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Abstract

We investigate symplectic difference systems depending on a parameter. Using
the time scale approach, we suggest a “natural” dependence on a parameter which
preserves symplecticity of the investigated systems. In this case we present a result
concerning the existence of a central stability zone when the considered symplectic
system is periodic.
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1 Introduction

In this paper we consider the first order recurrence system

zk+1 = Sk(λ)zk, k ∈ Z, (1.1)

with Sk : R → R2n×2n and z ∈ R2n. Recall first that a symplectic difference system is
the first order system

zk+1 = Skzk, zk ∈ R2n, (1.2)

with Sk ∈ R2n×2n being symplectic, i.e.,

STk JSk = J , J =

(
0 I
−I 0

)
. (1.3)
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Symplectic difference systems attracted attention in several recent papers, see, e.g., [2,8,
12,14], partially because they are discrete counterparts of linear Hamiltonian differential
systems

z′ = JH(t)z, (1.4)

z ∈ R2n, H ∈ R2n×2n, HT (t) = H(t), and qualitative theory of (1.2) is very similar to
that of (1.4).

Note that symplectic matrices form a group with respect to the matrix multiplication,
so the fundamental matrix of (1.2)

Zk = Sk−1 . . .S1S0Z0, Z0 = I,

is a symplectic matrix at any index k. This is just the similarity between (1.2) and (1.4)
since the fundamental matrix of (1.4) is also symplectic. Qualitative theory of (1.4) is
deeply developed, see, e.g., [5, 13, 18], and the above mentioned papers on (1.2) show
that many results of this theory can be “discretized”, i.e., extended to (1.2).

If the matrix H in (1.4) is T -periodic, i.e., H(t + T ) = H(t), and we introduce a
multiplicative parameter λ in this system, i.e., we consider the system

z′ = λJH(t)z, (1.5)

there exists the deeply developed stability theory of periodic linear Hamiltonian sys-
tems, we refer to the fundamental paper [15] and the book [19] summarizing the results
of the Russian school in this area. Our “eventual” aim is to establish a similar theory for
symplectic difference systems (1.1) and this paper can be regarded as a first step in this
direction.

The first observation immediately reveals that if a matrix S is symplectic then the
matrix λS is generally no longer symplectic. This suggests the problem of a “natural”
dependence of S on λ which preserves symplectic structure of the system, similarly as
the Hamiltonian structure is preserved when H(t, λ) = λH(t). In a part of our paper
we are going to discuss this problem using the time scale calculus which unifies discrete
and continuous theories, see [3].

The paper is organized as follows. In the next section we consider a special case
of the λ-dependence in (1.1) and in Section 3 we show, using the time scales approach,
that this dependence is natural, in a certain sense, and corresponds to the simple mul-
tiplication in case of (1.5). In the last section we present a result on the existence of a
central stability zone in the case of λ-dependence treated in Section 2.

2 Exponential Dependence

In this section we suppose that

Sk(λ) = I +
∞∑
j=1

Rj
k

λj

j!
= exp{λRk}, (2.1)
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where
R∗kJ + JRk = 0, k ∈ Z. (2.2)

When S is a symplectic matrix (in particular, S is nonsingular), then we have

Sλ = exp{λ logS} =
∞∑
j=0

(logS)j
λj

j!

and it is known (see [7, p. 8]) that the logarithm of a symplectic matrix is the Hamilto-
nian matrix, i.e.,

(logS)∗J + J logS = 0

(here ∗ denotes the conjugate transpose of the matrix indicated). This justifies the as-
sumption (2.2). Next we show that (1.1) with Sk(λ) given by (2.1) is really a symplectic
difference system for every λ ∈ R.

For any λ ∈ C (we consider here also complex λ since these values of λ are needed
in general stability theory of periodic systems)

S∗(λ)J S(λ) = J + λ̄R∗J + λJR +
1

2!

[
(λ̄)2(R∗)2J + 2λ̄λR∗JR + λ2JR2

]
+ . . .

+
1

n!

[
(λ̄)n(R∗)nJ + nλ(λ̄)n−1(R∗)n−1JR+. . .+nλn−1λ̄R∗JRn−1+λnJRn

]
+. . .

=J + (λ̄− λ)(−JR)− (λ̄− λ)2

2!
R∗JR− (λ̄− λ)3

3!
R∗(−JR)R

+
(λ̄− λ)4

4!
(R∗)2JR2 + . . .+ (−1)n

(λ̄− λ)2n

(2n)!
(R∗)nJRn

+ (−1)n
(λ̄− λ)2n+1

(2n+ 1)!
(R∗)n(−JR)Rn + . . .

