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Abstract

Some typical results on complete monotonicity of a function f involving the
gamma and q-gamma functions assert that f is completely monotonic for a certain
range of values of a parameter, and −f is completely monotonic for another range,
leaving a gap–an interval of parameter values where neither f nor −f is com-
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functions. In all cases considered here, the width of the gap decreases to 0 as q
decreases from 1 to 0.
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1 Introduction and Preliminaries
Recall that a function f is completely monotonic on an interval I if

(−1)nf (n)(x) ≥ 0

for n = 1, 2, . . . on I . The following Bernstein integral representation is well known;
see [13, Theorem 12b, p. 161].

Theorem 1.1. A necessary and sufficient condition that f(x) be completely monotonic
on (0,∞) is that

f(x) =

∫ ∞

0

e−xtdα(t),

where α(t) is nondecreasing and the integral converges for 0 < x <∞.

For brevity, we shall use completely monotonic to mean completely monotonic on
(0,∞).

Up to the early 1980’s many results on functions involving gamma functions were
stated as inequalities, see for example [9]. It was then realized that these inequalities are
instances of monotonicity of certain functions. It turned out that one can even prove the
complete monotonicity of many of the functions under consideration; see, for example
[1,6,8]. Nowadays people work directly with complete monotonicity; see, for example,
[12].

The q-gamma function is defined (see, e.g., [5]) by

Γq(x) := (1− q)1−x

∞∏
n=0

1− qn+1

1− qn+x
, 0 < q < 1. (1.1)

We have
lim
q→1−

Γq(t) = Γ(t), t > 0. (1.2)

The logarithmic derivative of the q-gamma function is given by

ψq(x) := Γ′
q(x)/Γq(x) = − log(1− q) + log q

∞∑
k=0

qk+x

1− qk+x
, 0 < q < 1, (1.3)

or by the equivalent formula

ψq(x) = − log(1− q) + log q
∞∑
k=1

qkx

1− qk
, 0 < q < 1. (1.4)

We find it convenient to use the equivalent Stieltjes integral representation [8]

ψq(x) = − log(1− q)−
∫ ∞

0

e−xt

1− e−t
dγq(t), 0 < q < 1, x > 0. (1.5)
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where dγq(t) is a discrete measure with masses − log q at the positive points −k log q,
k = 1, 2, . . . . We take γ1(t) = t in order to get agreement with the standard representa-
tion [11, 5.9.16]

ψ(x) := Γ′(x)/Γ(x) = −γ +

∫ ∞

0

(
e−t − e−xt

1− e−t

)
dt, x > 0. (1.6)

In terms of the delta function,

γq(t) =

 − log q
∞∑
k=1

δ(t+ k log q), 0 < q < 1,

t, q = 1,

(1.7)

we have

ψ′
q(x) =

∫ ∞

0

te−xt

1− e−t
dγq(t), 0 < q ≤ 1, x > 0 (1.8)

and, more generally

ψ(n)
q (x) = (−1)n+1

∫ ∞

0

tne−xt

1− e−t
dγq(t), 0 < q ≤ 1, x > 0. (1.9)

We will make frequent use of the following:

− log q
qx

1− qx
=

∫ ∞

0

e−xtdγq(t), 0 < q < 1, x > 0, (1.10)

− log(1− qx) =

∫ ∞

0

1

t
e−xtdγq(t), 0 < q < 1, x > 0, (1.11)

Li2(q
x) = − log q

∫ ∞

0

1

t2
e−xtdγq(t), 0 < q < 1, x > 0, (1.12)

where the dilogarithm function Li2 is defined by [11, §25.12(i)]

Li2(x) =
∞∑
n=1

xn

n2
= −

∫ x

0

log(1− t)

t
dt, (1.13)

where the sum converges for |x| ≤ 1, and the integral is defined in C \ (1,∞).
The similarity between the cases q = 1 and 0 < q < 1 in formulas such as (1.8) is

useful in suggesting how to extend theorems and proofs for the q = 1 case to the more
general case. The authors have done this for a number of such results in [7], which
contains some errors, however. In general, results that assert the complete monotonicity
of a function in the q = 1 case extend directly to the 0 < q < 1 case. But results
asserting that a function is not completely monotonic in the case q = 1 cannot always
be extended in this way because of the difference in behavior of the measure dγq in the
two cases.



