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Abstract

In this paper, based on the theory of calculus on time scales and some basic re-
sults about almost periodic differential equations on almost periodic time scales, a
class of BAM neural networks with variable coefficients are studied on almost pe-
riodic time scales, some sufficient conditions are established for the existence and
global exponential stability of the almost periodic solution. Finally, two examples
and numerical simulations are presented to illustrate the feasibility and effective-
ness of the results.
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1 Introduction

In recent years, BAM neural networks have been extensively studied and applied in
many different fields such as signal processing, pattern recognition, solving optimiza-
tion problems and automatic control engineering. They havebeen widely studied both
in theory and applications. In [6,10,17,24,28,30], some sufficient conditions have been
obtained for global stability of delayed BAM networks, in [21, 26, 27]; the exponential
stabilities of stochastic BAM neural networks have been studied; in [22, 25]; the prob-
lems of passivity analysis for BAM neural networks have beeninvestigated. Moreover,
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authors in [2, 9, 19, 23, 29, 31] investigated the periodic oscillatory solution of BAM
neural networks. It is well known that studies on neural dynamical systems not only
involve a discussion of stability properties, but also involve many dynamic behaviors
such as periodic oscillatory behavior, almost periodic oscillatory properties, chaos, and
bifurcation. In applications, almost periodic oscillatory is more accordant with fact.

In [3], the authors considered the BAM networks with variable coefficients of the
following form:






x′i(t) = −ai(t)xi(t) +
p∑

j=1

pjifj(yj(t− τji)) + Ii(t),

y′j(t) = −bj(t)yj(t) +
n∑

i=1

qijfi(xi(t− σij)) + Jj(t),

(1.1)

whereτji andσij are nonnegative constants,i = 1, 2, · · · , n, j = 1, 2, · · · , p. By
using a Banach fixed point theorem and constructing suitableLyapunov functions, some
sufficient conditions are obtained ensuring existence, uniqueness and global stability of
almost periodic solution of (1.1).

The discrete-time BAM networks of the following form:





xi(n+ 1) = −aixi(n) +
m∑

j=1

cijfj(yj(n− kn)) + Ii, i = 1, 2, . . . , m,

yj(n+ 1) = −bjyj(n) +
m∑

i=1

djigi(xi(n− ln)) + Jj , j = 1, 2, . . . , m

(1.2)

has also been studied by many researchers (see, [5,18,20]).In these papers, the authors
by using Lyapunov functionals or linear matrix inequality techniques (LMI), some suf-
ficient conditions of exponential stability criterion are established. But they did not
consider the almost periodic solutions of (1.2).

In fact, both continuous and discrete systems are very important in implementa-
tion and applications. But it is troublesome to study the existence of almost periodic
solutions for continuous and discrete systems respectively. Therefore, it is meaning-
ful to study that on time scale which can unify the continuousand discrete situations
(see [8,11,12,16]).

However, to the best of our knowledge, there is no paper published on the existence
of almost periodic solutions for BAM neural networks with variable coefficients on time
scales.

Motivated by the above, in this paper, we are concerned with the following BAM
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neural network on time scales:




x∆i (t) = −ai(t)xi(t) +
m∑

j=1

pji(t)fj(yj(t− τji(t)))

+Ii(t), t ∈ T, t > 0, i = 1, · · · , n,

y∆j (t) = −bj(t)yj(t) +
n∑

i=1

qij(t)gi(xi(t− ϑij(t)))

+Lj(t), t ∈ T, t > 0, j = 1, · · · , m,

(1.3)

whereT is an almost time scale which will be defined in the next section, xi(t) and
yj(t) are the activations of theith neuron and thejth neuron, respectively,pji, qij are
the connection weights at timet, Ii(t) andLj(t) denote the external inputs at timet,
gi, fj are the input-output functions (the activation functions), time delaysτji(t), ϑij(t)
correspond to finite speed of axonal transmission,ai(t), bj(t) represent the rate with
which theith neuron andjth neuron will reset their potential to the resting state in
isolation when they are disconnected from the network and the external inputs at timet,
m,n correspond to the number of neurons in layers.

The system (1.3) is supplemented with initial values given by




xi(s) = φi(s), s ∈ [−ϑ, 0] ∩ T, ϑ = max
1≤i≤n,1≤j≤m

sup
t∈T

{
ϑij(t)

}
, i = 1, 2, · · · , n,

yj(s) = ϕj(s), s ∈ [−τ̂ , 0] ∩ T, τ̂ = max
1≤i≤n,1≤j≤m

sup
t∈T

{
τji(t)

}
, j = 1, 2, · · · , m,

whereφi(·) andϕj(·) denote real-valued continuous functions defined on[−τ̂ , 0] ∩ T

and[−ϑ, 0] ∩ T, respectively.

Remark1.1. WhenT = R, system (1.1) is a special case of system (1.3); whenT = Z,
system (1.2) is also a special case of system (1.3).

Our main purpose of this paper is first by using the exponential dichotomy of linear
dynamic equations on time scales, the time scale calculus theory and contraction fixed
point theorem to study the existence of almost periodic solutions to (1.3). Then we
construct a suitable Lyapunov function to investigate the exponential stability of the
almost periodic solutions to (1.3).

