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Abstract

In this paper, we shall give some results on existence of the best proximity
point of cyclicp-contractions in ordered metric spaces.
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1 Introduction

In 2003, Kirk et al. [5] generalized the Banach contraction principle by using two closed
subsets of a complete metric space. Then, Petrusel [6] proved some results about peri-
odic points of cyclic contraction maps. His results generalized the main result of Kirk.
Later, in 2006, Eldered and Veeramani [3] proved some results about best proximity
points of cyclic contraction maps. They raised a question about the existence of a best
proximity point for a cyclic contraction map in a reflexive Banach space. In 2009, Al-
Thagafi and Shahzad [1] gave a positive answer to this question. In fact, they solved
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the problem for cyclicp-contraction maps. But they proved some results about best
proximity point of weakly continuous cyclic contraction maps satisfying the proximal
property on reflexive (and strictly convex) Banach spaces. In this way, they raised an-
other question for cyclico-contraction maps. Recently, the authors have provided a
positive answer to the question of Al-Thagafi and Shahzad.

Let (X, d) be a complete metric space. The well-known Banach contraction theorem
assures us of a unique fixed poinffif: X — X is a contraction. As a generalization
of the Banach contraction principle, Kirk et al. proved the following fixed point result
in 2003 (see [5]).

Theorem 1.1.Let A and B be nonempty closed subsets of a complete metric space
(X,d). Suppose thal’ : AU B — AU Bis amap satisfying'(A) C B, T(B) C A

and there existé < (0, 1) such thatd(7z, Ty) < kd(z,y) forall z € Aandy € B.
Then,T" has a unique fixed point iA N B.

Let A andB be nonempty subsets of a metric spa¥ed) and letl" : AUB — AUB
such thatl’'(A) C BandT'(B) C A. The magl’ is called a cyclic contraction if

d(Tx, Ty) < ad(z,y) + (1 — a)d(A, B)

forallz € Aandy € B, wherea € (0,1) andd(A, B) = inf{d(z,y) : x € A,y € B}.
The map! is called a cyclico-contraction ify : [0, 00) — [0, 00) is a strictly increasing
map and

d(Tx, Ty) < d(z,y) — ¢(d(z,y)) + ¢(d(A, B))

forall z € Aandy € B (see [1]). Also,z € AU B is called a best proximity
point if d(z, Tx) = d(A, B). Note that a best proximity point is a fixed point ofl’
wheneverd N B # (). Thus, it generalizes the notion of a fixed point in case when

B = (). Recently, Anuradha and Veeramani provided the notion of proximal pointwise
contraction maps (see [2]). They gave a result about best proximity points of proximal
pointwise contraction maps whenevet, B) is a nonempty weakly compact convex
pair in a Banach space.

In this paper, we shall give some results about best proximity points of ayelic
contractions in ordered metric spaces. Note that a contractive map in an ordered metric
space is not necessarily a contraction (see [4]).

Let X be a nonempty set arilda selfmap onX. We denote the set of all nonempty
subsets of{ by 2* and the set of all invariant nonempty subsetskolfy /(7'), that is

I(T)={Yy e2*:T(Y)CY}.

For each pair of set¥” andY and selfmap§™: X — X andS : Y — Y, we define the
selfmapl’ x S: X xY — X xY byT x S(x,y) = (Tz, Sy). If (X, <) is a partially
ordered set, then we define

Xc={(r,y) e X x X:zx<yory<uz}.
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Let (X, d, <) be an ordered metric space a@hd X — X a selfmap onX. For each
nonempty subset' of X andz* € X, we define

Erc(z*) ={x € C: lim T*z = z*}.

We say thatX has the property (C) whenever for each monotone sequengein X
with z,, — z for somez € X, there exists a subsequenge,, } of {z,} such that
every element of z,,, } is comparable with:. Also, X is called regular whenever every
bounded monotone sequenceXns convergent. We say that a selfmBip X — X is
orbitally continuous whenever for eache X and sequencgn(i)};>; with 7"Vz — ¢
for someu € X, we havel "y — Ta. Here, 7™ = T(T™).

2 Main Results

In this section, we shall state and prove some results about best proximity points of
cyclic p-contractions in ordered metric spaces. The authors proved the following result
which is an extension of [3, Proposition 3.3] for cyclecontraction maps (see [7]).

