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Abstract

In this paper, the authors solve a boundary value problem of Carleman type for
F-polyanalytic functions and prove a theorem on existence of a unique solution.
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1 Introduction

In [7], the following Carleman boundary value problem for analytic functions is given:
Problem C0. Find a functionΦ(z) in the domainD+ bounded by a simple and closed
contourΓ that satisfies the boundary condition

Φ[α(t)] = G(t)Φ(t) + g(t), (1.1)

whereα(t) satisfies the Carleman condition

α[α(t)] = t (1.2)

andG(t), g(t), α′(t) satisfy the Ḧolder condition onΓ andG(t) 6= 0, α′(t) 6= 0.
The complete solution to ProblemC0 for a bounded and simple connected domain

was given by D. A. Kveselava [6] by using the method of integral equations. In [7], the
following theorem is proved.
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Theorem 1.1.Letχ =
1

2π
{arg G(t)}Γ be an index of the boundary problem(1.1), and

m− be a number of the fixed points of the movementα(t). If χ + m− ≤ 0, then the
numberl of solutions of the homogeneous Carleman boundary value problem is

l = 1− χ + m−

2
,

and the corresponding nonhomogeneous problem is unconditionally solvable. Ifχ +
m− > 0, then the homogeneous problem has no nontrivial solutions(l = 0) and

p =
χ + m−

2
− 1

is the number of conditions that are necessary and sufficient for the solvability of the
nonhomogeneous problem.

A corollary of this theorem is the case whenχ+m− = 2, when the nonhomogeneous
problem (1.1) has a unique solution(l = p = 0).

Remark1.2. In [7], an important special case of the ProblemC0 is given: the homoge-
neous boundary value problem

Φ[α(t)] = λ · Φ(t), λ = ±1,

for λ = 1 in D+ has only a constant solution, but forλ = −1, the constant is 0.

Let us consider the elliptical system of partial equations

u′
x − v′y = au− bv + c,

u′
y + v′x = bu + av + d,

(1.3)

wherea = a(x, y), b = b(x, y), c = c(x, y), d = d(x, y) are continuous functions
in some closed domainD andw(z, z̄) = u(x, y) + iv(x, y) is a determining function.
This system plays an important role in different problems in mechanics and it leads to
complex differential equation

w′
z̄ + A(z, z̄)w + B(z, z̄) = 0, (1.4)

whereA(z, z̄) = −a + ib

2
, B(z, z̄) =

c + id

2
. It is shown by S. Fempl [3] that the

general solution of (1.4) is

w(z, z̄) =

[
Q(z)−

∫
B(z, z̄)e

∫
A(z,z̄)dz̄dz̄

]
e−

∫
A(z,z̄)dz̄, (1.5)

whereQ(z) is an arbitrary analytic function.
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The regular solutions of the elliptic system of partial equations (1.3) define a class
of so-calledF-analytic functions that is an important connection between the set of
analytic functions and the set of Vekua generalized analytic functions.

On the basis of (1.4), a differential operator of Fempl type can be introduced by

FA,Bw = w′
z̄ + A(z, z̄)w + B(z, z̄), (1.6)

that for given continuous characteristicsA(z, z̄) andB(z, z̄) to every differentiable com-
plex functionw corresponds to different continuous complex functionsΦ(z, z̄).

Now an auxiliary Carleman boundary value problem forF-analytic functions can
be formulated and solved, because its solution is necessary for solving the Carleman
boundary value problem forF-polyanalytic functions.
Boundary value problemF0. Let the domainD+ be bounded by a simple and smooth
closed curveL and letG(t), g(t), α(t) be functions from the contour(t ∈ L). Suppose
that the functionsG(t) andg(t) satisfy onL the Hölder condition, the functionα(t)
satisfies the Carleman condition (1.2) andα′(t) 6= 0. Let A(z, z̄) andB(z, z̄) be given
continuous functions onD+ ∪ L. The problem is to find a solution of the differential
equation (1.4) that onL satisfies the Carleman boundary value condition

w[α(t)] = G(t)w(t) + g(t). (1.7)