250 Mourad E. H. Ismail and Martin E. Muldoon

For example, it was shown in [6, Theorem 2.1] that if hα(x) = log[xαΓ(x)/(e/x)x],
then h′α(x) is completely monotonic on (0,∞) for α ≥ 1, −h′α(x) is completely mono-
tonic on (0,∞) for α ≤ 1/2 and neither is completely monotonic for 1/2 < α < 1. Of
course, it is to be expected that there will be a gap –(1/2, 1) in the case just described–
between the intervals of parameter values for which the functions h′α(x) and −h′α(x)
are completely monotonic and that this gap will persist in the q-analogous case. This
was pointed out in [7, Theorem 2.2] but the analogy between the cases q = 1 and q ̸= 1
in the representation (1.8) was carried too far, so that the same gap (1/2, 1) was stated
to persist in the 0 < q < 1 case. What actually happens is that the gap narrows and
decreases to 0 in length as q decreases from 1 to 0. (See Theorem 2.1 below.)

The same error occurs in some of the other results in [7]. For the reader’s conve-
nience, a corrected version [8] is available, but its main purpose is to remove incorrect
assertions made in [7]. The purpose of the present article is to provide more complete
results. The same idea (giving intervals where a function, its negative, or neither, is
completely monotonic) occurs in recent work by P. Gao [3, 4] and by A. Salem [12]. It
was by examining results such as Gao’s [3, Theorem 1.1] or [4, Theorem 3.2] that the
errors in [7] were discovered.

One of the important applications of completely monotonic functions is to the theory
of infinitely divisible distributions [2, p. 450]. It is known that if a function h on
(0,∞) is such that h′ is completely monotonic, then exp(h(0) − h(x)) is the Laplace
transform of an infinitely divisible distribution. Following some of our theorems, we
give the function exp(h(0) − h(x)) for which this claim can be made. The probability
distributions are on (0,∞) and are defined in terms of their Laplace transform. Although
we do not have explicit formulas for the probability density functions we nevertheless
believe these are interesting distributions and hope they will be studied further in the
statistics literature.

2 q-qamma Functions

Theorem 2.1. Let 0 < q < 1 and let

hα,q(x) = log [(1− q)x(1− qx)αΓq(x) exp (Li2(q
x)/ log q)] .

Let αq = (1 − q)−1 + 1/ log q. Then −hα,q ′(x) is completely monotonic on (0,∞) for
α ≤ αq, hα,q ′(x) is completely monotonic on (0,∞) for α ≥ 1, and neither is completely
monotonic on (0,∞) for αq < α < 1.

Corollary 2.2. Let c > 0. If α ≤ αq then the function exp[hα,q(x+ c)− hα,q(c)] is the
Laplace transform of an infinitely divisible distribution if α ≤ αq. On the other hand
the function exp[hα,q(x)−hα,q(x+ c)] is the Laplace transform of an infinitely divisible
distribution if α ≥ 1.
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Remark 2.3. Since

4q
dαq

dq
=

1

sinh2 y
− 1

y2
< 0,

where y = (− log q)/2, we see that αq decreases from 1 to 1/2 as q increases from 0 to
1. In Figure 2.1 (q–axis horizontal) we shade the region in the strip 0 < q < 1 of the
(q, α) plane in which neither hα,q ′(x) nor −hα,q ′(x) is completely monotonic. We note
that the width of this strip decreases from 1/2 to 0 as q decreases from 1 to 0.

Proof of Theorem 2.1. For α ≤ 1/2 and α ≥ 1, the result is in [8, Theorem 2.2]. It
remains to consider the range 1/2 < α < 1.

