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Abstract

Existence and multiplicity of weak solutions for an elliptic system is studied.
By using Ekeland’s variational principle and the mountain pass theorem, we prove
existence of at least three weak solutions.
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1 Introduction and Main Result
We are concerned with the following elliptic system of (p, ¢)-biharmonic type:

A(|Aul2Au) = Moy () |[ulP2u + Fy(x,u,v)  in Q,
A(JAv|*?Av) = pho(z)|v|*?v + F,(z,u,v) in Q, (1.1)
u=v=Au=Av=0 ondf,

where 2 € RY(N > 1) is a bounded smooth domain, p,q > 1, FF € C*(Q x R? R),
F,, denotes the partial derivative of F with respect to u, and h; € C(Q), i = 1,2, are
nonnegative weight functions.

The investigation of existence and multiplicity of solutions for problems with p-

biharmonic operators has drawn the attention of many authors, see [3,4,6-9]. In [3],
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Li and Tang considered the following Navier boundary value problem involving the
p-biharmonic operator:

A(|Aul>Au) = M (2,u) + pg(e.w) in

1.2
u=Au=0 on0f2, (1.2)

N
where p > max {1, 5 and A, ¢ > 0. Under suitable assumptions, the existence of at
least three weak solutions is established. In [4], the authors studied the system
A(|AulP2Au) = AF, (2, u,v) + pGy(z,u,v) in Q,
A(|Av|T2Av) = A\F, (2, u,v) + uGy(z,u,v) in Q, (1.3)
u=v=Au=Av=0 ondf,

N
where p, ¢ > max {1, E} and A\, 4 > 0. By a technical approach based on the three

critical points theorem of Ricceri, they obtained existence and multiplicity of solutions.
In [6], Shen and Zhang studied the following system:

1
A (|AulP?Au) = Mul"?u+ —F,(z,u,v) inQ,
p

)
)

1
A (|Av]P2Av) = plo]"?v + —F,(z,u,v) in Y, (1.4)
p
u=v=Au=Av =0 on0df,
N N _
where 1 < ¢ < p < E,p** =N p2 A > 0,and F € C1(Q x (RT)?),RY) is
—&p

positively homogeneous of degree p**. The authors proved the existence of at least two
positive solutions when the pair parameters satisfy a certain inequality.

The purpose of this paper is to extend some of the results obtained in the paper [1],
for the case of (p, ¢)-Laplacian to the case of a fourth-order quasilinear system with
weight. We prove the existence of at least three weak solutions for system (1.1). Our
technical approach is based on Ekeland’s variational principle and the mountain pass
theorem. We assume that F'(z, u, v) satisfies the following condition:

Fy(x,s,t) _ Fy(x,s,t)

(F1) lim —22 =0, lim ——""" =, uniformly in = € Q.
|s|+|t| 00 hy ()| s|P~1 |s|+|t| o0 ho () [t]9T y

We introduce the space
X = (WP (Q)NWyP(Q) x (WH(Q) N WyQ)),
which is a reflexive Banach space endowed with the norm

[|(w, )] = [lullp + llv]lg;
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1/p 1/q
where |ul], = </ yAu|de> and |[o]], = (/ |Av[‘1dx> .
Q

Q
Consider the following problems:

A(|AulP2Au) = Mhy(2)|ulP?u  in Q,

u=Au=0 ondf (1.5)

and
A(|Av|T?Av) = pho(z)|[v|7 %0 in Q,

v=Av=0 on0f.
Let Ay, 41 denote the first eigenvalues of problems (1.5) and (1.6), respectively. Accord-

ing to the work of Talbi and Tsouli [8], since h; € C(Q2) and h; > 0,7 = 1,2, \; and
are positive, simple, isolated and are given by

(1.6)

A\ = inf {Hqu tu € WHP(Q)N Wol’p(Q),/ hy(x)|ulPdx = 1} :
Q

(1.7)

(= inf {H’UHZ tv € W) N Wol’q(Q),/ ho(x)|v|?dz = 1} :
0

Therefore,

/ |AufPdz > Ay / h (@) ulda for allu € W2P(Q) N W7 (€2),
/Q |Av|dzr > py /Q ha () |o|*da for allv € W29(Q) VW5 *(Q).

