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Abstract

We find six double g-analogues of the reduction formulas by Srivastava and
Panda for triple series, with general terms. These are then spezialized to summa-
tions for g-Kampé de Fériet functions.
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1 Introduction

The history of the theme in this article goes many years back. It deals with equalities
between quite general triple and double sums. The coefficients consist of ¢-shifted fac-
torials, I',-functions and g-binomial coefficients. Srivastava and Panda [10] collected
these formulas, previously scattered in the literature into 6 formulas of a slightly differ-
ent character than we present here (for ¢ = 1). In Section 2 we find double g-forms of
these, by the 2 g-Vandermonde summation formulas, i.e., 12 g-forms. These are then
specialized, in Section 3, to six summation formulas for ¢-Kampé de Fériet functions.
We will use the A(q; [; \) operator, which is explored in detail in [6].
We turn to the first definitions.

Definition 1.1. The power function is defined by ¢® = €?°¢@_ Let § > 0 be an ar-
bitrary small number. We will use the following branch of the logarithm: —7m + ¢ <
Im (log ¢) < 7 + 6. This defines a simply connected space in the complex plane.

The variables a, b, ¢, ... € C denote certain parameters. The variables i, j, k, [, m,
n, p, v will denote natural numbers except for certain cases where it will be clear from

Received July 1, 2010; Accepted November 22, 2011
Communicated by Lance Littlejohn



42 Thomas Ernst

the context that ¢+ will denote the imaginary unit. Let the ¢-shifted factorial be defined
by

1, n =0;
n—1
d)n = 1.1
(a:0) H(l—q“+m) n=12 ... (.D
m=0

Since products of g-shifted factorials occur so often, to simplify them we shall fre-
quently use the more compact notation

(- ams @) = [ [ @)n (1.2)
j=1
The operator
- C . C
7 Z
is defined by
m
ara+ —. (1.3)
log q
By (1.3) it follows that
n—1
(a;q)n = T (0 +¢*™™), (1.4)
m=0
Assume that (m, ) = 1, i.e., m and [ relatively prime. The operator
e C = C
N/ Z
is defined by
9
0 at (1.5)
lloggq
We will also need another generalization of the tilde operator.
n—1 k—1
d@aye =11 a™). (1.6)
m=0 =0
This leads to the following g-analogue of [11, p.22, (2)].
Theorem 1.2 (See [4]).
Moatm a+m
(a5 q)en = 1_:[0< D Xk e (1.7)

The following notation will be convenient:

QE(z) = ¢".
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Definition 1.3.

T A At
(Bt Nsa)n = [[ET 0 xS g (18)
m=0

When A\ is a vector, we mean the corresponding product of vector elements. When ) is
replaced by a sequence of numbers separated by commas, we mean the corresponding
product as in the case of ¢-shifted factorials.

Definition 1.4. Let
(a)7 (b)7 (gz)a (hz)a (CL,), (b,)u (g':>7 (h;)
have dimensions
Aa Bv Gia Hi7 A/7 Bl) G;a Hzl
Let
1+B+B +H;+H —A-—A -G, —G,>0,i=1,...,n.
Then the generalized ¢-Kampé de Fériet function is defined by

(EAI’)(Q:l)aa(g:n) G 2| :
B) : (h1);. .. (hy) ) (RY); s (I,
3 ((@); G0)m (@) (a0, m) TT7— (((95); @5)m, ((9) (@5, )2

~

7 ((0); q0)m (V') (g0, m) H?ﬂ(((ﬁj);qj>mj(h§-)(qj’mj)<1;qj>mj)X

®A+A’:G1+G/1;...;Gn+G;L
B+B':H\+H;..;Hy+H)],

(_1)2;;1 mj(14+H;j+Hj~G; =G+ B+ B —A-A) o
QE <(B+B/—A—A)<2),qo> []<E <<1+Hj+Hj e —G].)( 2j>7qj) |
j=1
(1.9)

We assume that no factors in the denominator are zero. We assume that

(a')(qo, m), (g5)(q;, m;5), (V') (g0, m), (1) (q;,m;)
contain factors of the form (a(Ak); ks> (8590)k, (s(k);q)r or QE(f(m)) .

