Advances in Dynamical Systems and Applications
ISSN 0973-5321, Volume 8, Number 1, pp. 149-156 (2013)
http://campus.mst.edu/adsa

Two-Parameter Eigenvalues Steklov Problem
involving the p-Laplacian

Abdellah Zerouali
Centre Régional des Métiers de 1I’Education et de la Formation (CRMEF)
Rue de Koweit, Ville Nouvelle, BP 49, Fes, Maroc
abdellahzerouali@yahoo.fr

Belhadj Karim
Faculté des Sciences et Techniques
Université Moulay Ismail, Errachidia, Maroc
karembelf@gmail.com

Aomar Anane and Omar Chakrone
Faculté des Sciences
Université Mohamed I, Oujda, Maroc
ananeomar@yahoo. fr and chakrone@yahoo. fr

Abstract

We study the existence of eigenvalues for a two parameter Steklov eigenvalues
problem with weights. Moreover, we prove the simplicity and the isolation results

of the principal eigenvalue. Finally, we obtain the continuity and the differentia-
bility of this principal eigenvalue.
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1 Introduction

Consider the two parameter Steklov eigenvalues problem
Ayu = dmy (x)|ulP~u in €,
1.1
Va2 5 = sl on 09, b
14
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where ) is a bounded domain in RY(N > 2) with smooth boundary 02, v is the
unit outward normal to 92, X € R" is a parameter, ;1 is a number and the operator
A, = div (|Vu|*Vu) is the p-Laplacian with 1 < p < co. The weight function m;
satisfies the following assumption:

my € L*(Q) and my(z) > const > 0. (1.2)

We also assume that the weight function ms is indefinite, which satisfies the following
assumption:

my € LY(ON2) and m3 # 0 on 09, (1.3)

suchthatg > (N —1)/(p—1)ifl<p< Nandg > 1ifp> N.

The growing attention in the study of the p-Laplacian operator is motivated by
the fact that it arises in various applications, for example, non Newtonian fluids, re-
action diffusion problems, flow through porus media, glacial sliding, theory of super-
conductors, biology, and so forth — see [4, 9] and the references therein. The case
A = 0 was considered by Torné in [8]: he showed, using the infinite dimensional
Ljusternik—Schnirelman theory [7], that problem (1.1) admits a sequence of eigenval-
ues and he investigated some nodal properties of eigenfunctions associated to the first
and second eigenvalues. Amongst other results he proved that if max(ms,0) # 0 and

mado < 0, then the first positive eigenvalue is the only eigenvalue associated to

9]
an eigenfunction of definite sign and any eigenfunction associated to the second posi-

tive eigenvalue has exactly two nodal domains. In this case we have shown in [1] the
existence of another nondecreasing unbounded sequence of positive eigenvalue of the
problem (1.1) by using a deformation lemma. We also established some properties for
the first and the second positive eigenvalues. Bonder and Rossi studied the case A = 1
and m, = 1: they proved that there exists a sequence of variational eigenvalues and that
the first eigenvalue is isolated, simple and monotone with respect to the weight [5].

The plan of this paper is the following. In Section 2 we use a variational method
to prove the existence of a sequence of eigenvalues for the problem (1.1). In Section 3,
we establish the simplicity and the isolation results of the principal eigenvalue. Finally,
in Section 4 we establish the continuity of the eigenpair (1 (A),u(\)) in A and the
differentiability of the principal eigenvalue i ().

2 Existence of Eigenvalues

A sequence of eigenvalues of problem (1.1) can be obtained as follows: the space
W?(Q) will be endowed with the usual norm

1/p
||lul| == (/ |Vu]pd:z:+/ |u|pdac>
Q Q
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and the weak solutions of (1.1) are defined by
/ |VulP?VuVpdr + )\/ my (x)|uP*updr = ,u/ my () [ulPPupde  (2.1)
Q Q o0

for all ¢ € W?(Q), where do is the N — 1 dimensional Hausdorff measure. We can
introduce the equivalent norm

1/p
||| = (/ |Vu\pdx+)\/m1|u\pdx>
Q Q

and consider the even functional
1
Pa(u) = ];IIUIIK Vu € 3,

where

1
Y= {u e WH(Q); = [ malulPdo = 1} :
D

o9
For any k € N* let

Fi = {.A C 3; there exists a continuous odd surjection h : S¥1 — A} ,

where S*! represents the unit sphere in R*. Next we define

pr(N) = f%gjﬁ_k max ox(u). (2.2)
The set F, is nonempty (see [1]), thus 1, (\) is well defined.
The following theorem studies the particular case A = 0, where the eigenfunctions
of problem (1.1) are p-harmonics. This theorem was proved in [1].