Let ¢; and v; be the corresponding normalized eigenfunctions to A; and i, respec-
tively. Moreover, let

Ay = inf {\ : X is an eigenvalue of (1.5) with A > A\, },

1.9
po = inf {p : pis an eigenvalue of (1.6) with p > 4} . (1.9)

The fact that \; and p, are isolated imp_lies that \y < Ay and py < po. It can also be
shown (see Lemma 2.1) that there exist A € (A1, A\o] and @@ € (11, o] such that

/]Au|pdx EX/ hy(z)|u|Pdx (1.10)
Q 0
for all u € W?P(Q) N W, ?(Q) with / hi(2)|o1 [P~ 2p1uds = 0,
Q
/]Av|qu zﬁ/ o (2) 0] d (L11)
Q Q

for all v € W29(Q) N W, () with / ha(2) |17 %9 vdr = 0. Now we are ready to
Q

state our main result.
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Theorem 1.1. Assume that (F'1) holds and
lim F(z,sp1,t) = 400, uniformly in x € ). (1.12)

Isl;[t|—o0

Then, for A < A\ and . < py sufficiently close to A1 and 1, problem (1.1) has at least
three solutions.

Remark 1.2. An example of a nonlinear F' that satisfies the assumption (F}) is:

F(z,s,t) = hy(z)he(z)In (|s|P + [t|? + 1) forall (z,s,t) € Q x R?,

where p, ¢ > 1 and hy, hy € C(S2) are considered as in problem (1.1).

2 Preliminaries and Proof of Theorem 1.1
Let us denote by (1) and (¢/1) the linear spans of ¢ and 1)y, respectively. Define
V = (o) x (1), e
W = {(u,v) € X: /th(x)|<p1|p_2g01udx = 0,/Qh2(:1:)|¢1|q_2¢1vd:v = 0}. (2.2)

Then we can decompose X as a direct sum of V' and W. In fact, let (u,v) € X. Writing
u=oap +w and v= Y+ z,

where (w, z) € X,
Y / hn(@)|r P2 pruds and 8 = i / P2t 2p0dz. (23)
Q Q
One has
/|A¢1|pdx_ | and /|A¢1|qu_ 1,
Q Q

/ hl(x)\¢1]p’2¢1wdx =0 and / hg(x)\w1|q’21plzdx =0.
Q Q

Therefore, (w, z) € W and
X=VoW

We begin by establishing the existence of A and 7z for which (1.10) and (1.11) hold.
Lemma 2.1. There exist \ € (A1, \o] and Ji € (1, po] such that

/ Aufrdz > X / () [ulPd. 2.4)
Q Q

/ |Av|idz > ﬁ/ ho(z)|v|%dz, (2.5)
Q Q
Sforall (u,v) € W.
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Proof. For simplicity, we set

ot ={uewr@awire [ m@lal et o},
Q (2.6)

ot = {o e W@ W) | bl ords =0}
Q

Let

A = inf {||u||§ LU € o1, / hy(2)|ulPdx = 1} :
Q

This value is attained in ¢7 . To see why this is so, let u,, be a sequence in 7 satisfying

/ hi(z)|u,|Pdz = 1 for all n, and / |Au,|Pdx — A. Tt follows that u,, is bounded in
Q Q

W2P(Q) N W, 7(Q) and therefore, up to a subsequence, we may assume that
U, — u weakly in W*P(Q) "W, P(Q) and u, — u strongly in LP(Q).

From the strong convergence of the sequence in L”({)), we obtain

/hl(:v)]u\pdx: lim /hl(x)|un\pd:v: 1
Q n—oo Q

and
/ hi ()1 prude = lim / hi () |1 [P prunda = 0,
Q n—oo Q

so that u € gof. By the weakly lower semicontinuity of the norm || - ||,,, we get

A< / |Au|Pdx < liminf/ |Aw,|Pdx = A,

and hence \ is attained at u.
Now we claim that A > ;. It follows from (1.7) that A > ;. If A = Ay, then by
simplicity of \; there is o € R such that u = a;. Since u € 7,

a/ hy(z)|p1|Pdx = 0,
Q

which implies v = 0. This contradicts the fact that / hy(x)|u|Pdx = 1. So, choose
Q

A = min{\, \o}. It is clear that \ satisfies (2.4).
In the same way, we prove the existence of 71 € (1, u2| such that (2.5) holds, and
the proof of the lemma is complete. [
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Definition 2.2. We say that (u,v) € X is a weak solution of problem (1.1) if
/ | AulP2 AulApdx + / | A2 AvApdr — / hy(2)|ulP*updx
Q Q Q

—/hg(a:)|v|q_2v¢)da7—/Fu(:v,u,v)godx—/Fv(x,u,v)¢dx:0
Q Q Q

for all (¢,v) € X.

The corresponding energy functional of problem (1.1) is given by
1 1 A 1
I(u,v) = = [ |Au|Pdx + = | |Av|%dx — = [ hy(z)|ulPde — = [ ho(z)|v|%dx
D Ja q.Jo P Ja q.Ja
— / F(x,u,v)dz. 2.7
Q

Let us consider the functional 7'(u,v) = / F(z,u,v)dz.
Q

Lemma 2.3. Assume that (F1) holds. Then T € C'(X,R) and

(T'(u,v), (a,b)) = /QFu(x, u,v)a + Fy(z,u,v)bdx

forall (u,v), (a,b) € X.