Definition 1.5. Let the Gauss ¢-binomial coefficient be defined by

n (L; )n
= k=0,1,...,n. (1.10)
(k)q (L )15 @)nr
Let the I',-function be defined in the unit disk 0 < |g| < 1 by
L @)oo ,m
[,(z) = (1;q) (1—q) . (1.11)

(T: @)oo
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2 Certain g-summation Formulas

Srivastava [12] and Panda & Srivastava [10] have systematically collected and gener-
alized a number of related summation formulas known from the literature. Our task in
this section is to find symmetric g-analogues of these formulas, which always occur in
pairs. In certain exceptional cases the convergence in the formulas is not so good, we
then replace the equality sign by the sign for formal equality, =.

We assume throughout that M = km + In and {C(m,n)},; ,—, is a sequence of
bounded complex numbers.

Theorem 2.1 (Compare [10, (4) p. 244] and [12, (9) p. 28]).

= (N () e T e _
2 (=1 (T) T,(8-r) Z o — At ’q>M(1;Q>m<1;Q>nq

m,n=0

B —a; )nTq(a) o "y (1— By g ™™™ (14 a—Biq)u
@) 2 Cmn) (1;@)m(L; q)n (1+a—=B—-=N;q)u
2.1)

—rM

al a—r x (5)-
LHSZZ(_UT(];[) % Z C(m,n)(1 = B+1;q) m “ziw

! TG A, DL, (=g
(6 — a;q)nTy(a) wy<1—6 Oug "M (1+a-Biqu
(1-—aq)n ﬁ W;Ocmn (Lgm(lign  (I+a—B8-Nigu

The proof is complete. ]
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Theorem 2.2 (Compare [10, (4) p. 244]).

al N\ Ty(a—r) _ xyq()Jrr(a’BNH)_
?%“4>(r>qr45 TWEQJ?”lnﬂl e e
(8 — a; )aTy(a) ML= B0 (14 a— Big)w

(1= o g)wT(B) m;00<m,n> Gl T ra—F= Ny

(2.3)

Proof. We have

e (N Tyla—r) & ) (1 — Bt zmy"
biS = 7:0( D (T)qfq(ﬁ—r) m%;OC( L=t ’q>M(1;q m (15 @)n
QE(<£> +r(oz—5—N+1)) :%
— I.myn al <1 - /B;Q>T+M < N:Q)r ro_
m;_OO(m’n)ﬂ,q m{1; On ; (1—a;q)r (Lo
Tu(@) N~ e vt g Py n (L= B+ Miq) (—Nig)
ryp) 2, (= B Y T ag, a !
Ly() = m.n 2y (1 = B;q)m (—a+ B — M;q)n N(—B+M) _
nwuggﬁx S T {7 M (v P
(B-aawly(@) §~ 2"y (1= B 7P (L+a— By
(1 —a;q)nT4(B) m;:()c( ™) (1 @)m(1; @)n (I+a=B-Nigu
(2.4)
The proof is complete. [

Theorem 2.3 (Compare [10, (5) p. 244] and [12, (8) p. 28]).

= A(NY Lola—r) < 1 B+righu ™yl

(I—a+r;g)m (L @)m(L;@)n

(8= )nTy(a) & 2"y (1= B q)m 1
(1= qnT4(8) 4=, (L q)m(L; > (I1—a+N;g)u

(2.5)
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Proof. We have

< e (N Tyla=r) (1= B+riqyn a™yq?)
LS =2 () ( >qfq(ﬂ—7") m;: o T o gt Tl

Q>T+M < N;CI)qu(_OH_ﬁ_HV) _
s remr (L )y

- T(8) 4=, @Y (L5 @)n =
IEZEZ; mZ:O:OC(m’ ") 8 = fé Z;Z (L q{f:?:; O i 8 = i i J\]Z Z;T < <1N(;>Q>
RS mi R i e
odor) mi ) e et W