Remark1.2. In order to describe various real-world problems in physical and engineer-
ing sciences subject to abrupt changes at certain instants during the evolution process,
impulsive fractional differential equations has been usedto the system model. But, the
problem that how to establish the existence and stability ofalmost periodic solutions to
BAM neural networks with impulses on time scales is still open.

The organization of this paper is as follows: In Section 2, weintroduce some no-
tations, definitions and state some preliminary results needed in the later sections. In
Section 3, we study the existence of almost periodic solutions of system (1.3) by using
a fixed point theorem. In Section 4, we shall derive sufficientconditions to ensure that
the almost periodic solution of (1.3) is globally exponentially stable. In Section 5, two
examples are given to illustrate that our results are feasible and more general.
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2 Preliminaries

Let T be a nonempty closed subset (time scale) ofR. The forward and backward jump
operatorsσ, ρ : T → T and the graininessµ : T → R

+ are defined, respectively, by

σ(t) = inf{s ∈ T : s > t}, ρ(t) = sup{s ∈ T : s < t}, µ(t) = σ(t)− t.

A point t ∈ T is called left-dense ift > inf T andρ(t) = t, left-scattered ifρ(t) < t,
right-dense ift < supT andσ(t) = t, and right-scattered ifσ(t) > t. If T has a left-
scattered maximumm, thenTk = T\{m}; otherwiseTk = T. If T has a right-scattered
minimumm, thenTk = T\{m}; otherwiseTk = T.

A function f : T → R is right-dense continuous provided it is continuous at right-
dense point inT and its left-side limits exist at left-dense points inT. If f is continuous
at each right-dense point and each left-dense point, thenf is said to be a continuous
function onT.

For y : T → R andt ∈ T
k, we define the delta derivative ofy(t), y∆(t), to be the

number (if it exists) with the property that for a givenε > 0, there exists a neighborhood
U of t such that

∣∣[y(σ(t))− y(s)]− y∆(t)[σ(t)− s]
∣∣ < ε|σ(t)− s|

for all s ∈ U. Let y be right-dense continuous. IfY ∆(t) = y(t), then we define the delta
integral by ∫ t

a

y(s)∆s = Y (t)− Y (a).

A function p : T → R is called regressive provided1 + µ(t)p(t) 6= 0 for all t ∈ T
k.

The set of all regressive and rd-continuous functionsp : T → R will be denoted by
R = R(T) = R(T,R). We define the set

R+ = R+(T,R) = {p ∈ R : 1 + µ(t)p(t) > 0, ∀ t ∈ T}.

If r ∈ R, then the generalized exponential functioner is defined by

er(t, s) = exp

{∫ t

s

ξµ(τ)(r(τ))∆τ

}

for all s, t ∈ T, with the cylinder transformation

ξh(z) =





Log(1 + hz)

h
, if h 6= 0,

z, if h = 0.

Definition 2.1 (See [1]). Let p, q : T → R be two regressive functions. We define

p⊕ q = p+ q + µpq, ⊖p = − p

1 + µp
, p⊖ q = p⊕ (⊖q).
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Lemma 2.2(See [1]). Assume thatp : T → R is regressive. Then

(i) e0(t, s) ≡ 1 andep(t, t) ≡ 1;

(ii) ep(σ(t), s) = (1 + µ(t)p(t))ep(t, s);

(iii) ep(t, s) =
1

ep(s, t)
= e⊖p(s, t);

(iv) ep(t, s)ep(s, r) = ep(t, r);

(v) (e⊖p(t, s))
∆ = (⊖p)(t)e⊖p(t, s);

(vi) If a, b, c ∈ T, then
∫ b

a

p(t)ep(c, σ(t))∆t = ep(c, a)− ep(c, b).

Definition 2.3 (See [13]). A time scaleT is called an almost periodic time scale if

Π :=
{
τ ∈ R : t± τ ∈ T, ∀t ∈ T

}
6= {0}.

Throughout this paper, we always restrict our discussion toalmost periodic time
scales. In this section,| · | denotes a norm ofRn.

Definition 2.4 (See [13, 14]). Let T be an almost periodic time scale. A functionf ∈
C(T,Rn) is called an almost periodic function if theε-translation set off

E{ε, f} = {τ ∈ Π : |f(t+ τ)− f(t)| < ε, for all t ∈ T}
is a relatively dense set inT for all ε > 0; that is, for any givenε > 0, there exists a
constantl(ε) > 0 such that each interval of lengthl(ε) contains aτ(ε) ∈ E{ε, f} such
that

|f(t+ τ)− f(t)| < ε, for all t ∈ T.

τ is called theε-translation number off and l(ε) is called the inclusion length of
E{ε, f}.

Lemma 2.5(See [13, 14]). If f ∈ C(T,Rn) be an almost periodic function, thenf(t)
is bounded onT.

