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Abstract

This paper deals with a special type of delayed integral inequalities of Bihary
type for scalar functions of two variables. The integrals involve the maximum of
the unknown function over a past time interval. Several nonlinear types of integral
inequalities are solved. The importance of these integral inequalities is based on
their wide applications to the qualitative investigations of various properties of
solutions of partial differential equations with “maxima” and it is illustrated by
some direct applications.
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1 Introduction

In the last few decades, great attention has been paid to automatic control systems
and their applications to computational mathematics and modeling. Many problems
in control theory correspond to the maximal deviation of the regulated quantity and
they are adequately modeled by differential equations with “maxima” [13]. The quali-
tative investigation of properties of differential equations with “maxima” [2, 4, 6, 8–10]
requires building of an appropriate mathematical apparatus. One of the main math-
ematical tools, employed successfully for studying existence, uniqueness, continuous
dependence, comparison, perturbation, boundedness and stability of solutions of differ-
ential and integral equations, is the method of integral inequalities [1, 5, 14–17]. The
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development of the theory of partial differential equations with “maxima” [3, 7, 12] re-
quires solving linear and nonlinear integral inequalities that involve the maximum of the
unknown scalar function of two variables [11].

This paper deals with nonlinear integral inequalities which involve the maximum
of the unknown scalar function of two variables. Various cases of nonlinear integral
inequalities are solved. The form of the solution depends significantly on the type of
nonlinear function in the integral. These results generalize the classical integral in-
equalities of Gronwall–Belman and Bihari type. The importance of the solved integral
inequalities is illustrated on some direct applications to partial differential equations
with “maxima”.

2 Main Results

Let h > 0 be a constant,x0, y0, X, Y be fixed points such that0 ≤ x0 < X ≤ ∞ and
0 ≤ y0 < Y ≤ ∞.

Definition 2.1. We will say that the functionα ∈ C1([x0, X),R+) is from the classF
if it is a nondecreasing function andα(x) ≤ x for x ∈ [x0, X).

Let the functionsαi, βj ∈ F for i = 1, 2, . . . , n, j = 1, 2, . . . , m. Denote

J = min

(
min

1≤ i≤n
αi(x0), min

1≤ j≤m
βj(x0)

)
.

Consider the setsG, Ψ, Λ defined by

G =
{
(x, y) ∈ R2 : x ∈ [x0, X), y ∈ [y0, Y )

}
,

Ψ =
{
(x, y) ∈ R2 : x ∈ [J − h, x0], y ∈ [y0, Y )

}
,

Λ =
{
(x, y) ∈ R2 : x ∈ [J − h,X), y ∈ [y0, Y )

}
= G ∪Ψ.

Theorem 2.2.Let the following conditions be fulfilled:

1. The functionsαi, βj ∈ F for i = 1, 2, . . . , n, j = 1, 2, . . . , m.

2. The functionsfi, gj ∈ C([J,X) × [y0, Y ),R+) for i = 1, 2, . . . , n, j =
1, 2, . . . , m.

3. The functionφ ∈ C(Ψ, [0, k]) wherek = const > 0.

4. The functionsωi, ω̃j ∈ C(R+,R+) are nondecreasing,ωi(x) > 0, ω̃j(x) > 0 for
x > 0, i = 1, 2, . . . , n, j = 1, 2, . . . , m.
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5. The functionu ∈ C(Λ,R+) and satisfies the inequalities

u(x, y) ≤ k +
n∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)ωi

(
u(s, t)

)
dt ds

+
m∑

j=1

∫ βj(x)

βj(x0)

∫ y

y0

gj(s, t)ω̃j

(
max

ξ∈[s−h, s]
u(ξ, t)

)
dt ds for (x, y) ∈ G,

(2.1)

u(x, y) ≤ φ(x, y), for (x, y) ∈ Ψ. (2.2)

Then for(x, y) ∈ G1, the inequality

u(x, y) ≤ W−1

(
W (k) +

n∑
i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)dt ds

+
m∑

j=1

∫ βj(x)

βj(x0)

∫ y

y0

gj(s, t)dt ds

) (2.3)

holds, whereW−1 is the inverse function of

W (r) =

∫ r

r0

ds

ω(s)
<∞ , 0 ≤ r0 < k ≤ r, (2.4)

ω(t) = max
(

max
1≤ i≤n

ωi(t), max
1≤ j≤m

ω̃j(t)
)

(2.5)

G1 =

{
(x, y) ∈ G : W (k) +

n∑
i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)dt ds

+
m∑

j=1

∫ βj(x)

βj(x0)

∫ y

y0

gj(s, t)dt ds ∈ Dom
(
W−1

)}
.

