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Abstract

The neutrix compositiorF'(f(x))) of a distributionF'(z) and a locally sum-
mable functionf(z) is said to exist and be equal to the distributiofx) if the
neutrix limit of the sequencgF,,(f(z))} is equal toh(z), whereF,, (x) = F(z) *
dn(z) and{d,(z)} is a certain sequence of infinitely differentiable functions con-
verging to the Dirac delta-functiofi(z). It is proved that the neutrix compo-
sition 5(T‘9m‘pm‘1)(xfr/rm/(1 + xi/m)) exists forr,s,m = 1,2,3... andp =
0,1,2,...,r7rs — 1.

AMS Subject Classifications:46F10.
Keywords: Distribution, Dirac-delta function, composition of distributions, neutrix,
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1 Introduction

In distribution theory, no meaning can be generally given to expressions of the form
F(f(x)), whereF and f are distributions. However, the compositiafig) andd’(f),
wheref = 0 is a surface in three-dimensional space, appear in wave propagation prob-
lems, see [2, 3]. Furthermore, in physics, one finds the need to evafuatesn calcu-
lating the transition rates of certain particle interaction (see [8]).

The technique of neglecting appropriately defined infinite quantities was devised by
Hadamard, and the resulting finite value extracted from a divergent integral is referred
to as the Hadamard finite part. In fact, his method can be regarded as a particular
application of the neutrix calculus developed by van der Corput (see [1]).
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Using the concepts of a neutrix and neutrix limit, the first author gave a general
principle for the discarding of unwanted infinite quantities from asymptotic expansions,
and this has been exploited particularly in connection with multiplication, convolution
and composition of distributions, see [4,5]. Using Fisher’s definition, Koh and Li gave
meaning ta)” and(¢’)" forr = 2,3, ..., see [10], and the more general fofi* (z))"
was considered by Kou and Fisher in [11]. Recentlyrtingpowers of the Dirac distribu-
tion and the Heaviside function for negative integers have been defined in [13] and [14],
respectively.

In the following, we letD be the space of infinitely differentiable functiopswith
compact support and |62, b] be the space of infinitely differentiable functions with
support contained in the interval, b]. We letD’ be the space of distributions defined
onD and letD'[a, b] be the space of distributions definedBfu, b]. Now letp(z) be a
function inD having the following properties:

(i) p(x)=0for|z| > 1,
(i) p(x) =0,

(i) plx) = p(~2),
(iv) /_1 p(x)de = 1.

Puttingd,, (x) = np(nz) forn = 1,2,..., it follows that{é,(z)} is a regular sequence
of infinitely differentiable functions converging to the Dirac delta-functigm). Fur-
ther, if F'is a distribution irD’ andF,,(z) = (F(x—t), d,(x)), then{ F,,(z)} is aregular
sequence of infinitely differentiable functions convergingta:).

Now let f(z) be an infinitely differentiable function having a single simple root at
the pointz = x,. Gel'fand and Shilov defined the distributiéf( f(z)) by the equation

1 1|
5 (f(x)) = 6z — x0),
o)l | 1f (@)l ’
forr=0,1,2,..., see[9].
In order to give a more general definition for the composition of distributions, the
following definition for the neutrix composition of distributions was given in [4] and
was originally called the composition of distributions.

Definition 1.1. Let F' be a distribution inD’ and letf be a locally summable function.
We say that the neutrix compositidf( f (z)) exists and is equal thon the open interval
(a,b) if

N—-lim [ Fo(f(2))e(z)dz = (h(z), o(z))

n—oo
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for all ¢ in Dla, b], whereF, (z) = F(x) x d,(z) forn =1,2,... andN is the neutrix,
see [1], having domaiiV’ the positive integers and rangé€’ the real numbers, with
negligible functions which are finite linear sums of the functions

/\1 r—1

n*In"""n,In"n:A>0r=12...

and all functions which converge to zero in the usual sensetasds to infinity.
In particular, we say that the compositidf{ f (x)) exists and is equal th on the
open intervala, b) if

lim [ B (f(2))p(x)de = (h(x), p(x))

n—oo
—00

for all ¢ in Dla, b].