We now find this solution. If we introduce the notations

e−
∫

A(z,z̄)dz̄ = A1 + iA2 = A,

Q(z) = Q1 + iQ2,

−
∫

B(z, z̄)e
∫

A(z,z̄)dz̄dz̄ = B1 + iB2 = B,

then according to (1.5), the solution of the equation (1.4) is

w = A(Q + B). (1.8)

By the substitution of (1.8) in (1.7), we obtain

A[α(t)] {Q[ α(t)] + B[α(t)]} = G(t)A(t)[Q(t) + B(t)] + g(t),

and after some arranging

Q[α(t)] =
G(t)A(t)

A[α(t)]
Q(t) +

G(t)A(t)B(t) + g(t)−A[α(t)]B[α(t)]

A[α(t)]
. (1.9)

The relation (1.9) is the Carleman boundary value problem for determining an analytic
functionQ(z). When such a function is determined through the procedure from [7], by
its substitution in (1.8), the solution of the boundary problem (1.7) is obtained. Let the
index of boundary value problem (1.9) be denoted as

χ =
1

2π

{
arg

G(t)A(t)

A[α(t)]

}
L

.

Because of Theorem 1.1, in the case whenχ+m− = 2, the boundary value problemF0

has a unique solution.
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2 OnF-Polyanalytic Functions

The polyanalytic function of then-th order is defined by Teodorescu [8] as a solution of
the polyanalytic differential equation

∂nw

∂z̄n
= 0. (2.1)

It was shown by Teodorescu that the general solution of (2.1) is

w(z, z̄) =
n−1∑
k=0

z̄kϕk(z), (2.2)

whereϕk(z) are arbitrary analytic functions in some closed domainD. It is important
to mention that Balk [1] developed a theory of polyanalytic functions by definingn
generalized polyanalytic functions as solutions of the differential equation

Dn
Af = 0 (DAf = f ′

z̄ + Af), (2.3)

whereA(z, z̄) is a givenn-times differentiable function in some domainD. Gabrinovich
and Sokolov [5] as well gave a survey on different generalizations of polyanalytic func-
tions and these boundary value problems, andČanak [2] definedp-polyanalytic func-
tions and solved the corresponding boundary value problem of the Riemann type.

In this article, a new generalization of ordinary polyanalytic functions is defined via
F-polyanalytic functions. Let us consider the differential equation

F (n)
A,Bw = 0 (FA,Bw = w′

z̄ + A(z, z̄)w + B(z, z̄)), (2.4)

whereA(z, z̄), B(z, z̄) are givenn-times differentiable functions in some closed domain
D. Forn = 1, the equation (2.4) becomes

w′
z̄ + A(z, z̄)w + B(z, z̄) = 0. (2.5)

Because of (1.5), its general solution is

w(z, z̄) = Q(z)e−
∫

A(z,z̄)dz̄ + S1(z, z̄), (2.6)

where

S1(z, z̄) = −e−
∫

A(z,z̄)dz̄

∫
B(z, z̄)e

∫
A(z,z̄)dz̄dz̄ (2.7)

and Q(z) is an arbitrary analytic function. Forn = 2, the equation (2.4) becomes
F (1.2)

A,B w = 0 and

FA,Bw = Q(z)e−
∫

A(z,z̄)dz̄ + S1(z, z̄),

hence
w′

z̄ + A(z, z̄)w +
[
B(z, z̄)−Q(z)e−

∫
A(z,z̄)dz̄ − S1(z, z̄)

]
= 0. (2.8)
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The general solution of (2.8) is

w(z, z̄) = e−
∫

A(z,z̄)dz̄ [Q1(z) + z̄Q2(z)] + S2(z, z̄), (2.9)

where

S2(z, z̄) = −e−
∫

A(z,z̄)dz̄

∫
[B(z, z̄)− S1(z, z̄)] e

∫
A(z,z̄)dz̄dz̄. (2.10)