Theorem 2.1.Lety : [0,00) — [0,00) be a strictly increasing map. Also, let and
B be nonempty subsets of a metric spagded), 7' : AUB — AU B a cyclic ¢-
contraction map;zy € AU B andx,,; = Tz, forall n > 0. Then, the sequences
{2, } and{xs,, } are bounded.

Now, we provide our results about best proximity points of cyclic contractions in
ordered metric spaces.

Theorem 2.2.Let(X, d, <) be an ordered metric spacd, B <€ 2* andT a decreasing
selfmap oAU B such thafl'(A) C BandT'(B) C A. Suppose that there exists € A
such thatr, < T?z, < Tz, and

d(Tx, Ty) < d(z,y) — @(d(x,y)) + ¢(d(A, B))

forall x € Aandy € B withz < y, wherey : [0,00) — [0, 00) is a strictly increasing
map. Ifx, ; = Tz, andd,, = d(z,.1,z,) forall n > 0, thend,, — d(A, B).

Proof. First note that we have

for all n > 1. Thus, we obtain
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for all n > 1. Hence, the sequende,, } is decreasing and bounded from below. If
d,, = 0 for somen,, thend,, — d(A, B) = 0. Suppose thad,, > 0 for alln > 1 and
d, — to for somet, > d(A, B). Since

p(d(A, B)) < p(dn) < dp — dnyr + @(d(A, B)),

we havep(d,,) — ¢(d(A, B)). Thisimplies thatp(ty) = ¢(d(A, B)). So,ty = d(A, B)
because is strictly increasing. O

Theorem 2.3.Let (X, d, <) be a regular ordered metric spac&, ¢ 2*, A a closed
nonempty subset of andT" a decreasing selfmap at U B such thatl'(A) C B and
T(B) C A. Suppose that there exists € A such thatry < T?z¢ < Tz, and

d(Tx, Ty) < d(z,y) — w(d(x,y)) + ¢(d(A, B))

forallz € Aandy € AU B withz < y, wherep : [0,00) — [0,00) is a strictly
increasing map. If" is orbitally continuous otX has the propertyC), then there exists
x € Asuchthatd(z, Tx) = d(A, B).

Proof. Definex,, ., = Tz, foralln > 0. Again, note that
$0§J}2<~--<1‘2n<$1

foralln > 1. SinceX is regular an4 is closed, there exists € A such thatry,, — .
Also, note that

d(A, B) < d(x9,, Tz) = d(Txen_1,Tx) < d(Twon_1,Tx2,) + d(Txs,, Tx)
for all n > 1. If T"is orbitally continuous, thed(7'z5,,, Tx) — 0. Hence,
d(z,Tx) = d(A, B)

becausel(Txs, 1, Tx2,) — d(A, B) by Theorem 2.1. Now, suppose th#thas the
property (C). Sincgz,,} is a bounded and increasing sequence, there exists a subse-
quence{xsy,, } of {z2,} such that

Tony < Topy <000 S Topy, <000 ST

Therefore,

d(A, B) d(zay,, Tx) = d(Txopn,—1,Tx)

<
S d(T*ran—h Tm?nk,) + d(TZEan, TI) S d(TZEan_l, TIan) + d($2nk7 I)

for all £ > 1. This implies thatl(z, T'x) = d(A, B). O
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The following is another example for a cycligcontraction. Note that we should
improve [1, Example 3] becauge is not a cyclicp-contraction in this example. For

. o - —1 1
seeing this, it is sufficient that we put= 5 andy = —. Then

2
2 1
t2
Now for improving, it is sufficient to replace the functignby ¢(¢) = TN

Example 2.4.Consider the Euclidian ordered metric space- R with the usual norm.
Suppose thatl = [-1,0], B =[0,1]andT : AU B — AU B is defined byl'z = %x
forallz € AUB. If p : [0,00) — [0,00) is defined byp(t) = % theny is strictly

increasing and’ is a cyclicp-contraction map.

The following example shows that Theorem 2.3 may be applied in situations where
[1, Theorem 8] does not work.