Definition 2.6 (See [13, 14]). Let x ∈ R
n andA(t) be ann × n rd-continuous matrix

onT. The linear system
x∆(t) = A(t)x(t), t ∈ T (2.1)

is said to admit an exponential dichotomy onT if there exist positive constantk, α,
projectionP and the fundamental solution matrixX(t) of (2.1), satisfying

|X(t)PX−1(σ(s))|0 ≤ ke⊖α(t, σ(s)), s, t ∈ T, t ≥ σ(s),

|X(t)(I − P )X−1(σ(s))|0 ≤ ke⊖α(σ(s), t), s, t ∈ T, t ≤ σ(s),

where | · |0 is a matrix norm (say, for example, ifA = (aij)n×m, then we can take

|A|0 =
( n∑

i=1

m∑

j=1

|aij|2
) 1

2 ).
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Lemma 2.7(See [14]). Let ci(t) be an almost periodic function onT, whereci(t) > 0,
−ci(t) ∈ R+, ∀ t ∈ T and

min
1≤i≤n

{
inf
t∈T

ci(t)
}
= m̃ > 0.

Then the linear system

x∆(t) = diag
(
− c1(t),−c2(t), · · · ,−cn(t)

)
x(t) (2.2)

admits an exponential dichotomy onT.

Consider the almost periodic system

x∆(t) = A(t)x(t) + f(t), t ∈ T, (2.3)

whereA(t) is an almost periodic matrix function,f(t) is an almost periodic vector
function.

Lemma 2.8(See [13, 14]). If the linear system(2.1)admits an exponential dichotomy,
then system(2.3)has a unique almost periodic solution as follows:

x(t) =

∫ t

−∞

X(t)PX−1(σ(s))f(s)∆s−
∫ +∞

t

X(t)(I − P )X−1(σ(s))f(s)∆s, (2.4)

whereX(t) is the fundamental solution matrix of(2.1).

Lemma 2.9 (See [1]). LetA be a regressiven × n-matrix-valued function onT. Let
t0 ∈ T andy0 ∈ R

n. Then the initial value problem

y∆(t) = A(t)y(t), y(t0) = y0

has a unique solutiony : T → R
n. Moreover, the solution is given by

y(t) = eA(t, t0)y0.

Definition 2.10 (See [8]). For eacht ∈ T, let N be a neighborhood oft. Then we
defined the generalized derivation(of Dini derivative), D+u∆(t) to mean that, given
ǫ > 0, there exists a right neighborhoodN(ǫ) ⊂ N of t such that

u(σ(t))− u(s)

σ(t)− s
< D+u∆(t) + ǫ

for eachs ∈ N(ǫ), s > t. In caset is right-scattered andu(t) is continuous att, this
reduces to

D+u∆(t) =
u(σ(t))− u(t)

σ(t)− t
.
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Definition 2.11. The almost periodic solutionx∗ = (x∗1, x
∗
2, . . . , x

∗
n, y

∗
1, y

∗
2, . . . , y

∗
m)

T of
system (1.3) is said to be globally exponentially stable, ifthere exist constantsλ and
M =M(λ) ≥ 1, for any solution

x(t) = (x1(t), x2(t), . . . , xn(t), y1(t), y2(t), . . . , ym(t))
T

of (1.3) with initial valueϕ(t) = (φ1(t), φ2(t), . . . , φn(t), ϕ1(t), ϕ2(t), . . . , ϕm(t))
T ,

where

(φ1, φ2, . . . , φn) ∈ C([−ϑ, 0]T,Rn), (ϕ1, ϕ2, . . . , ϕm) ∈ C([−τ̂ , 0]T,Rm)

such that
n∑

i=1

|xi(t)−x∗i (t)|+
m∑

j=1

|yj(t)−y∗j (t)| ≤M(λ)e⊖λ(t, s)

( n∑

i=1

‖xi−x∗‖+
m∑

j=1

‖yi−y∗‖
)
,

where

‖xi − x∗‖ =

n∑

i=1

max
δ∈[−ϑ,0]T

|φi(δ)− x∗i (δ)|, δ ∈ [−ϑ, 0]T,

||yj − y∗|| =
m∑

j=1

max
δ∈[−τ̂ ,0]T

|ϕj(δ)− y∗j (δ)|, δ ∈ [−τ̂ , 0]T.

Lemma 2.12(See [4, 7]). LetN be a positive integer andB be a Banach space. If the
mappingφN : B → B is a contraction mapping, thenφ : B → B has exactly one fixed
point inB, whereφN = φ(φN−1).

3 Existence of almost Periodic Solutions

We denote the radius of the spectrum of matrixF by ρ(F ). Hereafter of this paper, we
use the following norm:

‖z‖ = max
{
max
1≤i≤n

sup
t∈T

|xi(t)|, max
1≤j≤m

sup
t∈T

|yj(t)|
}
.

For convenience, we denote

p+ji = sup
t∈T

|pji(t)|, q+ij = sup
t∈T

|pij(t)|, ai = sup
t∈T

|ai(t)|,

ai = inf
t∈T

|ai(t)|, bj = sup
t∈T

|bj(t)|, bj = inf
t∈T

|bj(t)|.

We make the following assumptions:

(H1) ai(t) > 0, bj(t) > 0, pji(t), qij(t), Ii(t), Lj(t), 0 < ϑij(t) < ϑ, 0 < τji(t) < τ̂

are all almost periodic functions onT, for t ∈ T, t − ϑij(t), t − τji(t) ∈ T, i =
1, 2, · · · , n, j = 1, 2, · · · , m.
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(H2) fj , gi ∈ C(R,R)(i = 1, 2, · · · , n, j = 1, 2, · · · , m) are Lipschitzian with Lips-
chitz constantsηj, λi > 0, that is,

|fj(x)− fj(y)| ≤ ηj|x− y|, |gi(x)− gi(y)| ≤ λi|x− y|, ∀ x, y ∈ R.