Proof. It suffices to observe that by (F'1), and using the fact that F,, F; € C'(Q x R* R)
for any € > 0, there exists C. > 0 such that

|Fy(x,5,1)] < ehy(z)]s]P~ + C., 2.8)

|Fi(x,s,t)| < ehy(2)|t|T + C., '

for all (z, s,t) € Q x R?, O
In view of Lemma 2.3, we have I € C*(X,R).

Lemma 2.4. Assume that (F'1) holds. Then, for A < \y and p < p, the functional 1
is coercive in X and bounded from below on W. Moreover, there exists a constant m,
independent of \ and yi, such that i‘I/1Vf I(u,v) > m.

Proof. By Holder’s inequality, from (2.8) we have

|F(x,u,v)| <

/|Fs(x,s,v)|ds+/ |E(x,0,t)|dt+F(m,0,0)‘
0 0

| em@is s coas+ [

< ;hl(m)\mf" 4 Clul + ghg(gg)mq O]+ M,

v

<

(eho(z)[t|7! + Ca)dt’ +M
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where M = max |F(z,0,0)|. It follows from (1.8) that

e

/|F(x,u,v)|dx
Q
1 1
<: (—/hl(x)|u\pd:c—|——/hg(:c)|v|qu)
P Ja q Jo
+ C. (/ |u|dx—i—/ |v|dx> + M|Q|
Q Q
< i/ ]Au|pdaﬁ+i/ |Av|%dx
pA1 Jo am Jo
1 1
QT S, (/ \Au|pdx)p QT S, </ |Av|qu>q + M|9|
Q Q
< i/ ]Au|pdx+i/ |Av|%dx
pA1 Jao am Jo
1 1
</ ]Au|pdx>p + (/ ]Av\‘%lx) '
Q Q

< i/ yAu|pdx+i/ Avftdz + ||, 0)]| + M9, (2.9)
pA1 Jo qu1 Jo

+ CL + M|Q|

where S; and S, are the embedding constants of W?2P(Q) N W, *(Q) — LP(Q) and
W24(Q) N W, 9(Q) — L), respectively, and

ol =C. max{|9|%sl, |Q|%52}.
For A < A\; and p < pq, from (1.8), (2.7) and (2.9), we get

I(u,0) > ]19 (1 - —> / Aufrde + - (1 - —) / |Av|dz

— Cl|(u,v)|| — M|Q|. (2.10)

1 A
Choose e = ~mind A\ (1= 2 ), (12 )L Thus
2 )\1 ,ul
i

S ey (1= | ’
I(u,v) > AulPde + — (1 — — Avlldx — CL||(u,v)|| — M|Q
(u,v) h Q| | % Q| | [I(w, v)]| 1€2]

(L) £ ([fra [

— C||(u,v)|] = M|Q]. 2.11)

Let us make the following remark.
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Remark 2.5. For all s,t > 0 we have

min(p,q) )
1> S 2m1n(p,q)(t + s+ 1)'

1 1
(tp + s4

Then,

1 17 min(p,q)
1 P q
|AulPdz+ [ |Av|idr > — |AulPdz ) + |Av|%dx —1.
9min(p,q)
Q Q Q Q

It follows from (2.11) that

1 1 A 1 1 . .
T M - _ - - _ min(p,q) __ omin(p,q)
I(u,v) > 91+min(p,q) rn {p (1 )\1) "q (1 Ml)} (H(U’U)H ’ )
— CL||(u,v)|| = M|Q]. (2.12)

Since p, g > 1, I is coercive in X. Similarly, let (u,v) € W. By Lemma 2.1 we get

1 1
I(u,v)Z—(1—i—i>/|Au|pdx+—(l—g—i)/|Av|qu
p A A Ja q moop) Ja

= Cl[(u, )| — M€

1 1
Z—(1—2—3)/|Au|pd:ﬂ+—<1—@—£)/|Av|qdw
D A M/ g q BB/ Jo

— G2l (u, )| = M1Q2].