By using mathematical induction, the general solution of a polyanalytic differential
equation of the Fempl type is

w(z, z̄) = e−
∫

A(z,z̄)dz̄
[
Q1(z) + z̄Q2(z) + . . . + z̄n−1Qn(z)

]
+ Sn(z, z̄), (2.11)

whereQ1(z), Q2(z), . . . , Qn(z) are arbitrary polyanalytic functions and the function
Sn−1(z, z̄) satisfies the recurrence formula

Sn(z, z̄) = −e−
∫

A(z,z̄)dz̄

∫
[B(z, z̄)− Sn−1(z, z̄)] e

∫
A(z,z̄)dz̄dz̄. (2.12)

The regular solutions of the differential equation (2.4) will be calledF-polyanalytic
functions of then-th order.

Remark2.1. In the case whenB(z, z̄) = 0, we haveS1 = S2 = · · · = Sn = 0, and the
equation (2.4) is the Balk polyanalytic differential equation (2.3). WhenA(z, z̄) = A(z)
andB(z, z̄) = B(z), we obtain

Sn = −B

A
+

Sn−1

A
= −B

A
− B

A2
+

Sn−2

A2

= −B

A
− B

A2
− · · · − B

An
= −B(z) [An(z)− 1]

An(z) [A(z)− 1]
,

(2.13)

and the solution (2.11) is called an areolar exponential equation of the Fempl type [4].
Finally, whenA(z, z̄) = B(z, z̄) = 0, the ordinary polyanalytic functions are obtained.

3 Carleman Boundary Value Problem

Let L be a simple, smooth and closed contour that bounds the finite domainD+ and
let Gk(t), gk(t) (k = 0, 1, . . . , n − 1) andα(t) be given functions on the contourL.
Let us suppose that the functionsGk(t), gk(t) satisfy the Ḧolder condition, the function
α(t) satisfies the Carleman condition (1.2) andα′(t) 6= 0. Let A(z, z̄) andB(z, z̄) be
given continuous functions onD+ ∪ L. The problem is to find a regular solution of
the differential equation (2.4) that onL satisfiesn boundary conditions of the Carleman
type

F (k)
A,Bw[α(t)] = Gk(t)F (k)

A,Bw(t) + gk(t); k = 0, 1, . . . , n− 1. (3.1)
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The general solution of the equation (2.4) is given via (2.11), from where we obtain

FA,Bw = e−
∫

A(z,z̄)dz̄
[
Q2(z) + 2z̄Q3(z) + · · ·+

+ (n− 1)z̄n−2Qn(z)
]
+ Sn−1(z, z̄)

F (1.2)
A,B w = e−

∫
A(z,z̄)dz̄

[
2Q3(z) + 3 · 2z̄Q4(z) + · · ·+

+ (n− 1)(n− 2)z̄n−3Qn(z)
]
+ Sn−2(z, z̄)

...

F (n−2)
A,B w = e−

∫
A(z,z̄)dz̄ [(n− 2)!Qn−1(z) + (n− 1)!z̄Qn(z)] + S2(z, z̄)

F (n−1)
A,B w = e−

∫
A(z,z̄)dz̄ [(n− 1)!Qn(z)] + S1(z, z̄).

(3.2)

By substitution of (3.2) in (2.11) and (3.1), we obtain

A[α(t)]{Q1[α(t)] + α(t) ·Q2[α(t)] + · · ·+ α(t)
n−1

Qn[α(t)]}+ Sn[α(t)]

= G0(t)
{
A(t)[Q1(t) + t̄Q2(t) + · · ·+ t̄n−1Qn(t)] + Sn(t)

}
+ g0(t)

...