It follows from (1.5), (1.10), and (1.11) that

−h′α,q(x) =
∫ ∞

0

f(α, t)e−xtdγq(t),

where
f(α, t) =

1

1− e−t
− 1

t
− α

and dγq(t) is defined by (1.7).
The function f(α, t) increases from the negative value 1/2− α to the positive value

1−α as t increases from 0 to ∞, so there is a number t0(α) where f(α, t) changes from
negative to positive. Also, because f(α, t) is an increasing function of α for each t, t0(α)
increases from 0 to ∞ as α increases from 1/2 to 1. If 1/2 < α ≤ αq, then f(α, t) >
0 for t > − log q, so fα(t)dγq(t) ≥ 0, 0 < t < ∞, and −hα,q ′(x) is completely
monotonic on (0,∞). On the other hand, if αq < α < 1, then f(α,− log q) < 0, but
f(α, t) > 0 when t is large. Thus f(α, t)dγq(t) has a change of sign on (0,∞) and
neither −hα,q ′(x) nor hα,q ′(x) is completely monotonic on (0,∞).

3 Ratios of q-gamma Functions I
Theorem 3.1. Let a < b ≤ a+ 1, 0 < q < 1 and let c∗ = c∗(q, a, b) be defined by

c∗(q, a, b) = log
qa − qb

(b− a)(1− q)
/ log q. (3.1)

Let

g(x) :=

[
1− qx+c

1− q

]a−b
Γq(x+ b)

Γq(x+ a)
. (3.2)

Then −(log g(x))′ is completely monotonic on (−c,∞) if c ≤ c∗ and (log g(x))′ is
completely monotonic on (−a,∞) if c ≥ a. Neither −(log g(x))′ nor (log g(x))′ is
completely monotonic on (−c,∞) for c∗ < c < a.
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Figure 2.1: Illustrating Theorem 2.1. The q-axis is horizontal, the α-axis vertical. The
region αq < α < 1 is shaded. The figure was produced using MAPLE.

Corollary 3.2. Let ϵ > 0. The function g(x+ c+ ϵ)/g(c+ ϵ) is the Laplace transform
of an infinitely divisible distribution if c ≤ c∗. If c ≥ a, then g(a + ϵ)/g(x + a + ϵ) is
the Laplace transform of an infinitely divisible distribution.

Remark 3.3. We note that c∗(q, a, b) decreases from a to (a + b − 1)/2, as q increases
from 0 to 1.

Proof. For c ≤ (a+ b− 1)/2 and c ≥ a the result is in [8, Theorem 2.5]. It remains to
consider the range (a+ b− 1)/2 < c < a. We note that

d

dx
log g(x) = (b− a)

qx+c log q

1− qx+c
+ ψq(x+ b)− ψq(x+ a)

= −
∫ ∞

0

e−(x+c)tp(a, b, c, t)dγq(t), (3.3)

for x > −c, on using (1.5), (1.10), where

p(a, b, c, t) =
e−bt+ct − e−at+ct

1− e−t
+ (b− a) (3.4)

and γq is given by (1.7). Letting f(x) = p(a, b, c,− log x), we have to consider f(x) on
(0, 1). Since

f(x) = f(a, b, c, x) =
xb−c − xa−c

1− x
+ b− a,
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we find that

h(x) = (1−x)2f ′(x) = (b−c)xb−c−1−(a−c)xa−c−1−(b−c−1)xb−c+(a−c−1)xa−c.

We have h(0+) = −∞, h(1) = 0 and

x−c+a−2h′(x) = (1− x)(b− c)(b− c− 1)

[
xb−a − (a− c)(a− c− 1)

(b− c)(b− c− 1)

]
.

Under the given hypotheses, and the assumption c > (a+ b−1)/2 we have 0 < a− c <
b− c < 1, leading to

0 <
(a− c)(a− c− 1)

(b− c)(b− c− 1)
< 1,

so there is a number x0 in (0, 1) where h(x) changes from increasing to decreasing.
It follows that there is a unique number x1 on (0, 1) where h changes from negative
to positive and f changes from decreasing to increasing. This, together with f(0) =
b − a, f(1−) = 0 shows that there is a unique x2 = x2(c) on (0, 1) where f(x)
changes from positive to negative as x increases. Clearly, for each fixed x in (0, 1),
f(x) decreases as c increases, and hence x2(c) decreases as c increases.