1 A
Choose ¢ = — min {/\1 (1 — :1) ) I (1 - @) } Thus
2 A 1

1 A 1

Tu,v) > ~ (1 _ :1) / Aufrdr + (1 - @) / |Av|?dz
2p A Ja 2q ) Jo
— Cl|(u,v)|| = M|Q|

1 . 1 )\1 1 H1 min(p,q) min(p,q)
2 g {; (1-3) 5 (1= ) s 2w
— C|(u,0)|| = M|Q. (2.13)

Hence [ is bounded from below on 1. Moreover, we can find a constant m independent
of A and x such that i%f I(u,v) > m, and the proof of the lemma is complete. O

Lemma 2.6. Assume that (F'1) and (1.12) hold. Then, for A < Ay and < py suffi-
ciently close to A\, and 1, respectively, there exist s~ < 0 < st andt™ < 0 < t* such
that I(s* @1, tT1) < mand I(s~p1,t 11) < m, where m is given by Lemma 2.4.
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Proof. By definition of \; and y;, we have

I(sp1,tr) = /’ASO |pdij /|A¢1’qd$

- A' L[ @l —u—’ [ e~ [ Foson s

_up " [ s - Al / Mgz

1p Q

q
't' / N 't' L [1auiar— [ Pl

Q Q
Ith 1
__ 1_— +—|1—— ) — [ F(z,spi,t)dx. (2.14)

P A q 251 Q

By Fatou’s lemma and from (1.12), there exist s™,¢" > 0 such that

/ F(x, 5T, tT))de > —m + 1 (2.15)
Q

A\ .
for A — zé +1>p <A<\ and py — Q?tlil)q < 1 < . Relations (2.14) and (2.15)
imply that

I(sTop,tty) < m.

Similarly, we get I(s™ 1,t 11) < m, for some s, ¢~ < 0, and the proof of the lemma
is complete. O

Proof of Theorem 1.1. First we show that [ satisfies the (PS) condition in X. Let
{zn = (un,v,)} C X be a (PS) sequence. Since [ is coercive, z, is bounded in X,
so up to subsequence, we may assume that z, — z = (u, v) weakly in X. Therefore,

(I' (U, vp), (uy — u,0)) = 0,(1). (2.16)

By Holder’s inequality, we have

p=1 1
/ o (&) [t |2t (11, — ) < [P (/ \un|pd:c) ’ (/ up — u\pd:v)
Q 0 Q
(2.17)
Since u,, — w in LP(£2),
m [ hy () [un P2 up (u, — u)dx = 0. (2.18)
n—oo QO
By (2.8), it is easy to see that
lim [ F,(x,up,v,)(u, —u)de = 0. (2.19)

n—oQ Q
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Combining (2.16), (2.18) and (2.19), we obtain

lim [ |Au, P 2AunA(u, — u)de = 0.

n—oo 9]

In the same way, we have

lim [ |AulP"*Aul(u, —u)dz = 0.
0

n—o0

Therefore,

0= lim [ (|Au,|P?Au, — |Au|P2Au)A(u, — u)ds

n—oo 9]

> tim ([ 127 [l ) Ul — [l

and |[up||, — ||u|],. By the uniform convexity of W2?(€2) N W, (), it follows that
U, — u strongly in W2P(Q) N W, *(Q). Similar arguments yield that v,, — v strongly
in W2(Q) "W, %(Q), so that z, — z strongly in X, and [ satisfies the (P.S) condition.
Let

A ={z€ X :2==%(sp,th) +w, 5,t >0, we W} (2.20)

and {z,} C A" be such that I(z,) — ¢ < mand I'(z,) — 0 as n — oo. Then z, — 2
strongly in X. Note that 9AT = W. So, if = € AT, then it follows from i%f I > m that

I(z,) — ¢ = I(z) > m, which is impossible. Therefore, z € AT, and hence I, satisfies
the (PS).a+ for all ¢ < m. Similarly, I satisfies the (PS). - for all ¢ < m. In view
of Lemma 2.6, for A < A; and p < p; sufficiently close to \; and i, respectively, we
have

—o0 < infl < m. (2.21)
At

By Ekeland’s variational principle in A+, there exists a sequence {z,} C A™ such that

I(z,) — 1[{1+fl and I'(z,) — 0.

Since I satisfies the (PS). s+ for all ¢ < m, there exists z* € A™ such that

Jr o
I(z )—1[{1+fl.

Similarly, we find 2~ € A~ such that /(z7) = 1/{1f I. Hence I has two distinct critical

points 2™ and z~. Now, we prove the existence of the third solution. To fix ideas,
suppose that I(z*) < I(z~) and put

J2)=1(z+2")-1(z7), e=z"—2".
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So, J(0) =0, J(e) < 0. We can find r > 0 such that B(z—,r) C A~ thus

inf I(z)>1(z7)

Iz l|=r
and hence Hilrllf J(z) > 0. Let
= inf I(~(t 2.22
¢ = inf max (v(®)), (2.22)

where
I'={yeC([0,1,X):7(0) =27, v(1) =z"}.

Since J also satisfies the (P.S) condition and .J' = I’, it follows from the mountain pass
theorem (see [5], see also Theorem 6.2 in [2]) that ¢ is a critical value of /. Note that all
paths joining 2~ to 21 pass through W, ¢ > m. Therefore, the third solution is obtained,
and the proof of our theorem is complete. [
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