Note that taking the neutrix limit of a functiofin) is equivalent to taking the usual
limit of Hadamard’s finite part of (n).
The following theorems were proved in [6, 7, 12] respectively.

Theorem 1.2. The neutrix compositiof®) (sgn z|z|*) exists and
6 (sgn z|z|) =0
fors=0,1,2,... and(s+1)A=1,3,... and

. C1)EEDOHg
3 (s afal”) = i[(sl DA — 1]!5(( @)

fors=0,1,2,... and(s + )X =2,4,....

Theorem 1.3. The neutrix compositiod ™™ [z}/" /(1 + z!/")] exists and

s—1
ey e 1/r . (=1)rs=mtR (s —m)! (rs —m + 1
6L+ 2] = o R L COF

k=0
forr,s =1,2,... andm =1,2,...,rs, where
(rs —m+ 1>
=0
rk+r
if rs —m+1 < rk+ r. Inparticular, we have
ol /(142 =0

forr=2,3,... and

Sl /(14 2,)] = 20().
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Theorem 1.4. The neutrix compositiod®) [In" (1 + z/")] exists and

5 In" (1 4 217

s kr+r—1 r r4+s+i— . sr4+r—
_ Z kr 41 — 1\ (—1)Dktrbsti=lg) (G 4 1)+ 16(k)(x)
prr il i 2(sr +r — 1)k!

fors=0,1,2,... andr=1,2,....

2 Main Results

We now need the following lemma, which can be easily proved by induction.
Lemma 2.1. We have

1 }
. 0 0<i1<s
i () _ ) = )

/_ltp (t) dt { (—1)%s!, i=s

and

1
1
/ o () dt = =(—1)s!
0 2
fors=0,1,2,....
We now prove the following theorem.

Theorem 2.2. The neutrix compositiod"s™ ™= [}/ /(1 4 £}/")1/™] exists and

pem e D[ (L )

s—1 rsm—pm-+k—
_ Z (=1)rsm=pmtk=Lrm(rsm — pm — 1)! (rs —p 54 (). (2.1)
— 2k! rk+r T

forr,s, m=1,2,... andp=20,1,...,rs — 1.

Proof. We will first of all prove equation (2.1) on the intervat1, 1]. To do this, we
need to evaluate

1
/ xkz(sgsm—pm—l)[mi/rm/(l + mi/r)l/m] dx
-1

0

1
_ / xk(sgrsmfpmfl)[(xl/r/(l +x1/r))1/m] d.fL'+/ l,ka?(lrsmfpmfl)(o) dr
0

-1

1
_ nrsmpm/ xkp(rsmfpmfl)[nml/rm/<1 _|_m1/r)1/m] dr
0

0
+nrsm—pm/ xk’p(rsm—pm—l) (O) dx
-1

= L+ L.



A Result on the Neutrix Composition of the Delta Function 53

It is seen immediately that

N—lim I, = 0 (2.2)
forr,s,m =1,2,... andk = 0,1,2,.... Substitutingnz/" /(1 + z¥/")'/™ = t, i.e.,
t?”m
xr =
nrm(l _ tm/nm)r’
we have
rmt™™ 1 dt
dr =

o nTm(l _ tm/nm)r—l-l :
Then forn > 1, we have

(s—k-1) 1 trm(k-i—l)—l ( N
_ rm(s—k—1)—pm rsm—pm—
[1 = rmn /(; (1 _ tm/nm)r(k—l-l)—i-l p (t) dt

> 1 rm(k+1)+mi—1
Z rk+r+1\ ¢kt
= (rsm—pm—1)
o 0 /0 ( 7 ) n—rm(s—k—=1)+m(i+p) p (t) dt.