(2.6)

The proof is complete. [
Theorem 2.4 (Compare [10, (5) p. 244]).
S NY Tyla—r) (=ptrigu _ a™y"
—1)" g C ’
;( ) (7’> Lg(B=r) Z () (1 —atriq)um (1 @)m (L O)n
QE(()—{—T(@—B N—i—l)) 2.7)

(B=aa)nly(@) §~ o, ) 2"y (1= Brghug™ oD
(1= a;q)nTy(B) m;:()a ’ >< L @)m (L @)n(l — o+ Nigur
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Proof. We have

LHS = Z(—l)r (]:) Ly(a—r) Z C(m,n) (1—=B+r;9)m l’myz"

Ly(B=r) =, (1= a+r;q)ar (1;@)m(L; q)n
r _ I'y(a) - z"y"
. <<2> trlasgm Ny 1)> - Tu(8) m;:OC(m’n) (1 @) (1 ¢)n

WE

(1= B @renr (=N a)r . Tyla) § (1-Bigm  a™y"
0 (1 —;Q)renr (L) 7= r,(3 Z C'(m,n)<1 —

{

{

T

1-B+M;q)r (=N;q)r , T ;
l—a+M;q)r (1;q)r Ly(P) 5=, (Lg)m(liq
—a+ B q)gN )

1-aqu(l+a+ Mgy

WE

‘s

1

(B —a;q)nTy(a) o "y (1 = B; Q>MCJN(1_B+M)
C(m, .
(1= a;q)nTy(B) m;O (m, %) (Lg)m (L @)n(l —a+ Nig)ur
(2.8)
The proof is complete. 0
Theorem 2.5 (Compare [10, (6) p. 244] and [12, (10) p. 29]).
N N\ T, (a—r) > (a—r;q)m xmy" r
—1)" 4 C ’ E
;( ) (T)qu(ﬁ—T) m;O (m, ) (B=7;q)m <1;q>m<1;Q>nQ (<2>> 29
(8= aighnTy(a) 2y "™ (o= Nig)u |
_ C :
(1 —a;q)nT4(B) m;:() (m, ) (Lam(Lig)n  (B;a)u
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Proof. We have

_ (B—aignTy(a
(1 —a;q)nTy(p

Proof. We have

Ly(c) my" s Dr—r (N3 @ oy
- (150)r
(@) T - zmy" (18— M;q), (~N:q)
(B;0)m Tg(B) m%;OO(m’n) (L @)m (L q)n ; (1—a—M;q). (1;q)
(catpin) (@ () o amy" (—a+Bign
L G Toid) 2 SO Ty g T —a = Mgl
(B—a;q)nTg(a) 2™y "M (o= Niq)u
C
(1 —a;q)nT4(B) m%;O (m’n><1;q>m<1,Q>n (B; @)
(2.10)
The proof is complete. U
Theorem 2.6 (Compare [10, (6) p. 244]).
N N (a—r) (a—7;q)ar T™y q(;)+r(a—5—N+1)
—-1)" C'(m ’
;( ) ( ) Ly(B—1) Z B gy (L m(l@n o
) 2"y gV (o = N ) '
)

Z C(m,n)

m,n=0

(Lm(La)n (B

+r(a—B—N+1)

e e (VY Talo—1) & (a—r;q)ar ™y )
LHS =3 (=1 (r)qrqw—r) 2 ) T an(a,

_ ?ZE;? mizoo(m, n) <1;q$:i/n; — ﬁ; EZZ;Z: (zi\f;i%qr(a_ﬁﬂ) _
e
I e o
G o 5 e

(2.12)
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The proof is complete.