Theorem 2.1 (See [1]). In the case A = 0, we have the following assertions.

1. Assume that (1.3) holds. Then p;(0) given by (2.1) is a nondecreasing and un-
bounded sequence of positive eigenvalues.

2. Assume that (1.3) holds and / mg do < 0. Then 111(0) > 0 is the first positive

eigenvalue of problem (1.1). ]Valgreoven 11(0) is simple and isolated and it is the
only nonzero eigenvalue associated to an eigenfunction of definite sign. Also,
12(0) is the second positive eigenvalue of problem (1.1) and any eigenfunction
associated to yi2(0) has exactly two nodal domains.

Now we study the case A > 0, where the eigenfunctions of the problem are no longer
p-harmonic. The proof is an adaptation of the variational method of [1], which is based
on the deformation lemma. The following theorem is the main result of this section.
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Theorem 2.2. Let my and my be two weight functions satisfying assumptions (1.2)
and (1.3), respectively. If A > 0, then ui(\) given by (2.2) is a nondecreasing and
unbounded sequence of positive eigenvalues.

Lemma 2.3. Functional ¢, satisfies the Palais—Smale condition on ..

Proof. Let (ux) C ¥ and ¢ > 0 such that |¢y(ug)| < ¢ and ¢\ (ug) = Al (ux) —

1 1
Ax(up)B'(ug,) — 0in (W'P(Q)), where Ay(u) = —||u||} and B(u) = —/ mo|ulP.
D D Joaa
The sequence (uy) is bounded since ¢, is coercive for a subsequence uy, — u weakly in

WP(Q)). It remains to show that u;, — u strongly in W'?(€2). Using the compactness

property of the trace mapping, it follows that A} (u;,) — c¢B’(u) strongly in (W2(Q))’,

where ¢ = klim Ax(ug). As Ay - WHP(Q) — (WP(Q)) is an homeomorphism, then
—+00

up — u = (A)) "' [eB’(u)] strongly in WP(Q). O

Since ¢ is of class C*(€2) and the Palais—Smale condition has been verified, we can
apply a deformation lemma which plays a fundamental role in proving that ¢, has a crit-
ical value. Observe that, since ¢, is even on ., the deformation preserves symmetries
(see [6, p. 79)).

Lemma 2.4 (Deformation lemma). Let 5 € R be a regular value of ¢, on X and let
€ > 0. Then there exists € € (0,€) and a continuous one-parameter family of homeo-
morphisms, 1 : S x [0, 1] — S, with the following properties:

1. Y(u,t) =u, ift =0orif|pr(u) — | > €forall u € 3;
2. ox(¥(u,t)) is nonincreasing in t for any u € S;

3. ifor(u) < B+eforallu € E, then ¢x(P(u,1)) < B — €
4. Y(—u,t) = —(u,t) forany t > 0 and any u € X.

Proof of Theorem 2.2. Let A > 0 and suppose, by contradiction, that z;(\) is a regular
value. Using € = 1 and § = () (in Lemma 2.4), let € € (0, 1) and 1), be the objects
guaranteed by the deformation lemma above. By definition, there is an A € F}, such that
sup ¢x(u) < pp(N\) + e Butif b : S*¥' — Ais a continuous odd surjection, then so is
ueA
Y(h(-),1) : S¥1 = (A, 1). Thus, (A, 1) € Fpsuchthat sup ¢y (u) < pp()) —e,
u€P(A,1)

which contradicts the definition of zi ().

Now we prove that s () is nondecreasing. Let € > 0, there exist A € Fi, 1 such
that pi 1 (\) +€ > max dx(u) and there exist k : S¥ — A a continuous odd surjection.

ue

Put A" = h (S*~! x {0}), we have A’ C Aand A’ € F; indeed h : S*' — A’ such
that h = h o b where b : SF~1 — §F 1 x {0} : (21, 29,...,2%) = (21, 22,...,2,0).
Thus 4;,(A) < max ¢, (u) < max ox(u) < pir1 (A) + €.
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It remains to prove that the sequence () is unbounded. For all & and A > 0 we
have px(A) > 114(0). Under Theorem 2.1, the sequence 1, (0) is unbounded, thus the
sequence i () is also unbounded. O

3 Qualitative Properties of the Principal Eigenvalue

Assume in this section that the weights m; and ms satisfy, respectively, (1.2) and (1.3).
Now, we are concerned with the study of the principal eigenvalue 1i;() defined by the
following variational characterization:

pi(A) = inf {1/ |Vu|pdx+é/m1|u|pdx}. (3.1
uex (P Jao D Ja

Let us note that all solutions of problem (1.1) are of class Ch*(Q) in the case A = 0
(see [8]) and are of class C**(€2) in the case A > 0 (see [2]).