(H3) min
{
min
1≤i≤n

ai, min
1≤j≤m

bj
}
> 0, and−ai(t) ∈ R+, −bj(t) ∈ R+, ∀ t ∈ T, i =

1, · · · , n, j = 1, · · · , m.

Theorem 3.1.Assume that(H1)–(H3) hold and

(H4) ρ(F ) < 1, where

F :=

[
A−1PL 0

0 B−1QΛ

]

(n+m)×(n+m)

with A−1 = diag(a−1
1 , a−1

2 , · · · , a−1
n )n×n, B

−1 = diag(b−1
1 , b−1

2 , · · · , b−1
m )m×m,

P = (p+ji)m×n,

Q = (q+ij)n×m, L = diag(η1, η2, · · · , ηm),Λ = diag(λ1, λ2, · · · , λn).

Then system(1.3)has exactly one almost periodic solution.

Proof. Let B =
{
z|z =

(
ψ1, ψ2, · · · , ψn,Ψ1,Ψ2, · · · ,Ψm

)T}
, whereψi andΨj are

almost periodic functions onT with the norm

‖z‖ = max
{
max
1≤i≤n

sup
t∈T

|ψi(t)|, max
1≤j≤m

sup
t∈T

|Ψj(t)|
}
.

Then,B is a Banach space. For any

z = z(ψ,Ψ)T =
(
ψ1, ψ2, · · · , ψn,Ψ1,Ψ2, · · · ,Ψm

)T ∈ B,

we consider the almost solutionz(ψ,Ψ)T of the nonlinear almost periodic system





x∆i (t) = −ai(t)xi(t) +
m∑

j=1

pji(t)fj(Ψj(t− τji(t)))

+Ii(t), t ∈ T, i = 1, 2, · · · , n,

y∆j (t) = −bj(t)yj(t) +
n∑

i=1

qij(t)gi(ψi(t− ϑij(t)))

+Lj(t), t ∈ T, j = 1, 2, · · · , m.

(3.1)

Sinceai > 0, bj > 0, then by Lemma 2.7, the linear system

{
x∆i (t) = −ai(t)xi(t),
y∆j (t) = −bj(t)yj(t)

(3.2)
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admits an exponential dichotomy. By Lemma 2.8, the solutionof system (3.1) can be
expressed as

z(ψ,Ψ)T (t) =

{∫ t

−∞

e−a1(t, σ(s))

{ m∑

j=1

pj1(s)fj(Ψj(s− τj1(s))) + I1(s)

}
∆s, · · · ,

∫ t

−∞

e−an(t, σ(s))

{ m∑

j=1

pjn(s)fj(Ψj(s− τjn(s))) + In(s)

}
∆s,

∫ t

−∞

e−b1(t, σ(s))

{ n∑

i=1

qi1(s)gi(ψi(s− ϑi1(s))) + L1(s)

}
∆s, · · · ,

∫ t

−∞

e−bm(t, σ(s))

{ n∑

i=1

qim(s)gi(ψi(s− ϑim(s))) + Lm(s)

}
∆s

}
. (3.3)

Define a mappingΦ : B → B by setting

Φz(t) = z(ψ,Ψ)T (t), ∀ z ∈ B.

In view of (H1)–(H3), for anyz, z̄ ∈ B, where

z =
(
ψ1, ψ2, · · · , ψn,Ψ1,Ψ2, · · · ,Ψm

)T
,

z̄ =
(
ψ̄1, ψ̄2, · · · , ψ̄n, Ψ̄1, Ψ̄2, · · · , Ψ̄m

)T
,

we have

|Φ(z(t))− Φ(z̄(t))| ≤
{∫ t

−∞

e−a1(t, σ(s))

{ m∑

j=1

|pj1(s)(fj(Ψj(s− τj1(s)))

−fj(Ψ̄j(s− τj1(s))))|
}
∆s, · · · ,

∫ t

−∞

e−an(t, σ(s))

{ m∑

j=1

|pjn(s)(fj(Ψj(s− τjn(s)))

−fj(Ψ̄j(s− τjn(s))))|
}
∆s,

∫ t

−∞

e−b1(t, σ(s))

{ n∑

i=1

|qi1(s)(gi(ψi(s− ϑi1(s)))

−gi(ψ̄i(s− ϑi1(s))))|
}
∆s, · · · ,

∫ t

−∞

e−bm(t, σ(s))

{ n∑

i=1

|qim(s)(gi(ψi(s− ϑim(s)))
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−gi(ψ̄i(s− ϑim(s))))|
}
∆s