Returning to the variable t, we see there is a unique t2(c) = − log x2(c) on (0,∞)
where p(a, b, c, t) changes from negative to positive as t increases. Thus, if c ≤ c∗ and
t > − log q, we have p(a, b, c, t) > p(a, b, c∗,− log q) = 0, so

p(a, b, c, t)dγq(t) ≥ 0, t > 0,

and −(log g(x))′ is completely monotonic on (−c,∞).
On the other hand, if c∗ < c < a we have p(a, b, c,− log q) < 0 whereas p(a, b, c, t)

→ b − a > 0 as t → ∞. Thus p(a, b, c, t)dγq(t) has a change in sign on (0,∞) and
the representation (3.3) shows that neither −(log g(x))′ nor (log g(x))′ is completely
monotonic on (−c,∞).

We note that c∗ is the value of c for which f(a, b, c, q) = 0, so f(a, b, x−1
2 , q) = 0 and

the monotonicity of x2 and x−1
2 proves the monotonicity assertion in Remark 3.3.

4 Ratios of q-gamma Functions II

Here we consider ratios of the form

f(x) :=
Γq(x+ a)

Γq(x+ b)
exp [(b− a)ψq(x+ c)] . (4.1)

We have the following result.
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Theorem 4.1. Let a < b, 0 < q ≤ 1 and let h(x) denote the logarithm of the function
in (4.1). Then, if c ≥ c∗, where

c∗ = log
qa − qb

(a− b) log q
/ log q, (4.2)

−h′(x) is completely monotonic on (−a,∞) and if c ≤ a, h′(x) is completely monotonic
on (−c,∞). If a < c < c∗, then neither h′ nor −h′ is completely monotonic on (−a,∞).

Corollary 4.2. Let ϵ > 0 and a < b, 0 < q ≤ 1. If c ≥ c∗, then f(x+ a+ ϵ)/f(a+ ϵ) is
the Laplace transform of an infinitely divisible distribution. If c ≤ a, then the function
f(c+ ϵ)/f(x+ c+ ϵ) is the Laplace transform of an infinitely divisible distribution.

Remark 4.3. We note that c∗(q, a, b) increases from a to (a + b)/2, as q increases from
0 to 1.

Proof. For c ≤ a and c ≥ (a + b)/2 the result is in [8, Theorem 3.2]. It remains to
consider the range a < c < (a+ b)/2. In this range, we have, from (1.5) and (1.8),

−h′(x) =
∫ ∞

0

e−(x+c)t

1− e−t
f(a, b, c, e−t)dγq(t), (4.3)

where
f(a, b, c; x) = xa−c − xb−c + (b− a) log x. (4.4)

We want to discover the values of c for which f(a, b, c, e−t) is positive on − log q < t <
∞ or, equivalently, for which f(a, b, c, x) is positive on 0 < x < q. We have

xf ′(a, b, c;x) = (a− c)xa−c − (b− c)xb−c + (b− a)

and

xc+1 d

dx
[xf ′(a, b, c; x)] = −(b− c)2xa

[
xb−a − (a− c)2

(b− c)2

]
.

Thus xf ′(a, b, c;x), is increasing from −∞ in a neighborhood of 0, has a turning point
and then decreases to 0 as x increases to 1. Thus, as x increases from 0 to 1, f decreases
from +∞, has a single negative minimum and then increases to 0. This means that
f(a, b, c; x) has a single zero z(c) on (0, 1), Since f(a, b, c; x) is an increasing function
of c for fixed a, b, x, we see that z(c) decreases as c increases.

Thus, if c ≥ c∗ and 0 < x < q, we have f(a, b, c, x) > f(a, b, c∗, q) = 0, so

f(a, b, c, t)dγq(t) ≥ 0, t > 0,

and −h′(x) is completely monotonic on (−c,∞).
On the other hand, if a < c < c∗ we have f(a, b, c, q) < 0 whereas f(a, b, c, t) > 0

for x close to 1. Thus f(a, b, c, t)dγq(t) has a change in sign on (0,∞) and the represen-
tation (4.3) shows that neither h′(x) nor −h′(x) is completely monotonic on (−c,∞).
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We note that f(a, b, c, z(c)) = 0, a < c < (a+ b)/2. The monotonicity of z(c) then
gives f(a, b, z−1(x), x) = 0, 0 < x < 1, which can be solved to get

z−1(c) = log
xa − xb

(a− b) log x
/ log c.

The monotonicity of z−1(c) then gives the statement in Remark 4.3.