A[α(t)]{(n− 2)!Qn−1[α(t)] + (n− 1)!α(t) Qn[α(t)]}+ S2[α(t)]

= Gn−2(t)
{
A(t)[(n− 2)!Qn−1(t) + (n− 1)!t̄Qn(t)] + S2(t)

}
+ gn−2(t)

A[α(t)](n− 1)!Qn[α(t)] + S1[α(t)]

= Gn−1(t)[A(t)(n− 1)!Qn(t) + S1(t)] + gn−1(t),

(3.3)

whereA(z, z̄) = e−
∫

A(z,z̄)dz̄. The last condition (3.3) is the Carleman boundary value
problem for determining the analytic functionQn(z). It can be written as

Qn[α(t)] =
Gn−1(t)A(t)

A[α(t)]
Qn(t) +

Gn−1(t)S1(t) + gn−1(t)− S1[α(t)]

(n− 1)!A[α(t)]
(3.4)

that corresponds to the boundary condition (1.9). If the sum of indexes of the boundary
value problem

χn−1 =
1

2π

{
arg

Gn−1(t)A(t)

A[α(t)]

}
L

and the number of fixed pointsm− of the Carleman movement isχn−1 + m− = 2, then
this problem has a unique solutionQn(z) that can be determined by the technique devel-
oped by Litvinchuk. By the substitution of this functionsQn(z) in (3.3), the Carleman
boundary value problem is obtained as well for determining the functionQn−1(z). This
problem has a unique solution if its coefficients satisfy the Hölder condition, the free
coefficient is not annulated andχn−1 + m− = 2 holds. By repeating this procedure
n times, all the unknown functionsQn(z), Qn−1(z), . . . , Q1(z) are determined, and by
these substitutions in (2.11), the solution of the boundary problem is determined. Hence
the following result holds.
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Theorem 3.1 (Existence and uniqueness of solutions of the Carleman boundary
value problem). If the indexes

χi =
1

2π

{
arg

Gi(t)A(t)

A[α(t)]

}
L

; i = 0, 1, 2, . . . , n− 1

of the boundary value problem(2.4), (3.1)satisfy the condition

χi + m− = 2

and if all the free coefficients of the successive boundary value problems are not zero,
then the boundary value problem(2.4), (3.1)has a unique solution.

Example 3.2.Find anF-bianalytic function with characteristicsA = 1, B = 1 that on

the unit circlet̄ =
1

t
satisfies the Carleman boundary value conditions

w1,1(1/t) = e
1
t
−tw1,1(t) + 2e

1
t
−t − 2,

F1,1w(1/t) = −e
1
t
−tF1,1w(t) +

t + 1/t− et − e
1
t

et
.

(3.5)

Solution. By (2.11), we have

w1,1(z, z̄) = e−z̄[Q1(z) + z̄Q2(z)]− 2,

F1,1w = e−z̄Q2(z)− 1
(3.6)

and

w1,1(1/t) = e−(1/t̄)[Q1(1/t) +
1

t̄
Q2(1/t)]− 2,

w1,1(t) = e−t̄[Q1(t) + t̄Q2(t)]− 2,

F1,1w(1/t) = e−(1/t̄)Q2(1/t)− 1,

F1,1w(t) = e−t̄Q2(t)− 1.

(3.7)

By substitution of (3.7) in (3.5) and observing thatt̄ =
1

t
, we obtain

Q1(1/t) + tQ2(1/t) = Q1(t) +
1

t
Q2(t),

Q2(1/t) = −Q2(t) + t +
1

t
.

(3.8)

The second relation from (3.8) is the Carleman boundary value problem for determining
the analytic functionQ2(z). As the index of the boundary value problemχ = 0 and

the number of fixed pointsm− = 2 for the Carleman movementα(t) =
1

t
, we have

χ + m− = 2, and the problem has a unique solution. By using Litvinchuk’s technique
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and after lengthy calculations, we obtain that the unique solution isQ2(z) = z. If this
is substituted in the first boundary condition in (3.8), then

Q1(1/t) = Q1(t) (3.9)

is obtained. The relation (3.9) is the Carleman homogeneous boundary value problem
that has only a constant solutionQ1(z) = c. So, the general solution of the problem
(3.5) is

w(z, z̄) = e−z̄[c + zz̄]− 2. (3.10)

This solves the problem
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