Proof. Define a functionz : Λ → R+ by the equalities

z(x, y) =



k +
n∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)ωi

(
u(s, t)

)
dt ds

+
m∑

j=1

∫ βj(x)

βj(x0)

∫ y

y0

gj(s, t)ω̃j

(
max

ξ∈[s−h, s]
u(ξ, t)

)
dt ds,

(x, y) ∈ G,

k, (x, y) ∈ Ψ.

The functionz(x, y) is nondecreasing in its both arguments,z(x0, y) = k for y ∈
[y0, Y ), andu(x, y) ≤ z(x, y) for (x, y) ∈ Λ. Note that max

ξ∈[s−h, s]
z(ξ, y) = z(s, y) for
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s ∈ [βj(x0), βj(X)), j = 1, 2, . . . , m andy ∈ [y0, Y ). Then from inequality (2.1) and
the definition of the functionω(t), we get for(x, y) ∈ G

z(x, y) ≤ k +
n∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)ω
(
z(s, t)

)
dt ds

+
m∑

j=1

∫ βj(x)

βj(x0)

∫ y

y0

gj(s, t)ω
(
z(s, t)

)
dt ds.

(2.6)

Define a functionK : G→ [k,∞) by the equality

K(x, y) = k +
n∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)ω
(
z(s, t)

)
dt ds

+
m∑

j=1

∫ βj(x)

βj(x0)

∫ y

y0

gj(s, t)ω
(
z(s, t)

)
dt ds.

(2.7)

Note thatK(x, y) is an increasing function and the inequalityz(x, y) ≤ K(x, y) holds
for (x, y) ∈ G. From (2.7) and condition 1 of Theorem 2.2, we obtain for the partial
derivativeK ′

x(x, y) with respect tox

K ′
x(x, y) =

n∑
i=1

∫ y

y0

fi

(
αi(x), t

)
ω
(
z(αi(x), t)

)(
αi(x)

)′
dt

+
m∑

j=1

∫ y

y0

gj

(
βj(x), t

)
ω
(
z(βj(x), t)

)(
βj(x)

)′
dt

≤
n∑

i=1

∫ y

y0

fi

(
αi(x), t

)
ω
(
K(αi(x), t)

)(
αi(x)

)′
dt

+
m∑

j=1

∫ y

y0

gj

(
βj(x), t

)
ω
(
K(βj(x), t)

)(
βj(x)

)′
dt

≤ ω
(
K(x, y)

)( n∑
i=1

∫ y

y0

fi(αi(x), t)(αi(x))
′dt

+
m∑

j=1

∫ y

y0

gj(βj(x), t)(βj(x))
′dt

)
.

(2.8)

From inequality (2.8), we get

K ′
x(x, y)

ω
(
K(x, y)

) ≤ n∑
i=1

(
αi(x)

)′ ∫ y

y0

fi

(
αi(x), t

)
dt

+
m∑

j=1

(
βj(x)

)′ ∫ y

y0

gj

(
βj(x), t

)
dt.

(2.9)
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Integrate inequality (2.9) with respect tox fromx0 tox, x ∈ [x0, X), change the variable
η = αi(s) (i = 1, . . . , n) in the first sum of integrals, andη = βj(s) (j = 1, . . . , m)
in the second sum of integrals, use the definition (2.4), the equalities∫ x

x0

Kx(s, y) ds

ω
(
K(x, y)

) =

∫ K(x,y)

k

du

ω
(
u
) = W (K(x, y))−W (k)

and the inequalityz(x, y) ≤ K(x, y), and obtain for(x, y) ∈ G

W
(
K(x, y)

)
≤ W (k) +

n∑
i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(η, t)dt dη

+
m∑

j=1

∫ βj(x)

βj(x0)

∫ y

y0

gj(η, t)dt dη.

(2.10)

SinceW−1 is increasing, from inequalities (2.10) andu(x, y) ≤ z(x, y) ≤ K(x, y) we
obtain the required inequality (2.3) for(x, y) ∈ G1.

Define the following class of functions.