=J + (λ̄− λ)

[
−JR− λ̄− λ

2!
R∗JR + . . .+ (−1)n

(λ̄− λ)2n−1

(2n)!
(R∗)nJRn

+ (−1)n
(λ̄− λ)2n

(2n+ 1)!
(R∗)n(−JR)Rn + . . .

]
=J +(λ̄−λ)

[
∞∑
j=0

(−1)j
(λ̄−λ)2j

(2j + 1)!
(R∗)j(−JR)Rj

+
∞∑
j=1

(−1)j
(λ̄−λ)2j−1

(2j)!
(R∗)jJRj

]
.

Hence, Sk(λ) are symplectic for λ ∈ R and for every k ∈ Z.
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3 Time Scales Approach

In this section we briefly discuss the problem of λ dependence in (1.1) from time scales
point of view. First we recall some essentials of the time scale calculus. A time scale T is
any closed subset of the real numbers R with the inherited topology. The forward jump
operator σ is defined by σ(t) = inf{s ∈ T : s ∈ T} and the difference µ(t) := σ(t)− t
is called the graininess of a time scale. For a sufficiently smooth function f : T → R
we define

f∆(t) = lim
s→t

f(σ(t))− f(s)

σ(t)− s
.

Of course, we have f∆(t) = f ′(t) in the continuous case T = R and f∆(t) = ∆f(t) =
f(t+ 1)− f(t) in the discrete case T = Z.

An important role in our consideration is played by the so-called regressive matrix
group, see [4] and also [11]. Let µ ≥ 0 (later it will play the role of the graininess) and
define for X, Y ∈ Rn×n, n ∈ N, and λ ∈ R

X ⊕µ Y := X + Y + µXY

and for I + µX nonsingular

λ�µ X :=


1

µ

[
(I + µX)λ − I

]
if µ > 0

λX if µ = 0
,

where the power λ of the nonsingular matrix I + µX we define by

(I + µX)λ = exp{λ log(I + µX)}.

It is not difficult to show that for λ = n ∈ N we have n �µ X = X + . . . + X where
the sum on the right-hand side has n summands. The regressive matrix group is closely
connected with the time scale symplectic dynamic system (see [1, 6])

z∆ = S(t)z, t ∈ T, (3.1)

which is the first order system whose matrix satisfies

ST (t)J + J S(t) + µ(t)ST (t)J S(t) = 0. (3.2)

Under this assumption, the fundamental matrix of (3.1) is a symplectic matrix for every
t ∈ T (whenever it is symplectic at an initial condition). This is also the reason why
systems (3.1) with the matrix S satisfying (3.2) are called symplectic dynamic systems.
If T = R (i.e., µ(t) ≡ 0), then (3.1) reduces to linear Hamiltonian differential system
(1.4) and in the discrete case T = Z (µ(t) ≡ 1) we have the system

zk+1 = (I + Sk)zk (3.3)
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and (3.2) implies that (3.3) is a symplectic difference system (1.2) since then (3.2) is
equivalent to

STJ + J S + STJ S + J = (I + S)TJ (I + S) = J ,

which means that (3.3) is really a symplectic difference system.
The main statement of this section reads as follows.

Theorem 3.1. Suppose that the matrix S : T→ R2n×2n satisfies (3.2) and λ ∈ R. Then
the system

z∆ =
[
λ�µ(t) S(t)

]
z (3.4)

is again a symplectic dynamic system, i.e., its matrix λ�µ S satisfies identity (3.2).

Proof. First consider t ∈ T for which µ(t) = 0 (the so-called right dense points in
the time scales terminology). Then λ �µ S = λS and form (3.2) with µ = 0 we have
obviously (λS)TJ + λJ S = 0, i.e., λS satisfies (3.2) as well.

Hence, consider the case µ(t) > 0 (the so-called right scattered points). Then we
have

[λ�µ S]TJ+J [λ�µ S] + µ[λ�µ S]TJ [λ�µ S]

=
1

µ

[
(I + µST )λ − I

]
J +

1

µ
J
[
(I + µS)λ − I

]
+

1

µ

[
(I + µST )λ − I

]
J
[
(I + µS)λ − I

]
=

1

µ

[
−J + (I + µST )λJ (I + µS)λ

]
.

Hence, it suffices to prove that (I + µS)λ is a symplectic matrix. Using the matrix
logarithm we have(

I + µS)λ = exp{λ log(I + µS)} =
∞∑
j=0

1

j!
[log(I + µS)]j.