}

≤
(

1

a1

( m∑

j=1

ηjp
+
j1 sup
t≥−τ̂

|Ψj(t)− Ψ̄j(t)|
)
, · · · , 1

an

( m∑

j=1

ηjp
+
jn sup

t≥−τ̂
|Ψj(t)− Ψ̄j(t)|

)
,

1

b1

( n∑

i=1

λiq
+
1i sup
t≥−ϑ

|ψi(t)− ψ̄i(t)|
)
, · · · , 1

bm

( n∑

i=1

λiq
+
mi sup

t≥ϑ
|ψi(t)− ψ̄i(t)|

))T

=

[
A−1PL 0

0 B−1QΛ

]

(n+m)×(n+m)(
sup
t≥−τ̂

|Ψ1(t)− Ψ̄1(t)|, · · · , sup
t≥−τ̂

|Ψm(t)− Ψ̄m(t)|,

sup
t≥−ϑ

|ψ1(t)− ψ̄1(t)|, · · · , sup
t≥−ϑ

|ψn(t)− ψ̄n(t)|
)T

= F

(
sup
t≥−τ̂

|Ψ1(t)− Ψ̄1(t)|, · · · , sup
t≥−τ̂

|Ψm(t)− Ψ̄m(t)|,

sup
t≥−ϑ

|ψ1(t)− ψ̄1(t)|, · · · , sup
t≥−ϑ

|ψn(t)− ψ̄n(t)|
)T

= F

(
sup
t≥−τ̂

|(z(t)− z̄(t))n+1|, · · · , sup
t≥−τ̂

|(z(t)− z̄(t))n+m|,

sup
t≥−ϑ

|(z(t)− z̄(t))1|, · · · , sup
t≥−ϑ

|(z(t)− z̄(t))n|
)T

≤ F

(
max

1≤p≤n+m
sup
t≥−τ̂

|(z(t)− z̄(t))p|, · · · , max
1≤p≤n+m

sup
t≥−τ̂

|(z(t)− z̄(t))p|,

max
1≤p≤n+m

sup
t≥−ϑ

|(z(t)− z̄(t))p|, · · · , max
1≤p≤n+m

sup
t≥−ϑ

|(z(t)− z̄(t))p|
)T

, (3.4)

whereF is defined in Theorem 3.1. Letl be a positive integer. Then from (3.4), we get

|Φl(z(t))− Φl(z̄(t))| ≤ F

(
max

1≤p≤n+m
sup
t≥−τ̂

|(Φl−1(z(t))− Φl−1(z̄(t)))p|, · · · ,

max
1≤p≤n+m

sup
t≥−τ̂

|(Φl−1(z(t))− Φl−1(z̄(t)))p|,

max
1≤p≤n+m

sup
t≥−ϑ

|(Φl−1(z(t))− Φl−1(z̄(t)))p|, · · · ,

max
1≤p≤n+m

sup
t≥−ϑ

|(Φl−1(z(t))− Φl−1(z̄(t)))p|
)T

,

= F l

(
max

1≤p≤n+m
sup
t≥−τ̂

|(z(t)− z̄(t))p|, · · · , max
1≤p≤n+m

sup
t≥−τ̂

|(z(t)− z̄(t))p|,
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max
1≤p≤n+m

sup
t≥−ϑ

|(z(t)− z̄(t))p|, · · · , max
1≤p≤n+m

sup
t≥−ϑ

|(z(t)− z̄(t))p|
)T

. (3.5)

From the assumptionρ(F ) < 1, we obtain

lim
l→∞

F l = 0,

which implies that there exist a positive integerN and positive constantΘ < 1 such that

FN =

[
A−1PL 0

0 B−1QΛ

]N

= (hkp)(n+m)×(n+m),

n+m∑

p=1

hkp ≤ Θ, k = 1, · · · , n+m. (3.6)

In view of (3.5) and (3.6), one has

‖ΦNz − ΦN z̄‖ = max
1≤p≤n+m

sup
t≥−max{τ̂ ,ϑ}

|ΦN (z(t))− ΦN (z̄(t))|

≤ max
1≤k≤n+m

{ n+m∑

p=1

hkp

}
max

1≤p≤n+m
sup

t≥−max{τ̂ ,ϑ}

|(z(t)− z̄(t))p|

≤ Θ‖z − z̄‖.

This implies that the mappingΦNB → B is a contraction mapping.
By Lemma 2.12,Φ has exactly a fixed pointz∗ in B such thatΦ(z∗) = z∗. By (3.3)

and (3.1),z∗ satisfies (1.3). So, system (1.3) has an unique almost periodic solution.
This completes the proof of Theorem 3.1.

4 Global Exponential Stability

Now, in this section, we denote thatp+ji = sup
t∈T

|pji(t)|, q+ij = sup
t∈T

|pij(t)|, ai = ami =

inf
t∈T

|ai(t)|, bj = bmj = inf
t∈T

|bj(t)|, ai = aMi = sup
t∈T

|ai(t)|, bj = bMj = sup
t∈T

|bj(t)|.

Suppose thatz∗ = (x∗1, x
∗
2, · · · , x∗n, y∗1, y∗2, · · · , y∗m)T = (z∗1 , z

∗
2 , · · · , z∗n+m)T is an

almost periodic solution of system (1.3). In this section, we will construct some suitable
differential inequality to study the global exponential stability of the almost periodic
solution.

Lemma 4.1(See [15]). Letf ∈ C(T,R) be∆-differentiable att. Then

D+|f(t)|∆ ≤ sign(fσ(t))f∆(t), wherefσ(t) = f(σ(t)).