Theorem 2.7 (Compare [10, (7) p. 244] and [12, (11) p. 29]).

al v (VY Tgla—r) = C(m,n) xmy" G) ~
21 (r)qrq<ﬁ—r>m;_0< o GGt

r=0 B_T7Q>M <1aq m(laq n

(8- qale(@) & Clm,n)azmy"q®) (—a+ B+ Nig)y
(1= qInTe(B) o= (B m(Li@m(lighn (—a+ B5q)u

Proof. We have

= S (N L(a—r) < C(m,n) xmy”q(;)
LHS_v:o( Y ( )qu(ﬁ—r) 2 (B=r; ) a (1 Q)m (L5 @)

al _N> r N
3 < q) q

[e's) N

[y(a) N i i (1—8—M;q), (—N;q),
2 Ol g 2 Ty, (),

q

(B —a;q)nTy(a) i C(m,n)z™y"  (—a+ B+ N;q)u
(1 —a;q)nTg(B) B )L Om(L Q) (—a+89m

The proof is complete.
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(2.13)

(2.14)

O

Remark 2.8. The convergence in formula (2.13) is not so good. However, this formula

works well in a number of special cases. One example is

C(m,n)=1,q=.85,a=53,0=5543, N =4, = .2,y = .176.

(2.15)

In this case the difference LHS-RHS in (2.13) is 4.09273 x 102 for 0 < m < 60, 0 <

n < 60.

Theorem 2.9 (Compare [10, (7) p. 244]).

mn

m,n=0
<5—a q NF i C(m,n)z™y" ¢V (—a + B+ N;q)u
By (Li@)m(Liq)n  (—a+Biq)um

= 1\ N a—r) = C(m Y (5)+r(+a—p—M-N) _
2 ”(r)q T 2

(2.16)
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Proof. We have
n, r(l+a—F—M—N

N\ T (a—1) <= C(m,n) ™y q
>qu(ﬁ—7“) mzn:() B=ria)y (L@l @n

q(2)+1 2M

_ Ty(e) o o "y" Y (=N;q), g Otef=20
- Ty(8) m;00< ’ )<1;Q>m< ;Q>n;< — (L) Bim—r
Iy(a) . (11— B~ M), (~Niq)q"
Lo(B)(B; @) m m;:OC(m,n (1; ; —aq)r  (Lg)
Ly(a) i C(m?’L)ﬂﬁ"%/”qN(1 - M)< a+ B+ Mgy
Lo(8) oo (L@m(L0)n(B; @)u (1 —a;q)n

(8= a;q)nTy(@) <=~ C(m,n)a"y"q" P (—a 4§+ Nig)u

B (Lm0 (—a+B5q)um

(1= q)nTg(B) 2=,
(2.17)
The proof is complete. O
Theorem 2.10 (Compare [10, (8) p. 244] and [12, (12) p. 29]).
N N\ Ty(a—r) > xmy" r
—1) a C —ri ¢y ————QE =
;< ) (T)qfq(ﬁ—r) m;:o (. m) e 7a’q>M<1;61>m<1;q>nQ (<2>)
(B—a;q)nTy(a) < 2™y o — Nig)u  (1+a—Biq)u
C :
(1= a;q)nTq(B) m;_() (. 7) (L@)m(iq)n (1+a—B—Nigu
(2.18)
Proof. We have
N N\ T (a—r) > xmynq(g)
LHS = 1) . C —r; —_
;< ) ( ) Ly(B—r) W;O . n)ia T’q>M<1;cJ>m<1;q>n
Ty(0) Y o (B s (—Nig)y
= C(m, N _
r,(5) mZ ) o (T 0 Z (L), !
Fq(a) LS zmy" N 1_ 7“( a+p— M+N)< N; q>r
C(m, ;
Fo) 2 Commes o Z e e T
Ty(@) < "y q)a (—a+ B — Miq)y

"yt a—Nigyy  (I+a—B5q)um

(I —a;q)nly(P) 5=, (Lgym(L;q)n (l+a=B-Nigu
(2.19)




q-analogues of Triple Series Reduction Formulas 51

The proof is complete. [
Theorem 2.11 (Compare [10, (8) p. 244]).
+r(l+a—B+M—N)