Example 2.5. Consider the regular ordered metric space= L'([0, 1]) with the norm
||l.]l and the ordef < gifandonlyif f(t) < g(t) for alimost allt € [0, 1]. Suppose that
A={feX:-1<f<0},B={geX:0<g<1}andT: AUB — AUBIs
defined byT'f = %f forall f € AUB. If ¢ : [0,00) — [0, 00) is defined byp(t) = %
theny is strictly increasing and’ is a decreasing cyclig-contraction map. Note that
Ais closed and conveX, is orbitally continuous and'0 = 0. But X is not a reflexive
Banach space.

Theorem 2.6. Let (X, d, <) be an ordered metric spacd, B € 2¥ andT a selfmap
onAUB suchthatl'(A) C B, T(B) CAand((Ax B)U(BxA))NX< € I(TxT).
Suppose that there exists € A such that(xy, T'z) € X< and

d(Tx, Ty) < d(z,y) — @(d(x,y)) + ¢(d(A, B))

forall x € Aandy € B with (z,y) € X<, wherey : [0,00) — [0,00) is a strictly
increasing map. If,,; = Tz, andd,, = d(z,.1,z,) forall n > 0, then

d, — d(A, B).
Proof. First note that we have
d(T*" g, T o) < d(T*"xo, T*" V) — (d(T* 2o, T*" ) + p(d(A, B))
for all n > 1. Thus, we obtain
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for all n > 1. Hence, the sequende,, } is decreasing and bounded from below. If
d,, = 0 for somen,, thend,, — d(A, B) = 0. Suppose thad,, > 0 for alln > 1 and
d, — to for somet, > d(A, B). Since

¢(d(A, B)) < ¢(d,) < dp, — dpy + @(d(A, B)),

we havep(d,,) — ¢(d(A, B)). Thisimplies thatp(ty) = ¢(d(A, B)). So,ty = d(A, B)
because is strictly increasing. O

Theorem 2.7. Let (X, d, <) be an ordered metric spacd, B € 2~ andT a selfmap
onAuUBsuchthatl'(A) = B, T(B) C Aand((Ax B)U(Bx A)NX< e I(T'xT).

Suppose that for each y € A there exists € A such that(z, 2), (y, z) € X<. Also,
suppose that there exist, z* € A such thatey € Er 4(z"), (x¢, Txy) € X< and

d(Tx, Ty) < d(z,y) — @(d(x,y)) + ¢(d(A, B))

forall z € Aandy € B with (z,y) € X<, wherey : [0,00) — [0,00) is a strictly
increasing map. Also, suppose that A, (z,y) € X< andz € Er 4(z") imply that
y € Ep a(z”). Then,Er 4(z*) = A and the following statement holds:

Erp(Tx*) = Bandd(z*,Tz") = d(A, B) < T is orbitally continuous

Proof. Letz € A. If (xg,2) € X<, thenz € Epa(x™). If (x9,2) ¢ X<, then there
existsz € A such that(zy, z) € X< and(x,z) € X<. Hence,x € Er4(z*). Thus,
ET,A(x*> = A.

Now, suppose thal’ is orbitally continuous and € B. Chooser’ € A such
that T2’ = y. SinceEra(z*) = A, T?"2’ — * and soT?" ™2’ — Tx*. Hence,
we haveT?'y — Tax*. Thus, Erp(Tx*) = B. If d(z*,Tx*) # d(A, B), then
{d(T*" 'y, T?"20)} is a decreasing sequence becauseTzy) € X<. By Theorem
2.2,d(T*" " wy, T*x0) | d(A, B). Choose a natural numbersuch that

d(A, B) < d(T*"a, T* ) < d(z*, Tx*).

Putz = T?"x, andy = Tz, Since(r,y) € X<, (Tz,Ty) € X< and so
{d(T*"x, T*"y)} is a decreasing sequence af(d™"z, T*"y) | d(z*,Tz*). Hence,
d(z*, Tz*) < d(T*" "z, T?"x¢) < d(z*,Tx*) which is a contradiction. Therefore,
d(z*, Tz*) = d(A, B). Now, suppose thal(z*,Tz*) = d(A, B), Erp(Tz*) = B,
z € AUBandT"Vz — q for somea € AU B. We shall show thal™ "'z — Ta.
PutA' = An{7T"%z} andB’' = B N {T""z}.