5 A Further Product
As in [8, Theorem 3.4] we consider products of q-gamma functions and exponentials of
derivatives of q-psi functions. We prove:

Theorem 5.1. Let 0 < q ≤ 1, and

gα(x) = (1− q)x(1− qx)1/2Γq(x) exp

[
Li2(q

x)/ log q − 1

12
ψ′
q(x+ α)

]
,

with the notation (1.13) for the dilogarithm. Then (log gα)
′ is completely monotonic on

(0,∞) for α ≥ α∗(q), where

(log q)α∗(q) = log 6 + log(2q − 2− (1 + q) log q)− 3 log(− log q). (5.1)

Also −(log gα)
′ is completely monotonic on (c,∞) for α ≤ 0, where c = max(0,−α)

and neither is completely monotonic on (0,∞) for 0 < α < α∗(q).

Corollary 5.2. Let ϵ > 0. The function gα(ϵ)/gα(x + ϵ) is the Laplace transform of
an infinitely divisible distribution if α ≥ α∗(q). With c = max(0,−α) and α < 0
the function gα(x + c + ϵ)/gα(c + ϵ) is the Laplace transform of an infinitely divisible
distribution.

Remark 5.3. α∗(q) increases from 0 to 1/2 as q increases from 0 to 1.

Proof. The cases α ≥ 1/2 and α ≤ 0 have been covered in [8, Theorem 3.4] so we

confine our attention to the case 0 < α <
1

2
. As in [8, Theorem 3.4], we have, using

(1.9), (1.10), (1.12),

d

dx
log gα(x) = −

∫ ∞

0

e−xtpα(t)dγq(t)

where

pα(t) =
12− t2e−αt

12(1− e−t)
− 1

2
− 1

t
.

Now pα(t) has the same sign as

f(α, t) = 6t− t3e−αt + 6te−t − 12 + 12e−t.
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We have f(α, t) = (α − 1/2)t4 + O(t5), t → 0+ and f(α, t) ∼ 6t, t → ∞, so f(α, t)
has at least one zero on 0 < t <∞. We have

ft(α, t) = 6− 3t2e−αt + αt3e−αt − 6e−t − 6te−t,

and ftt(α, t) = te−αtg(t) where

g(t) = 6e(α−1)t − 6 + 6αt− α2t2,

g′(t) = 6(α− 1)e(α−1)t + 6α− 2α2t, g′′(t) = 6(α− 1)2e(α−1)t − 2α2.

It is clear that g′′(t) decreases from positive to negative values as t increases on (0,∞)
so g has one point of inflection and so has at most two zeros on (0,∞). (If it had more,
it would have more than one point of inflection, given its values at 0 and 1.) This shows
that f(α, t) has at most two points of inflection on (0,∞). Thus f(α, t) has exactly
one zero t1(α) on (0,∞). (If it had two or more, it would have at least three points of
inflection.)

This shows that f(α, t), and hence pα(t), changes from negative to positive at t1(α)
on (0,∞). Further, since f(α, t) is an increasing function of α for each fixed t, we see
that t1(α) decreases as α increases. We have t1(α) = − log q when α = α∗(q) as given
by (5.1). The decrease of t1(α) with α under the condition f(α, t1(α)) = 0 gives the
increase of α∗(q) with q under the condition f(α∗(q),−log(q)), as asserted in Remark
5.3.

From the above, we find that for α ≥ α∗(q), we have pα(t)dγq(t) ≥ 0 and hence
(log gα)

′ is completely monotonic on (0,∞)
On the other hand, if 0 < α < α∗(q), pα(t)dγq(t) has a change in sign on (0,∞)

and the representation (4.3) shows that neither (log gα)′ nor −(log gα)
′ is completely

monotonic on (−c,∞).

6 On a Result of A. Salem
Here we consider the function

H(a, q, x) = ψ′
q(x) +

1

2
ψ′′
q (x+ a) +

qx

1− qx
log q, 0 < q < 1, (6.1)

where a is a real number. This function occurs in work by A. Salem [12] as the second
derivative of a function arising in Moak’s q-generalization of the Stirling formula [10].

Our next theorem is a complete monotonicity result involving the function H .