Definition 2.3. The functionω ∈ C(R+,R+) is said to be from the classΩ1 if

(i) ω(x) > 0 for x > 0 and it is a nondecreasing function;

(ii) ω(tx) ≥ tω(x) for 0 ≤ t ≤ 1.

In the case when the nonlinear functions in the integrals, additionally to the condi-
tions of Theorem 2.2, are submultiplicative, then the constantk in inequality (2.1) may
be substituted by an increasing function.

Theorem 2.4.Let the following conditions be fulfilled:

1. The conditions 1 and 2 of Theorem 2.2 are satisfied.

2. The functionk ∈ C(G, [1,∞)) is nondecreasing in its both arguments.

3. The functionφ ∈ C(Ψ, [0, k̃]), wherek̃ = k(x0, y0).

4. The functionsωi, ω̃j ∈ Ω1, i = 1, 2, . . . , n, j = 1, 2, . . . , m.

5. The functionu ∈ C(Λ,R+) and satisfies the inequalities

u(x, y) ≤ k(x, y) +
n∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)ωi

(
u(s, t)

)
dt ds

+
m∑

j=1

∫ βj(x)

βj(x0)

∫ y

y0

gj(s, t)ω̃j

(
max

ξ∈[s−h, s]
u(ξ, t)

)
dt ds for (x, y) ∈ G,

(2.11)
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u(x, y) ≤ φ(x, y), for (x, y) ∈ Ψ. (2.12)

Then for(x, y) ∈ G2, the inequality

u(x, y) ≤ k(x, y)×W−1

(
W (1) +

n∑
i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)dtds

+
m∑

j=1

∫ βj(x)

βj(x0)

∫ y

y0

gj(s, t)dtds

) (2.13)

holds, where the functionsW , ω are defined by(2.4)and (2.5), respectively,

G2 =

{
(x, y) ∈ G : W (1) +

n∑
i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)dt ds

+
m∑

j=1

∫ βj(x)

βj(x0)

∫ y

y0

gj(s, t)dt ds ∈ Dom
(
W−1

)}
.

(2.14)

Proof. Define the continuous nondecreasing functionK : Λ → [1,∞) by

K(x, y) =

{
k(x, y), for (x, y) ∈ G,
k(x0, y), for (x, y) ∈ Ψ.

From inequalities (2.11), (2.12), and
1

k(x, y)
≤ 1, and condition 4 of Theorem 2.4, we

obtain

u(x, y)

k(x, y)
≤ 1 +

n∑
i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)ωi

(
u(s, t)

k(x, y)

)
dt ds

+
m∑

j=1

∫ βj(x)

βj(x0)

∫ y

y0

gj(s, t)ω̃j

(
maxξ∈[s−h, s] u(ξ, t)

k(x, y)

)
dt ds,

≤ 1 +
n∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)ωi

(
u(s, t)

K(s, t)

)
dt ds

+
m∑

j=1

∫ βj(x)

βj(x0)

∫ y

y0

gj(s, t)ω̃j

(
maxξ∈[s−h, s] u(ξ, t)

K(s, t)

)
dt ds, (x, y) ∈ G

(2.15)
and

u(x, y)

k(x0, y0)
≤ φ(x, y)

k(x0, y0)
≤ 1, (x, y) ∈ Ψ. (2.16)

For everyj : 1 ≤ j ≤ m andt ∈ [y0, Y ), s ∈ [βj(x0), βj(X)), the inequalities

max
ξ∈[s−h,s]

u(ξ, t)

K(s, t)
=
u(ξ1, t)

K(s, t)
≤ u(ξ1, t)

K(ξ1, t)
≤ max

ξ∈[s−h,s]

u(ξ, t)

K(ξ, t)
≤ max

ξ∈[s−h,s]
Z(ξ, t) (2.17)
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hold, whereξ1 ∈ [s − h, s] andZ(x, y) =
u(x, y)

K(x, y)
. From inequality (2.17) it follows

that the inequalities (2.15), (2.16) may be written in the form

Z(x, y) ≤ 1 +
n∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)ωi

(
Z(s, t)

)
dt ds

+
m∑

j=1

∫ βj(x)

βj(x0)

∫ y

y0

gj(s, t)ω̃j

(
max

ξ∈[s−h, s]
Z(ξ, t)

)
dt ds, (x, y) ∈ G,

(2.18)

Z(x, y) ≤ 1, (x, y) ∈ Ψ. (2.19)

From inequalities (2.18) and (2.19) according to Theorem 2.2, we obtain for(x, y) ∈ G2

Z(x, y) ≤ W−1

(
W (1) +

n∑
i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)dtds

+
m∑

j=1

∫ βj(x)

βj(x0)

∫ y

y0

gj(s, t)dtds

)
.