Case |.Let d(A, B) = 0. First suppose that’ = {7z} andB’ = {17z} are
subsequences ¢z}, Since{T™ "z} is a subsequence ¢F>"z}, T Dz — z*.
Also, we havel™ O+1y — T2 becausd'z € B andEy p(Tx*) = B. Since{T™ "z}
is a subsequence ¢z} andT"Vx — a, 7" Dz — a. Thus,a = z* and soq =
z* = Ta = Tz*. Since{T™"z} is a subsequence §f*" 'z} = {T*(Tx)}, Tz €
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BandEr(Tz*) = B, Tz — Tz*. Also, we havel™ 41y — 2* becausd ™z €
A, Epa(z*) = Aand{T™"z} is a subsequence ¢1*" 22} = {T%"(T?%z)}. Hence,
T+ — Ta. Now, suppose thaB' = {t;,--- 1} is finite. By using a similar
argument, we havg™ Vg — o*, 70+ — T2* anda = 2* = Ta = Tz*. Since
(T} = {TmOH Y U Ty, -, Tt }, T e — Ta. If A = {s1,--- , s} IS
finite, thenB’ = {72z} is a subsequence ¢z} and sal ™z — a. By using a
similar argument, we havE™z — Tz* andT™"* 'z — 2*. Thus,a = 2* = Ta =
Tx*. Since{T"V 1z} = {720+ U {Tsy,--- , Ts,, }, we havel "1y — Ta,
Case Il. Let d(A, B) > 0. We claim that4’ or B’ is finite. In fact, if A" and B’ are
infinite, then similar to the above case we haVeVz — z* and7™Wz — T2*. Since
{1z} and {1z} are subsequences "z} andT"?z — a, we obtaina =
" =Taz". So,d(A, B) = d(z*,Tz") = 0 which is a contradiction. Now, suppose that

B’ = {t1,--- ,t} isfinite. By using asimilar argumentin case I, we have s —
T"l'(l)“ac — Tz* anda = z*. Since{T"W+!z} = {T"l(Z)Hx} U{Tty,---,Tt},
Tt — Ta. If A = {51, -, s,,} is finite, thenB’ = {72z} is a subsequence

of {7z} and soT™®z — a. By using a similar argument as in case |, we have
70y — Tz*. Thus,a = Txz*. Also, we havel™) 1z — z* becausd™z € A,
Era(z*) = Aand{T™z} is a subsequence ¢f*"*+2z} = {T?"(T2x)}. Now, we
show thatl'a = z*. In fact, (z*, z*) € X< and

d(x*, T?*x*) < d(T*"x*, 2*) + d(T*"z*, T?x*).
Hence, by using the assumptions, we have
d(T2n.T*, TQ.I'*) S d(T2n_21’*, .Z'*)

Thus,d(z*, T?x*) < d(T*"a*, 2*) + d(T*"%z*,2*). SinceEr 4(z*) = A andz* € A,
T?"g* — z* andT?"?2* — 2*. Hence,z* = T?z*. Sincea = Tz*, Ta = z*.
Thus, 720y — Ta. Since{T"D 1z} = (T2} U {Tsy,--- ,Ts,,}, We have
T+ — Ta. This completes the proof. O

The following example shows that the assumption
d(Tz,Ty) < d(z,y) — o(d(z,y)) + ¢(d(A, B))
forall x € Aandy € B with (z,y) € X<, does not imply the following assumption:
ye A (x,y) € Xa,x € Epa(x™) =y € Epax”).
Example 2.8. Consider the subsets
A={x;=1(6,3),22=(1,3)} andB = {y; = (2,0),y2 = (0,4)}
of R? via the following order:

(a,b) < (c,d) < a < candb < d.
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DefineT : AUB — AUB by Tx, = Y2, Taxy = Y1, Tyl = T9, Tyg = z;. Note
thatz, < x; andy; < x;, and other elements are not comparable. Also, we have
d(Txzy, Txs) = d(za,y2) = d(A, B) = V2 andd(z1,y1) = V25. Consider the map

¢ :[0,00) — [0,00) by p(x) = g Then, we have
d(Ty, Tyr) < d(zy,y1) — (d(21,91)) + 0 (d(A, B)),

while 7%z, — x; andT*" x5 — xs.
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