Theorem 6.1. Let

g(q) =
log 2 + log(q − log q − 1)− log(log2 q)

log q
, 0 < q < 1. (6.2)

The functionH(a, q, x) is completely monotonic on (0,∞) for a ≥ c(q) and −H(a, q, x)
is completely monotonic on (−a,∞) for a ≤ 0. Neither function is completely mono-
tonic on (0,∞) for 0 < a < c(q).
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Remark 6.2. The function g(q) increases from 0 to 1/3 as q increases from 0 to 1.

Proofs of most of the results of Theorem 6.1 and Remark 6.2 have been provided by
A. Salem [12, Theorem 2.1] using the sum formula (1.4) and Taylor expansions. Here
we put the results in the framework of the other results of the present article.

From (1.8), (1.9) and (1.10), we have

H(a, q, x) =

∫ ∞

0

e−xt

1− e−t
f(a, t) dγq(t), (6.3)

where
f(a, t) = e−t − 1 + t− (t2/2)e−at. (6.4)

It is clear that f(a, t) is increasing in a for each t ≥ 0. For a ≤ 0, we have f(a, t) ≤
f(0, t) = e−t − 1 + t − t2/2 < 0, t > 0. This shows that −H(a, q, x) is completely
monotonic on (−a,∞) for a ≤ 0.

To study the case α ≥ 1/3, we use

d2

dt2
etf ′(1/3, t) = et − e2t/3 +

2t2

27
e2t/3 > 0, 0 < t <∞.

Hence etf ′(1/3, t) is convex on (0,∞) and together with

etf ′(1/3, t) = t3/18 + 19t4/648 +O(t5), t→ 0+,

this shows that f ′(1/3, t) > 0 and since f(1/3, 0) = 0, we get f(1/3, t) > 0, 0 <
t < ∞ . Thus, for a ≥ 1/3, we have f(a, t) ≥ f(0, t) > 0, t > 0. This shows that
H(a, q, x) is completely monotonic on (0,∞) for a ≥ 1/3.

When 0 < a < 1/3 we find that the function f(a, t) is negative for t close to zero
and positive as t→ ∞. We use

f ′′(a, t) = e−t − e−at[1− 2at+ a2t2/2]. (6.5)

Writing h(a, t) = eatf ′′(a, t), we have h′′(a, t) = (1 − a)2e(a−1)t − a2, h′′′(a, t) =
(a− 1)3e(a−1)t < 0, so h′′(a, t) decreases from 1− 2a(> 0) to −a2(< 0) as t increases
from 0 to ∞. So h(a, t) has one point of inflection where it changes from convex to
concave, and since h(a, t) ∼ (3a − 1)t for small t and h(t) → −∞ as t → ∞, we see
that h(a, t) can have at most two zeros on (0,∞). Thus f(a, t) can have at most two
points of inflection, on (0,∞). Since f(a, t) is negative and concave for t close to zero
and positive as t→ ∞, we see that f(a, t) has exactly one zero z(a) on (0,∞). For if it
had more than one such zero, then it would have at least three points of inflection there.

Now since f(a, t) is an increasing function of a for each fixed t, we see that z(a) is
a decreasing function of a. We have

lim
a→0+

z(a) = +∞, lim
a→1/3+

z(a) = 0. (6.6)
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We will get complete monotonicity of H(a, q, x) on (0,∞) precisely for those values of
a for which f(a, t) dγq(t) ≥ 0 on (0,∞), that is for those values of a for which z(a) ≥
− log q, or for which f(a,− log q) ≥ 0. A calculation shows that this corresponds to
a ≥ g(q). The decreasing character of z(a) implies Remark 6.2, the limiting values
coming from (6.6).

7 The Case q > 1

We have confined our attention here to the q-gamma function in the case 0 < q < 1.
The usual analogous definition in the case q > 1 is

Γq(x) := (q − 1)1−xqx(x−1)/2

∞∏
n=0

1− q−(n+1)

1− q−(n+x)
, q > 1, (7.1)

leading to the two-sided limit

lim
q→1

Γq(t) = Γ(t), t > 0. (7.2)

It follows from the definitions (1.1) and (7.2) that, for all q > 0,

Γq(x) = q(x−1)(x−2)/2Γ1/q(x), x > 0. (7.3)

This shows that each of our results in the 0 < q < 1 case has a counterpart in the q > 1
case.
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