Theorem 3.1. For any \ > 0, the eigenvalue 111(\) defined by (3.1) is simple and the
eigenfunctions associated to (11 (\) are either positive or negative in ().

The proof is a straightforward adaptation of our work in [1], so we only make a
sketch in order to make the paper self contained. The following lemma derives from
Picone’s identity.

Lemma 3.2. Let u and v be two nonnegative eigenfunctions associated to some eigen-
values 1 and [i, respectively. Then

0< (u—f) [ ma(z)udo (3.2)
o0

and equality holds if, and only if, v is multiple of u.

Proof of Theorem 3.1. By Theorem 2.2, it is clear that ;1 () is an eigenvalue of prob-
lem (1.1) for any A > 0. Let u be an eigenfunction associated to y1(\) so that |u| is a
minimiser for (3.1) and is thus an eigenfunction associated to (). It follows from the
maximum principle of Vazquez that |u| > 0 in {2 and we conclude that u has constant
sign. Taking © = 1 = p1(\) in (3.2), we see that any eigenfunction v associated of
1 (X) must be a multiple of u, so that 1 (\) is simple. O

To prove the isolation of 11 (), we need the two following lemmas.

Lemma 3.3. Let (k,q) € N*xNandlet A\ € RT. If .(\) = pgs1(N) = -+ = pigrq(N),
then y(K) > q+1 where K := {u € X;u is an eigenfunction associated to j(\)} and
v(K) is the Krasnoselski genus of K.

The Lemma 3.3 is proved by applying a general result from infinite dimensional
Ljusternik—Schnirelmann theory.
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Lemma 3.4. For each A\ > 0, p1(X) is the only positive eigenvalue, having an eigen-
Sfunction that does not change sign on the boundary 0).

Proof. For the proof, we use Lemma 3.2. Taking u = p1(\) in (3.2), we see that no
eigenvalue i > p;(A) can be associated to a positive eigenfunction. Thus p1()) is the
only positive eigenvalue associated to an eigenfunction of definite sign. 0

Theorem 3.5. For each A > 0, i1 () is isolated.

Proof. Tt suffices to prove that yi»() is indeed the second positive eigenvalue of problem
(1.1), ie., 1 (A) < po(A) for all A > 0 and if () < p < pa(X), then u is not an
eigenvalue of problem (1.1). By Theorem 3.1, v(K;) = 1 where the set K is defined
by K; := {u € X;uis an eigenfunction associated to z1;(A\)}. Thus, by Lemma 3.3,
(1 (A) < p2(A). By contradiction, we suppose that y is an eigenvalue of problem (1.1).
Let u be an eigenfunction associated to . Since p # 1 (\), we deduce by Lemma 3.4
that u™ = max(u, 0) # 0 and v~ = min(u, 0) # 0. It follows from (2.1) that

/|Vu+|pdx—|—)\/m1(x)]u+|pdx:,u/ my(z)|ut|Pdo,
Q 0 20

/ \Vu~™|Pdx + )\/ my(z)|u” [Pdr = ,u/ mo(z)|u~ [Pdo.
Q Q 89
Assume that v is normalized in such a way that

1 1
— [ mo(x)|utPde = —/ mo(x)u~|Pdo = 1.
P Jaa P Joa

Let K := {au" + pu";a, 3 € Rwith |aff + |8 = 1}and h : S* — K : (a,b) —
la|» " au® + |b]7 " bu”, where S* := {(z,y) € R%: 22 + y* = 1}. We have that h is a
continuous odd surjection. Consequently, ' € F5 and therefore
1 A
p2(A) < max (—/ IV (aut + pu”) [P de + = / my(z)|aut + ﬁu_|pdx)
lalP+[BIP=1 \ D Jq P Ja

This is a contradiction. The proof of the isolation of 1 () is complete. [

4 Continuity and Differentiability in \

The assumptions on weights m; and my in this section are those of Section 3. We

assume again that mado < 0. The following investigation adopts the scheme of
o9
Binding and Huang [3]. Let A € R" and (u1(\), u(\)) be the corresponding eigenpair.