(V) Dyle 2yng(3) N
2 (=1 (r)qfq(ﬁ " Z Clm,mpa=rs

(B — a§Q>NFq(a)
(1 —a;q)nly(B)

2™y (1= By (I+a—Biq)u
(L;@)m(1;q)n (I1+a—pF—-N;q)um
(2.20)

C(m,n)

m,n=0
Proof. We have

LS = (_1)7«(1\7);(1( Zoc e = 31 Om(L; On

(B = 15a) {0y @) aa—r (= N; q)rg T
(L @)m (L @)n = (1;q)r

Fq(a) Z C’(m,n)(a;q> z" n Z 1_Ba <_N; Q>r

(5)+r(1+a—B+M—N)

Lo(B) 5=, (Lig)m 1,61 (1 —a—M q) (1;9)r
Ly(@) <~ C(m,n)a™y™(a; ¢)pg"" P (—a+ 5 — M;q)y
Lo (B) £ (1; @)m (L5 @)n (1M —a;9)x
(B —a;q)nTy(a) i ™y a = N;gdug" P (14 a=Big)u
(1 —a;9nTy(B) 5=, (Lg)m(lsq)n (I1+a—-B—N;gum
(2.21)
The proof is complete. [

Remark 2.12. The convergence in formula (2.20) is not so good. However, this formula
works somehow in a number of special cases. One example is

C(m,n)=1,g=.99,a =43,8=5543, N =4,z = .1,y = .076. (2.22)

In this case the difference LHS-RHS in (2.20) is 0.0000127104 for 0 < m < 20, 0 <
n < 20.

Theorem 2.13 (Compare [10, (9) p. 244] and [12, (13) p. 29]).
ZN:(_DT (N> Ly(a—r) i C(m,n)x™y q( )+rM B
q m,n=0 <1 - Oé—|—7”, q> <17 q>m<17 q>n B

(B—a;q)nTq(@) zmy" (—a+ B+ N;g)um
(1 —a;q)nT(B) C(m, ) (L@m(Lign (1 —a+N,—a+B;q)u

(2.23)

m,n=0
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Proof. We have

al N\ T'y(a—r) C(m,n)zmy"q\2
)qw—r) 2 T arra (L (i a,

( )-‘rTM

r (=N Q>rqr(—a+ﬂ+M+N)

N (1-Ba)
o L@l @) 2 (1 —;q)rn (1;9),

Y 0-89), (=N;a),
) ,Z(l—oHrM @) (L)
> C(m,n) xmy" (—a+f+ M;q)n
@ Ou AL Qm(L @0 (1 —a+M;q)n

o )
" (—a+ B+ N;q)um
(

(8= a;)nTy(0) -
(1—a;q)nT4(B) m,;_oam’ " (1 @n (L —a+ N, —a+Biq)n
(2.24)

The proof is complete.
Theorem 2.14 (Compare [10, (9) p. 244]).

o0

i(_l)r (N) Fq(a—r) Z C(m7n)xmynq(g)+r(a75+1 N) B
r=0 r qu(ﬁ—T) o (1 —a47;¢0) 0 (L Qm(1: Q) -
’"y”qNM (—a+ B+ N;q) gV 05 (2.25)

</3—CY(INF G
(1 —a;q)nly(8 m;OC Dm(Lighn (1—a+ N, —a+Biq)u

Proof. We have
N
N F ( )-l—r(a B+1-N)
LHS = (—1)’“( ) o(@=1) Z Clm, n)a™y"q >
— La(B=r) = (1= atr;q)a (L )m(L; @)n

_F!I(a) = C( 7n$ al BvQ>r <_N§Q>r r
a Z <17 >m 17qnz 1_a7Q>r+M <1;Q>r

Lo(B) 5=, —
— FQ<a) i C m?”) ™ y ~ <1 - ﬂ§Q>r <_N;Q>rqr (226)
Lo(B) oy M= q)u (L, @m (L ) S (L =+ M5q)r - (150)s
_ Ty(a) i C(m,n) a™y"q"U P (—a+ B+ M;q)n
Ly(8) 5z U= @)u (L m (L g)n (1 —a+ M;q)x