Since (3.2) with µ > 0 implies that the matrix I + µS is symplectic, its logarithm
R = log(I + µS) is a matrix satisfying (2.2) (see [7, p. 8]) and by the computation
from the previous section (where the matrix R plays the role of log(I +µS)) the matrix
(I + µS)λ is really symplectic.

Remark 3.2. If T = Z, then λ�µ=1 S = (I + S)λ and hence (3.4) takes the form

zk+1 = (I + Sk)
λzk.

which is system (2.1) with Rk = log(I + Sk) satisfying (2.2). From this point of
view, the dependence of Sk on λ studied in the previous section is a natural discrete
counterpart of the multiplicative dependence in the continuous case in (1.5).
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4 Central Stability Zone

In this concluding section we present a result concerning the existence of a central sta-
bility zone for symplectic system (1.1) with the λ-dependence given by the formula
(2.1). We suppose that the matrix sequence Rk is N -periodic, i.e.,

Rk+N = Rk (4.1)

for some integer N ∈ N.
Recall that a symplectic difference system (1.1) is said to be stable, if all its solutions

are bounded for k ∈ Z. A point λ = λ0 is called the strong stability point if there exists
ε > 0 such that (1.1) is stable for λ ∈ (λ0 − ε, λ0 + ε). Hence the set of strong stability
points is an open set, i.e., a union of open intervals, and the interval (if any) containing
inside λ0 = 0 is called the central stability zone.

Let us write the matrix Sk(λ) given by (2.1) in the form

Sk(λ) = I + λRk + o(λ) as λ→ 0.

Then the monodromy matrix of (1.1) is

ZN(λ) = SN−1(λ) · · · S0(λ) = I + λ
N−1∑
k=0

Rk + o(λ).

Theorem 4.1. Suppose that (2.2) and (4.1) hold. Denote

S [1] =
N−1∑
k=0

Rk.

If the matrix JS [1] is negative definite and the eigenvalues sj of S [1] are distinct, then
there exists l > 0 such that solutions of (1.2) are bounded for |λ| < l, i.e., the interval
(−l, l) is contained in the central stability zone of (1.1) and hence this zone is nonempty.

Proof. The proof is based on the statement that if A is a symmetric positive definite
matrix, then the equation det(A + iµJ ) = 0 has only real roots, see [9]. So, let A =
−JS [1] be positive definite and look for eigenvalues of S [1] in the form iσ. Then

0 = det(S [1] − iσI) = detJ (−JS [1] + iσJ ) = det(A+ iσJ ),

hence σ ∈ R and sj = iσj . Now, for λ ∈ R, |λ| small, the numbers γj(λ) = iσλ +
o(λ) are still different. However, at the same time, for λ ∈ R, the matrix UN(λ) is
J -unitary, i.e., U∗N(λ)JUN(λ) = J , hence its eigenvalues ρj(λ) = exp{γj(λ)} are
symmetric with respect to the unit circle and hence γj(λ) are symmetric with respect
to the imaginary axis. But this implies that γj(λ) itself are on the imaginary axis, i.e.,
|ρ(λ)| = 1. This implies the stability of the system in view of the statement that a
periodic difference system is stable provided its monodromy matrix has all eigenvalues
simple and situated on the unit circle in the complex plane.
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Remark 4.2. As we have mentioned in Introduction, this paper is just a first step to-
wards general stability theory of symplectic difference systems (1.1) similar to that for
linear Hamiltonian differential system presented in the book [19]. Symplectic differ-
ence systems cover as a special case second order matrix difference systems and linear
Hamiltonian difference systems. Elements of the stability theory of these periodic sys-
tems are established in the papers [10, 16, 17] and we are going to extend them to the
general symplectic systems (1.1).

Remark 4.3. Throughout the paper we consider a rather special dependence on the pa-
rameter λ given by (2.1), even if it is natural in a certain sense. If we ask the dependence
on λ to be analytic in a neighborhood of λ0 = 0, the general formula for Sk(λ) is

Sk(λ) =
∞∑
j=0

S
[j]
k λ

j, k ∈ Z, (4.2)

with S[j]
k satisfying identities which imply that the system is really symplectic and with

S
[0]
k = I for every k ∈ Z (since we ask λ0 = 0 to be a stability point which is the case

when all solutions are constant, similarly as for λ = 0 in the continuous case (1.5)).
We hope to develop the stability theory of general periodic symplectic systems with the
matrices Sk given by (4.2) in a subsequent paper.
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with applications. Birkhäuser Boston, Inc., Boston, MA, 2001.

[4] M. Bohner and A. Peterson. Advances in dynamic equations on time scales.
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