Theorem 4.2. Assume(H1)–(H4) and letτji(t) ≡ τji, ϑij(t) ≡ ϑij , i = 1, 2, . . . , n,
j = 1, 2, . . . , m, be nonnegative constants. Suppose further that
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(H5) There exists a positive constantα such thatsup
t∈T

wi(α, t) < 0, sup
t∈T

w∗
j (α, t) < 0,

where

wi(α, t) = α + (1 + αµ(t))(2µ(t)(aMi )2 − ami ) +
m∑

j=1

(1 + αµ(t+ ϑij))

×(1 + 2µ(t+ ϑij)b
M
j )eα(t+ ϑij , t)q

+
ijλi, i = 1, 2, . . . , n,

w∗
j (α, t) = α + (1 + αµ(t))(2µ(t)(bMj )2 − bmj ) +

n∑

i=1

(1 + αµ(t+ τji))

×(1 + 2µ(t+ τji)a
M
i )eα(t+ τji, t)p

+
jiηj , j = 1, 2, . . . , m.

Then the almost periodic solution of system(1.3) is globally exponentially stable.

Proof. According to Theorem 3.1, we know that system (1.3) has an almost periodic so-
lution z∗ = (x∗1, x

∗
2, · · · , x∗n, y∗1, y∗2, · · · , y∗m)T = (z∗1 , z

∗
2 , · · · , z∗n+m)T is an almost peri-

odic solution of system (1.3), suppose thatx(t) = (x1(t), x2(t), . . . , xn(t), y1(t), y2(t),
. . . , yn(t))

T is an arbitrary solution of system (1.3). Setxi(t) − x∗i (t) = αi(t), i =
1, 2, . . . , n, yj(t) − y∗j (t) = βj(t), j = 1, 2, . . . , m. Then it follows from system (1.3)
that





α∆
i (t) = −ai(t)αi(t) +

m∑

j=1

pji(t)(fj(yj(t− τji(t)))− fj(y
∗
j (t− τji(t)))),

β∆
j (t) = −bj(t)βj(t) +

n∑

i=1

qij(t)(gi(xi(t− ϑij(t)))− gi(x
∗
i (t− ϑij(t)))),

(4.1)

where t ∈ T, t > 0, i = 1, · · · , n, j = 1, 2 . . . , m. In view of system (4.1) and Lemma
4.1, fort ∈ T, t > 0, i = 1, 2, . . . , n, we have

D+|αi(t)|∆ ≤ −ai(t)sign(ασi (t))αi(t) +
m∑

j=1

p+jiηj |βj(t− τji)|

= −ai(t)sign(ασi (t))[ασi (t)− µ(t)α∆
i (t)] +

m∑

j=1

p+jiηj|βj(t− τji)|

≤ −ami |ασi (t)|+ µ(t)aMi |α∆
i (t)|+

m∑

j=1

p+jiηj |βj(t− τji)|

= −ami |αi(t) + µ(t)α∆
i (t)|+ µ(t)aMi |α∆

i (t)|+
m∑

j=1

p+jiηj|βj(t− τji)|

≤ −ami |αi(t)|+ 2µ(t)aMi |α∆
i (t)|+

m∑

j=1

p+jiηj|βj(t− τji)|
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≤ (2µ(t)(aMi )2 − ami )|αi(t)|+ (1 + 2µ(t)aMi )
m∑

j=1

p+jiηj |βj(t− τji)|.

Similarly, for t ∈ T, t > 0, j = 1, 2, . . . , m, we can also get

D+|βi(t)|∆ ≤ (2µ(t)(bMj )2 − bmj )|βj(t)|+ (1 + 2µ(t)bMi )
n∑

i=1

q+ijλi|αi(t− ϑij)|.

Now, we construct the Lyapunov function

V (t) = V1(t) + V2(t) + V3(t) + V4(t),

V1(t) =

n∑

i=1

eα(t, s)|αi(t)|,

V2(t) =
n∑

i=1

m∑

j=1

∫ t

t−τji

(1 + αµ(v + τji))(1 + 2µ(v + τji)a
M
i )

×eα(v + τji, s)p
+
jiηj |βj(v)|∆v,

V3(t) =

m∑

j=1

eα(t, s)|βj(t)|,

V4(t) =
n∑

i=1

m∑

j=1

∫ t

t−ϑij

(1 + αµ(v + ϑij))(1 + 2µ(v + ϑij)b
M
j )

×eα(v + ϑij , s)q
+
ijλi|αi(v)|∆v.