(
- aygNI (—a+ B+ Nig)u

(@)
(1 —a;q)nT4(B) m;zo()(m n)<1 Om(Li@n (1 —a+ N, —a+ Biq)u

The proof is complete.
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3 Specializations

Specializing the previous formulas leads to the following formulas for two variables,
where we have put

N L (a—r) (B —a;g)nTy(a)
O(N;a, B;riq) = —1’"( ) q()—' ;a, Biq :
( )= D) U oy N B = T T
3.1
We have assumed that B = B’ = G = & in all formulas. The conditions for A and

E are given separately in each case.

Theorem 3.1 (Compare [10, (16) p. 246]). We assume that A + 2] = E.

: A(q7 l? 1 /B+r)’ (a' ( ) - -
ZQ Ozﬁrq(I)A:ng{ (e) : ()7(92) (b ) |anql(N )7yql(N )}:
‘“M“ﬁ’”ﬂég[amm1+a—ﬁ e ]
(3.2)
Proof. Put
((@); Qmtnl(0); DunlV); D0 Nigmtn)
C(m,n) = 33
0 1) = () D) Dol () ) G
in (2.1). We have assumed that k¥ = [. ]
In the following proofs we use the value
((@); @m4n{(0); @) ((V); @)n
C = 34
U 1) = 1) s (9); Do () G
and assume that k = [.
Theorem 3.2 (Compare [10, (19) p. 247]). We assume that A = E.
N
A(q; ;1 — G+r), - (b); (V
R e L0

- (
s DGI—B), @ 050
o g3 | p i o R Yty 1]

Proof. Use (2.5). ]
Theorem 3.3 (Compare [10, (20) p. 247]). We assume that A = E.
V) 9 b)7( /)
ze admaepis | QEEeTT 0 O |q,xy}
Algsts 5-1).(6)  (9); (9) 56
N)
(

0. B Afg;l;e— N), (a) :
W(N,Oé,ﬂ, )q)gigég |: (qJ’B) (6)
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Proof. Use (2.9). ]

Theorem 3.4 (Compare [10, (21) p. 247]). We assume that A = E + 2I.

- (i) 4B (a) : (b); (V) N
;;“Vmﬁ”q> 0 | A g ) o) 1500

Na-p gpatan | D@L B —a+ N), (a): (b); (V) =N N
oo™ PottiE | LG LN ) g e o™

E+4l:G
(3.7

Proof. Use (2.16). [
Theorem 3.5 (Compare [10, (22) p. 248]). We assume that A + 2] = E.

N

. A(q;l; a— (D) (Y
ZH(N;a,B;T;q)CP’éI?LB{ @ © Tz’gngg')( 5 ) Iq;w,y} =
—o CAID (3.8)
. Caaras | A la—=N14+a—8),(a): (b); (1)

w(N; o, 5; )(I)Ei2lG|: Aglil+a—B—N),(e): (9);(g) lq; 2,y

Proof. Use (2.18). ]

Remark 3.6. In [9, (3.1) p. 439] Kandu tried to derive a similar formula. However, in
this article the definitions are insufficient.

Remark 3.7. Formula (3.8) is a g-analogue of [8].

Theorem 3.8 (Compare [10, (23) p. 248]). We assume that A = E + 2I.

- B a) : (b); (v 0o
2;9(N; a, B;7;:¢)Pp o [ ANCHAS! (— 21+(r))7 ((e)): (9); (9 420" ya l] B

3.9
o Algili—a+ B+ N)(a): B (¥)
”N”ﬁ’ﬁgﬁg[Aw@l at Nomat B () (o) (¢) 1ETY]
Proof. Use (2.23). 0

4 Conclusion

We expect that these formulas will be of greatest value when looking for ¢g-analogues
of reductions for triple g-series. This is an investigation which has only started, and
hopefully will continue in the next years. The connection with I',-functions is quite
interesting, as is manifested in the book [7].
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