(2.20)

Inequality (2.20) and definitions of the functionsZ(x, y), K(x, y) imply the validity of
inequality (2.13).

Define the following class of functions.

Definition 2.5. We will say that the functionω ∈ C(R+,R+) is from the classΩ2 if it
satisfies the following conditions:

(i) ω(x) > 0 for x > 0 and it is a nondecreasing function;

(ii) ω(tx) ≥ tω(x) for 0 ≤ t ≤ 1;

(iii) ω(x) + ω(y) ≥ ω(x+ y).

Remark2.6. For example, the functionsω(x) =
√
x andω(x) = x are from the class

Ω2.

In the case when the nonlinear functions in the integrals are from the classΩ2, the
following result holds.

Theorem 2.7.Let the following conditions be fulfilled:

1. The conditions 1 and 2 of Theorem 2.2 are satisfied.

2. The functionsωi, ω̃j ∈ Ω2, i = 1, 2, . . . , n, j = 1, 2, . . . , m.

3. The functionk ∈ C(Λ,R+).
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4. The functionµ ∈ C(G, [1,∞)).

5. The functionu ∈ C(Λ,R+) and satisfies the inequalities

u(x, y) ≤ k(x, y) + µ(x, y)

(
n∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)ωi

(
u(s, t)

)
dt ds

+
m∑

j=1

∫ βj(x)

βj(x0)

∫ y

y0

gj(s, t)ω̃j

(
max

ξ∈[s−h, s]
u(ξ, t)

)
dt ds

)
for (x, y) ∈ G,

(2.21)

u(x, y) ≤ k(x, y) for (x, y) ∈ Ψ. (2.22)

Then for(x, y) ∈ G3, the inequality

u(x, y) ≤ k(x, y) +M(x, y)P (x, y)W−1

(
W (1) + A(x, y)

)
(2.23)

holds, where the functionsW, w are defined by(2.4)and(2.5), respectively,W−1 is the
inverse ofW ,

G3 =
{

(x, y) ∈ G : W (1) + A(x, y) ∈ Dom
(
W−1

)}
,

P (x, y) = 1 +
n∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)ωi

(
k(s, t)

)
dt ds

+
m∑

j=1

∫ βj(x)

βj(x0)

∫ y

y0

gj(s, t)ω̃j

(
max

ξ∈[s−h, s]
k(ξ, t)

)
dt ds, (x, y) ∈ G,

(2.24)

A(x, y) =
n∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)M(s, t)dt ds

+
m∑

j=1

∫ βj(x)

βj(x0)

∫ y

y0

gj(s, t)M(s, t)dt ds,

(2.25)

M(x, y) =

{
µ(x, y) for (x, y) ∈ G,
µ(x0, y) for (x, y) ∈ Ψ.

(2.26)

Proof. Define a functionz : Λ → R+ by the equalities

z(x, y) =



n∑
i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)ωi

(
u(s, t)

)
dt ds

+
m∑

j=1

∫ βj(x)

βj(x0)

∫ y

y0

gj(s, t)ω̃j

(
max

ξ∈[s−h, s]
u(ξ, t)

)
dt ds

for (x, y) ∈ G,

0 for (x, y) ∈ Ψ.

(2.27)
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From inequality (2.21) and the definition of the functionz(x, y), we obtain

u(x, y) ≤ k(x, y) +M(x, y)z(x, y), (x, y) ∈ Λ. (2.28)

Since the functionM(x, y) is nondecreasing in its both arguments and fors ∈ [J,X),
y ∈ [y0, Y ) we obtain

max
ξ∈[s−h, s]

u(ξ, y) ≤ max
ξ∈[s−h, s]

k(ξ, y) +M(s, y) max
ξ∈[s−h, s]

z(ξ, y). (2.29)

From inequality (2.28), the definition of the functionz(x, y) and conditions 1 and 2 we
get for(x, y) ∈ G∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)ωi

(
u(s, t)

)
dt ds

≤
∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)ωi

(
k(s, t) +M(s, t)z(s, t)

)
dt ds

≤
∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)ωi

(
k(s, t)