For t ∈ T, t > 0, calculating the delta derivativeD+V (t)∆ of V (t) along system (4.1),
we can get

D+V ∆
1 (t) =

n∑

i=1

[
αeα(t, s)|αi(t)|+ eα(σ(t), s)D

+|αi(t)|∆
]

≤
n∑

i=1

{
αeα(t, s)|αi(t)|+ (1 + αµ(t))eα(t, s)

[
(2µ(aMi )2 − ami )|αi(t)|

+(1 + 2µaMi )

m∑

j=1

p+jiηj|βj(t− τji)|
]}

=
n∑

i=1

[
α + (1 + αµ(t))(2µ(t)(aMi )2 − ami )

]
eα(t, s)|αi(t)|

+(1 + αµ(t))eα(t, s)

n∑

i=1

m∑

j=1

(1 + 2µaMi )p+jiηj |βj(t− τji)|
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and

D+V ∆
2 (t) ≤

n∑

i=1

m∑

j=1

(1 + αµ(t+ τji))(1 + 2µ(t+ τji)a
M
i )eα(t + τji, s)p

+
jiηj|βj(t)|

−(1 + αµ(t))eα(t, s)
n∑

i=1

m∑

j=1

(1 + 2µ(t)aMi )p+jiηj
∣∣βj(t− τji)

∣∣.

Similarly, for t ∈ T, t > 0, j = 1, 2, . . . , m, we can also obtain

D+V ∆
3 (t) ≤

m∑

j=1

[
α + (1 + αµ(t))(2µ(t)(bMj )2 − bmj )

]
eα(t, s)|βj(t)|

+(1 + αµ(t))eα(t, s)

m∑

j=1

n∑

i=1

(1 + 2µbMj )q+ijλi|αi(t− ϑij)|

and

D+V ∆
4 (t) ≤

m∑

j=1

n∑

i=1

(1 + αµ(t+ ϑij))(1 + 2µ(t+ ϑij)b
M
j )eα(t + ϑij , s)q

+
ijλi|αi(t)|

−(1 + αµ(t))eα(t, s)
m∑

j=1

n∑

i=1

(1 + 2µ(t)bMj )q+ijλi
∣∣αi(t− ϑij)

∣∣.

By assumption (H5), it follows that

D+(V (t))∆ = D+(V1(t) + V2(t) + V3(t) + V4(t))
∆

≤
n∑

i=1

[
α+ (1 + αµ(t))(2µ(t)(aMi )2 − ami )

]
eα(t, s)|αi(t)|

+

n∑

i=1

m∑

j=1

(1 + αµ(t+ τji))(1 + 2µ(t+ τji)a
M
i )eα(t+ τji, s)p

+
jiηj |βj(t)|

+
m∑

j=1

[
α + (1 + αµ(t))(2µ(t)(bMj )2 − bmj )

]
eα(t, s)|βj(t)|

+

m∑

j=1

n∑

i=1

(1 + αµ(t+ ϑij))(1 + 2µ(t+ ϑij)b
M
j )eα(t+ ϑij , s)q

+
ijλi|αi(t)|

=
n∑

i=1

[
α+ (1 + αµ(t))(2µ(t)(aMi )2 − ami )

+

m∑

j=1

(1 + αµ(t+ ϑij))(1 + 2µ(t+ ϑij)b
M
j )eα(t+ ϑij , t)q

+
ijλi

]
eα(t, s)|αi(t)|
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+
m∑

j=1

[
α + (1 + αµ(t))(2µ(t)(bMj )2 − bmj )

+

n∑

i=1

(1 + αµ(t+ τji))(1 + 2µ(t+ τji)a
M
i )eα(t+ τji, t)p

+
jiηj

]
eα(t, s)|βj(t)|

≤ 0, t ∈ T
+.

It follows thatV (t) ≤ V (0) for all t ∈ T
+. On the other hand, we have

V (0) = V1(0) + V2(0) + V3(0) + V4(0)

=
n∑

i=1

eα(0, s)|αi(0)|+
n∑

i=1

m∑

j=1

∫ 0

−τji

(1 + αµ(v + τji))(1 + 2µ(v + τji)a
M
i )

×eα(v + τji, s)p
+
jiηj |βj(v)|∆v

+

m∑

j=1

eα(0, s)|βj(0)|+
n∑

i=1

m∑

j=1

∫ 0

−ϑij

(1 + αµ(v + ϑij))(1 + 2µ(v + ϑij)b
M
j )

×eα(v + ϑij , s)q
+
ijλi|αi(v)|∆v

≤
n∑

i=1

{
eα(0, s) +

m∑

j=1

∫ 0

−ϑij

(1 + αµ(v + ϑij))(1 + 2µ(v + ϑij)b
M
j )

×eα(v + ϑij , s)q
+
ijλi∆v

}
max

v∈[−ϑ,0]T
|αi(v)|

+

m∑

j=1

{
eα(0, s) +

n∑

i=1

∫ 0

−τji

(1 + αµ(v + τji))(1 + 2µ(v + τji)a
M
i )

×eα(v + τji, s)p
+
jiηj∆v

}
max

v∈[−τ̂ ,0]T
|βj(v)|

≤ Γ(α)

( n∑

i=1

max
v∈[−ϑ,0]T

|φi(v)− x∗i (v)|+
m∑

j=1

max
v∈[−τ̂ ,0]T

|ϕi(v)− y∗j (v)|
)
,

where

Γ1(α) = max
1≤i≤n

{
eα(0, s) +

m∑

j=1

∫ 0

−ϑij

(1 + αµ(v + ϑij))(1 + 2µ(v + ϑij)b
M
j )

×eα(v + ϑij , s)q
+
ijλi∆v

}
,

Γ2(α) = max
1≤j≤m

{
eα(0, s) +

n∑

i=1

∫ 0

−τji

(1 + αµ(v + τji))(1 + 2µ(v + τji)a
M
i )

×eα(v + τji, s)p
+
jiηj∆v

}
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andΓ(α) = max{Γ1(α),Γ2(α)}. It is obvious that

( n∑

i=1

|xi(t)− x∗i (t)|+
m∑

j=1

|yj(t)− y∗j (t)|
)
eα(t, s) ≤ V (t) ≤ V (0)

≤ Γ(α)

( n∑

i=1

max
v∈[−ϑ,0]T

|φi(v)− x∗i (v)|+
m∑

j=1

max
v∈[−τ̂ ,0]T

|ϕi(v)− y∗j (v)|
)
.