Henceforth we normalize the eigenfunction u(A) to u(A) € ¥ with u(A) > 0. In the
following theorem, we consider continuity of the eigenpair in A\ and differentiability of
the principal eigenvalue 11 () in .
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Theorem 4.1. For any bounded domain (), the function A — () is differentiable on
R" and the function X — u()) is continuous from R" into W*(Q). More precisely,

/ml )\0 pd.T V)\0>0 (41)

Proof. By (3.1), itis easy to see that A\ — 1(\) is a concave function in R;". Continuity
of A = u1()\) in R} follows from the concavity. It remains to show right continuity
from zero. Let ¢ be an eigenfunction associated to y1(0). For all A > 0

1
p1(0) < pup(A) < - (/ \Vgolpdx+)\/ m1|<,0]pda:) :
D \Ja Q

Passing to the limit as A — 0%, we have 15 (\) — 1(0) as A — 07,
To prove the continuity of A — u()), we proceed as follows. Let A C R" be
bounded. For \ € A, since

() = / Vu(N) Pz + 2 / i ()| u(\)Pdz < const,
P Ja P Ja

u(A) is bounded in W'P(€2), u(A) — uo weakly in W'P(€2) and strongly in LP({2) and
strongly in LP(02) as A — Ay € A. Passing to the limit in the equality

/|Vu()\)|p_2Vu()\)Vg0d:r—l—)\/m1|u()\)|p_2u<pd:1:
0 0

“4.2)
= m(A) [ malu(N)P?u(N)edo,
o0
we have
/ V[P VueVipdr + )\0/ may|uo P *ugpda
@ @ (4.3)
= (M) [ maluoPPugpdo.
o9

On the other hand, ug # 0 (since ug € ). Thus uy is an eigenfunction associated to
1 (Xo). By simplicity of 11 (\g), we have ug = u(Ag). Taking ¢ = ug in (4.3),

1 A
—/ Vol dz + —O/ml(ﬂf)ludpdﬂf = p1(Ao)- (4.4)
P Ja P Ja
For ¢ = u(A) in (4.2), we get
1 A
—/ |Vu(N)|Pdx + —/ml(x)|u()\)|pdx = 1 (N). 4.5)
pJa D Ja
Letting A — A in (4.5), we have

1
lim — /|Vu |pdx———/m1 MNuo|Pdz + p1(Xo) = p/|Vu0|pda:.
Q

A— Ao p
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Since u(\) — ug strongly in LP(Q), ||u(N)|| = |luo|| as A — A¢. Finally, by the uniform
convexity of W*(Q), we conclude that u(\) — uy = u(\g) strongly in WP(Q)
as A — \g. For the differentiability of A\ — (), it suffices to use the variational
characterization of y1(\) and of 1 (\g), so that

Ao — Ao —
0 / mi(2)(u(\)Pdz < pr(Xo) — p(N) < 22 / ma(z)(u(Xo))Pdz
for all A\, \g € R. Dividing by A — \q and letting A\ — )\, we obtain (4.1). ]
References

[1] A. Anane, O. Chakrone, B. Karim and A. Zerouali, Eigenvalues for the Steklov
problem, Int. J. Math. Stat. 7 (2010), no. W10, 67-72.

[2] A. Anane, O. Chakrone and N. Moradi, Regularity of the solutions to a nonlinear
boundary problem with indefinite weight, Bol. Soc. Parana. Mat. (3) 29 (2011),
no. 1, 17-23.

[3] P. A. Binding and Y. X. Huang, The principal eigencurve for the p-Laplacian, Dif-
ferential Integral Equations 8 (1995), no. 2, 405-414.

[4] F. Cirstea, D. Motreanu and V. Radulescu, Weak solutions of quasilinear problems
with nonlinear boundary condition, Nonlinear Anal. 43 (2001), no. 5, 623-636.

[5] J. Ferndndez Bonder and J. D. Rossi, A nonlinear eigenvalue problem with indef-
inite weights related to the Sobolev trace embedding, Publ. Mat. 46 (2002), no. 1,
221-235.

[6] M. Struwe, Variational methods, Springer, Berlin, 1990.

[71 A. Szulkin, Ljusternik-Schnirelmann theory on C !_manifolds, Ann. Inst. H.
Poincaré Anal. Non Linéaire § (1988), no. 2, 119-139.

[8] O. Torné, Steklov problem with an indefinite weight for the p-Laplacian, Electron.
J. Differential Equations 2005 (2005), no. 87, 8 pp.

[9] N. S. Trudinger, On Harnack type inequalities and their application to quasilinear
elliptic equations, Comm. Pure Appl. Math. 20 (1967), 721-747.