Hence

1
N—lim Iy = N—lim [ kg m (14 /7)) do

n—oo n—oo 0

(=1)rsm=rm=Lrm(rsm —pm — 1) (rs —p
2 rk+r)’

(2.3)

on using Lemma 2.1, fok = 0,1,2,...,s — 1 andr,s,m = 1,2,... andp =
0,1,2,...,rs — 1. Next, we have

1
/ ‘x557(1rsmfpmfl)[ml/rm/<1 +131/T)1/m” dr
0

1
< rmn Mo /
0

— O(nfrmfpm)

trm(erl)fl

(]_ _ tm/nn)r(s+1)+1p

(rsm—pm—1) (t) ‘ dt,

and so ify)(z) is an arbitrary continuous function, then

1

lim [ aslrsm=pm=Digl/rm /(1 4 2" V™y(2) de = 0, (2.4)
n—oo 0
forr,s,m =1,2,.... Further,

0
N—lim [ z*60*mPm=D(0)y(z) do

n—oo J_q
0
2.
— N-lim n'r’sm—pm/ xsp(rsm—pm—l) (O)ID(ZE) dr ( 5)
n—oo 1

=0,
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for r,s,m = 1,2,.... Now lety be an arbitrary function irD[—1, 1]. By Taylor’s

theorem, we have

s—1

ko™ (0) | aopl(Ex)
+ 3
k! s!

p(r) =
k=0
where0 < ¢ < 1. Then

N —lim(§sm=rm=D[g1/rm /(1 4 gV m) ()

n
n—oo

s—1 (k) 1
= N=tim 3" S [ om0 gl

1 s
T rm ™ 1/m $
n—oo —1 .
sLomy
—N-lim Y £ kf ) / koD g (1 4+ 2t/")] da
n—oo _ N 0
s—1 (k) 0 0
+N-lim Y 2 k;l( ) / 2Ho T (0) da
n—oo -0 ° -1
1 s
4 N—lim g(sr(lrsm—pm—l)[ml/r/(l + xl/r)]sp(s) (5{[’) dx
0 s
+N—lim [ oD (0)p) (Er) da
n—oo —1 .
_ - U tirmlrsm —pm = 1) (rs =\ gy
ar 2k! rk+r
s—1

(—=1)rsm=pmtk=Lpm (rsm — pm — 1)! (s — p
2k! rk+r

)<5<’f> (), o)),

k=0

on using equations (2.2), (2.3), (2.4) and (2.5). This proves that the neutrix composition
glrsm=—pm=1 /7 /(1 4 2'/7)] exists and

peem=pm D"/ (1 + )

_ Z (—1)rsm=pmtk=lrm (rsm — pm — 1)! (rs — p) 509 (),
prd 2k! rk+r
on theinterval—1, 1] forr,s,,m = 1,2,3,... andp =0,1,2,...,rs — 1. O

Replacingr by —z in Theorem 1.4, we get the following corollary.
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Corollary 2.3. The neutrix compositiod " #"~1["/™™ /(1 4 z'/")"/™] exists and

5(rsm—pm—1)[$1_/'rm/(1 + xl_/'r)l/m]

1 rsSm—pm-—
(=1)rsm=rm=Lrm(rsm —pm — 1) (rs —p 509 (2)
2k! rk+r ’

s

B
Il

0
forr,s,m=1,2,... andp=0,1,...,rs — 1.

Corollary 2.4. The neutrix compositiofi™*™ "~ V[|z|*/"™ /(1 4 |z|'/")/™] exists and

5(rsm—pm—1)[|x|1/rm/(1 + ‘l,|1/7")1/m]
. (=1)rsm=pm=1[1 4 (=1)*rm(rsm — pm — 1)! (7"5 —p

S

(k)

k=0
forr,s,m=1,2,... andp=0,1,...,rs — 1.
Proof. Noting that

1
/1 Q:k(s(rsmfpmfl)Hx’l/rm/(l + |x‘1/r)1/m] dr

1
= [+ (=11 [ a5 o] 1+ o) d

we see that equation (2.6) follows. O
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