Hence,

n∑

i=1

|xi(t)−x∗i (t)|+
m∑

j=1

|yj(t)−y∗j (t)| ≤ Γ(α)e⊖α(t, s)

( n∑

i=1

‖xi−x∗‖+
m∑

j=1

‖yi−y∗‖
)
.

SinceΓ(α) ≥ 1, from Definition 2.11, the positive periodic solution of system (1.3) is
globally exponentially stable. This completes the proof.

5 Examples and Numerical Simulations

Consider the BAM neural network with delays





x∆i (t) = −ai(t)xi(t) +
m∑

j=1

pji(t)fj(yj(t− τji(t)))

+Ii(t), t ∈ T, i = 1, 2, · · · , m,

y∆j (t) = −bj(t)yj(t) +
n∑

i=1

qij(t)gi(xi(t− ϑij(t)))

+Lj(t), t ∈ T, j = 1, 2, · · · , n,

(5.1)

whereIi(t) = sin t, Lj(t) = cos
√
3t, gi(xi(t − ϑij)) =

1

2
sin(xi(t − ϑij)), fj(yj(t −

τji)) = cos(yj(t− τji)), t ∈ T, λi =
1

2
, ηj = 1, i = j = 1, 2.

Example 5.1.ConsiderT = R, ϑij = τji ≡ 0.003, i = j = 1, 2,

a1(t) = b2(t) = 2− sin t, a2(t) = b1(t) = 2− cos t.

Then
a1 = a2 = b1 = b2 = 1.

Let

p11(t) = 0.05 sin
√
2t, p12(t) = 0.1 cos

√
5t, p21(t) = 0.15 cos t, p22(t) = 0.05 sin t.

q11(t) = 0.25 sin
√
3t, q12(t) = 0.05 cos t, q21(t) = 0.05 cos t, q22(t) = 0.5 sin t.
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Then

F =




0.05 0.1 0 0
0.15 0.05 0 0
0 0 0.125 0.025
0 0 0.025 0.25


 .

By a direct calculation, we know thatρ(F ) = 0.2548 andw1(0.001, t) = −0.8490 <
0, w2(0.001, t) = −0.7240 < 0, w∗

1(0.001, t) = −0.8490 < 0, w∗
2(0.001, t) = −0.7990

< 0. Thus, (H1)–(H5) are satisfied. According to Theorems 3.1 and Theorem 4.2, sys-
tem (5.1) has an unique almost periodic solution, which is globally exponentially stable
(see Figure 5.1).

Example 5.2.ConsiderT = Z, ϑij = τji = 0.001, i = j = 1, 2,

a1(t) = b2(t) = 0.02 + 0.01 sin t, a2(t) = b1(t) = 0.02 + 0.01 cos t.

Then
a1 = a2 = b1 = b2 = 0.01, a1 = a2 = b1 = b2 = 0.03.

Let
p11(t) = 0.005 sin

√
2t, p12(t) = 0.001 cos

√
5t,

p21(t) = 0.002 cos t, p22(t) = 0.005 sin t.

q11(t) = 0.001 sin
√
3t, q12(t) = 0.005 cos t,

q21(t) = 0.005 cos t, q22(t) = 0.001 sin t.

Then

F =




0.05 0.01 0 0
0.02 0.05 0 0
0 0 0.005 0.025
0 0 0.025 0.005


 .

By a direct calculation, we know that

ρ(F ) = 0.0641 < 1

and
w1(0.001, t) = −0.0755 < 0, w2(0.001, t) = −0.0755 < 0,

w∗
1(0.001, t) = −0.0719 < 0, w∗

2(0.001, t) = −0.0707 < 0.

Thus, (H1)–(H5) are satisfied. According to Theorems 3.1 and Theorem 4.2, system
(5.1) has an unique almost periodic solution, which is globally exponentially stable (see
Figure 5.2).
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Figure 5.1: Transient responses of statesx1, x2, y1, y2 in Example 5.1

6 Conclusion

Using the exponential dichotomy of linear dynamic equations on time scales and the
time scale calculus theory, some sufficient conditions are derived to guarantee the exis-
tence and exponential stability of the almost periodic solution to a class of BAM neural
networks with variable coefficients are studied on almost periodic time scales. To the
best of our knowledge, the results presented here have been not appeared in the related
literature. Besides, the results obtained in this paper possess feasibility. Moreover, the
method in this paper may be applied to some other type neural networks with or without
impulse on time scales.
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Figure 5.2: Transient responses of statesx1, x2, y1, y2 in Example 5.2
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