, J. Math. Anal. Appl. 204 (1996), 609-625.

[14] M. Garh, A. Rao and S. L. Kalla; Fractional generalization of temperature fields
problems in oil strata, Math. Bulletin, 30 (2006), 71-84.

[15] W. G. Glockle and T. F. Nonnenmacher; A fractional calculus approach of self-
similar protein dynamics, Biophys. J. 68 (1995), 46-53.

[16] J. K. Hale and J. Kato, Phase space for retarded equations with infinite delay, Funk.
Ekvacioj 21 (1) (1978), 11-41.

[17] F. Hartung, Parameter estimation by quasilinearization in functional differential
equations with state-dependent delays: a numerical study, Nonlinear Anal. 47 (7)
(2001), 4557-4566.

[18] F. Hartung, T. L. Herdman, and J. Turi, Parameter identification in classes of neu-
tral differential equations with state-dependent delays, Nonlinear Anal. 39 (3)
(2000), 305-325.



Fractional Integro-Differential Equations 29

[19] F. Hartung, and J. Turi, Identification of parameters in delay equations with state-
dependent delays, Nonlinear Anal. 29 (11) (1997), 1303-1318.

[20] H.-P. Heinz, On the behaviour of measures of noncompactness with respect to
differentiation and integration of vector-valued functions, Nonlinear Anal. 7 (12)
(1983), 1351-1371.

[21] E. Hernandez, and M. A. Mckibben, On state-dependent delay partial neutral
functional-differential equations, Appl. Math. Comput. 186 (1) (2007), 294-301.

[22] E. Hernandez, M. A. Mckibben and H. R. Henriquez, Existence results for partial
neutral functional differential equations with state-dependent delay, Math. Com-
put. Modelling 49 (2009), 1260-1267.

[23] E. Hernandez, A. Prokopczyk, and L. Ladeira, A note on partial functional dif-
ferential equations with state-dependent delay, Nonlinear Anal. RWA 7 (2006),
510-519.

[24] R. Hilfer; Applications of Fractional Calculus in Physics, World Scientific, Singa-
pore, 2000.

[25] Y. Hino, S. Murakami, and T. Naito, Functional Differential Equations with Un-
bounded Delay, Springer-Verlag, Berlin, 1991.

[26] V. Kavitha, P-Z Wangb and R. Murugesu, Existence results for neutral func-
tional fractional differential equations with state dependent-delay, Malaya J. Math.
1(1)(2012), 50-61.

[27] A. A. Kilbas, H. M. Srivastava and Juan J. Trujillo; Theory and Applications of
Fractional Differential Equations, North-Holland Mathematics Studies, 204. El-
sevier Science B.V., Amsterdam, 2006.

[28] V. Lakshmikantham, S. Leela, J. Vasundhara Devi, Theory of Fractional Dynamic
Systems, Cambridge Scientific Publishers, 2009.

[29] W. S. Li, Y.-K Chang and J. J. Nieto, Solvability of impulsive neutral evolu-
tion differential inclusions with state-dependent delay, Math. Comput. Modelling
49(2009), 1920-1927.

[30] F. Mainardi, Fractional calculus: Some basic problems in continuum and statisti-
cal mechanis, in “Fractals and Fractional Calculus in Continuum Mechanics™ (A.
Carpinteri and F. Mainardi, Eds), pp. 291-348, Springer-Verlag, Wien, 1997.

[31] F. Mainardi, P. Paradisi, and R. Gorenflo, Probability distributions generated by
fractional diffusion equations, in Econophysics: An Emerging Science, J. Kertesz
and I. Kondor, Eds., Kluwer Academic Publishers, Dordrecht, The Netherlands,
(2000).



30 K. Aissani and M. Benchohra

[32] M. Mallika Arjunan and V. Kavitha, Existence results for impulsive neutral func-
tional differential equations with state-dependent delay, Electron. J. Qual. Theory
Differ. Equ. 26(2009), 1-13.

[33] L. Podlubny, Fractional Differential Equations, Acadmic Press, New York, NY,
USA, 1993.

[34] S. G. Samko, A. A. Kilbas and O. I. Marichev, Fractional Integrals and Deriva-
tives. Theory and Applications, Gordon and Breach, Yverdon, 1993.

[35] R. K. Saxena and S. L. Kalla, On a fractional generalization of free electron laser
equation, Appl. Math. Comput. 143 (2003), 89-97.

[36] R. K. Saxena, A. M. Mathai and H. L. Haubold, On generalized fractional kinetic
equations, Phys. A. 344 (2004), 657-664.

[37] C. Yu and G. Gao, Existence of fractional differential equations, J. Math. Anal.
Appl. 310 (2005), 26-29.