)
dt ds

+

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)M(s, t)ωi

(
z(s, t)

)
dt ds

(2.30)

and ∫ βj(x)

βj(x0)

∫ y

y0

gj(s, t)ω̃j

(
max

ξ∈[s−h, s]
u(ξ, t)

)
dt ds

≤
∫ βj(x)

βj(x0)

∫ y

y0

gj(s, t)ω̃j

(
max

ξ∈[s−h, s]
k(ξ, t)

)
dt ds

+

∫ βj(x)

βj(x0)

∫ y

y0

gj(s, t)M(s, t)ω̃j

(
max

ξ∈[s−h, s]
z(ξ, t)

)
dt ds.

(2.31)

From the definition of the functionz(x, y) and inequalities (2.28), (2.30), (2.31), it
follows that

z(x, y) ≤ P (x, y) +
n∑

i=1

∫ αi(x)

αi(x0)

∫ y

y0

fi(s, t)M(s, t)ωi

(
z(s, t)

)
dt ds

+
m∑

j=1

∫ βj(x)

βj(x0)

∫ y

y0

gj(s, t)M(s, t)ω̃j

(
max

ξ∈[s−h, s]
z(ξ, t)

)
dt ds, for (x, y) ∈ G,

(2.32)

z(x, y) ≤ 0, for (x, y) ∈ Ψ. (2.33)

From inequalities (2.32), (2.33), according to Theorem 2.4, we obtain the inequality
(2.23).
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3 Applications

Consider the scalar partial differential equation with “maxima”

u
′′

x y = F
(
x, y, u(x, y), max

s∈[σ(x), τ(x)]
u(s, y)

)
for (x, y) ∈ G (3.1)

with the initial conditions

u(x0, y) = ϕ1(y) for y ∈ [y0, Y ),

u(x, y0) = ϕ2(x) for x ∈ [x0, X),

u(x, y) = ψ(x, y) for (x, y) ∈ [τ(x0)− h, x0]× [y0, Y ),

(3.2)

whereu ∈ R, ϕ1 : [y0, Y ) → R, ϕ2 : [x0, X) → R, ψ : [τ(x0)− h, x0]× [y0, Y ) → R,
F : [x0, X)× [y0, Y )× R× R → R.

Theorem 3.1 (Upper bound).Let the following conditions be fulfilled:

1. The functionsτ ∈ F , σ ∈ C([x0, X),R+) and there exists a constanth > 0 :
0 ≤ τ(x)− σ(x) ≤ h for x ∈ [x0, X).

2. The functionF ∈ C([x0, X) × [y0, Y ) × R × R,R) and satisfies for(x, y) ∈ G
andγ, ν ∈ R, the condition∣∣F (x, y, γ, ν)

∣∣ ≤ Q(x, y)
√
|γ|+R(x, y)

√
|ν| ,

whereQ, R ∈ C(G,R+).

3. The functionψ ∈ C([τ(x0)− h, x0]× [y0, Y ),R).

4. The functionsϕ1 ∈ C([y0, Y ),R), ϕ2 ∈ C([x0, X),R) andϕ1(y0) = ϕ2(x0),
ϕ1(y) = ψ(x0, y) for y ∈ [y0, Y ).

5. The functionu(x, y) is a solution of the initial value problem(3.1), (3.2)which is
defined for(x, y) ∈ [τ(x0)− h,X)× [y0, Y ).

Then the solutionu(x, y) of the partial differential equation with “maxima”(3.1), (3.2)
satisfies for(x, y) ∈ G the inequality∣∣u(x, y)∣∣ ≤ K(x, y) + P1(x, y)

(
1 +

1

2

∫ x

x0

∫ y

y0

[
Q(s, t) +R(s, t)

]
dt ds

)2

, (3.3)

where

K(x, y) =

{ ∣∣ϕ1(y) + ϕ2(x)− ϕ2(x0)
∣∣, (x, y) ∈ G∣∣ψ(x, y)

∣∣, (x, y) ∈ [τ(x0)− h, x0]× [y0, Y ),
(3.4)

P1(x, y) = 1 +

∫ x

x0

∫ y

y0

Q(s, t)
√
K(s, t) dt ds

+

∫ x

x0

∫ y

y0

R(s, t)
√

max
ξ∈[σ(s), τ(s)]

K(ξ, t) dt ds.
(3.5)
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Proof. For the functionu(x, y) we obtain∣∣u(x, y)∣∣ ≤ ∣∣ϕ1(y) + ϕ2(x)− ϕ2(x0)
∣∣

+

∫ x

x0

∫ y

y0

∣∣∣∣F(s, t, u(s, t), max
ξ∈[σ(s), τ(s)]

u(ξ, t)
)∣∣∣∣dt ds

≤
∣∣ϕ1(y) + ϕ2(x)− ϕ2(x0)

∣∣+ ∫ x

x0

∫ y

y0

Q(s, t)
√
|u(s, t)|dt ds

+

∫ x

x0

∫ y

y0

R(s, t)
√

max
ξ∈[σ(s), τ(s)]

|u(ξ, t)|dt ds for (x, y) ∈ G,

(3.6)

∣∣u(x, y)∣∣ =
∣∣ψ(x, y)

∣∣, for (x, y) ∈ [τ(x0)− h, x0]× [y0, Y ). (3.7)

Denote
∣∣u(x, y)∣∣ = U(x, y) for (x, y) ∈ [τ(x0)− h,X)× [y0, Y ). From (3.6) and (3.7),

we have

U(x, y) ≤
∣∣ϕ1(y) + ϕ2(x)− ϕ2(x0)

∣∣+ ∫ x

x0

∫ y

y0

Q(s, t)
√
U(s, t) dt ds

+

∫ x

x0

∫ y

y0

R(s, t)
√

max
ξ∈[σ(s), τ(s)]

U(ξ, t) dt ds, (x, y) ∈ G,
(3.8)

U(x, y) =
∣∣ψ(x, y)

∣∣ = K(x, y), for (x, y) ∈ [τ(x0)− h, x0]× [y0, Y ). (3.9)

Change the variables = τ−1(η) in the second integral of (3.8), use the inequality
max

ξ∈[σ(x), τ(x)]
U(ξ, y) ≤ max

ξ∈[τ(x)−h, τ(x)]
U(ξ, y) for y ∈ [y0, Y ) andx ∈ [x0, X) that fol-

lows from condition 1 of Theorem 3.1 and obtain

U(x, y) ≤ K(x, y) +

∫ x

x0

∫ y

y0

Q(s, t)
√
U(s, t)dtds

+

∫ τ(x)

τ(x0)

∫ y

y0

R(τ−1(η), t)(τ−1(η))′
√

max
ξ∈[η−h, η]

U(ξ, t) dtdη, (x, y) ∈ G.
(3.10)

Note that the conditions of Theorem 2.7 are satisfied forn = m = 1, α(x) ≡ x,
β(x) ≡ τ(x), k(x, y) ≡ K(x, y), where the functionK(x, y) is defined by (3.4),
f(x, y) ≡ Q(x, y) for (x, y) ∈ G, g(x, y) ≡ R(τ−1(x), y)(τ−1(x))′ for x ∈ [τ(x0), X),

y ∈ [y0, Y ), ω(v) = ω̃(v) =
√
v, W (v) = 2

√
v, W−1(v) =

1

4
v2 for v ∈ R+, and

Dom(W−1) = R+. According to Theorem 2.7, from inequalities (3.10), (3.9), we ob-
tain for (x, y) ∈ G the bound

U(x, y) ≤ K(x, y) + P1(x, y)
1

4

(
2 +

∫ x

x0

∫ y

y0

[
Q(s, t) +R(s, t)

]
dt ds

)2

, (3.11)

where the functionP1(x, y) is defined by equality (3.5). Inequality (3.11) and the defi-
nition of the functionU(x, y) imply the validity of the required inequality (3.3).
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In the case when the initial conditions in problem (3.1), (3.2) are constants and
Lipschitz functions for the functionF are constants, we may apply Theorem 2.2 instead
of Theorem 2.7 and we obtain a better bound for the solution.

Theorem 3.2.Let the conditions of Theorem 3.1 be satisfied, whereϕ1(y) ≡ C,ϕ2(x) ≡
C,ψ(x, y) ≡ C, Q(x, y) ≡ Q,R(x, y) ≡ R, C,Q,R are constants. Then the solu-
tion u(x, y) of the partial differential equation with “maxima”(3.1), (3.2) satisfies for
(x, y) ∈ G the inequality

∣∣u(x, y)∣∣ ≤ (√|C|+ 1

2
(Q+R)(x− x0)(y − y0)

)2

. (3.12)
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