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Abstract

In this paper, the authors solve a boundary value problem of Carleman type for
F-polyanalytic functions and prove a theorem on existence of a unique solution.
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1 Introduction

In [7], the following Carleman boundary value problem for analytic functions is given:
Problem Cj. Find a function®(z) in the domainD* bounded by a simple and closed
contourl” that satisfies the boundary condition

Pla(t)] = G(t)2(t) + 9(b), (1.1)
wherea(t) satisfies the Carleman condition
afa(t)] =t (1.2)

andG(t), g(t), o/ (t) satisfy the Hblder condition orl” andG(t) # 0, o/ (t) # 0.

The complete solution to Proble6y, for a bounded and simple connected domain
was given by D. A. Kveselava [6] by using the method of integral equations. In [7], the
following theorem is proved.
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Theorem 1.1.Lety = S arg G(t) }r be an index of the boundary probldi1), and
2
™

m~ be a number of the fixed points of the movemsn}. If y + m~ < 0, then the
number! of solutions of the homogeneous Carleman boundary value problem is

X +m-

[=1-
2 )

and the corresponding nonhomogeneous problem is unconditionally solvable+ If
m~ > 0, then the homogeneous problem has no nontrivial solutibrs0) and

_X+m_
2

—1

is the number of conditions that are necessary and sufficient for the solvability of the
nonhomogeneous problem.

A corollary of this theorem is the case whesm ™ = 2, when the nonhomogeneous
problem (1.1) has a unique solutigh= p = 0).

Remarkl.2 In [7], an important special case of the Problékis given: the homoge-
neous boundary value problem

for A = 1in D" has only a constant solution, but fdr= —1, the constant is 0.
Let us consider the elliptical system of partial equations

' = au — bv +c,

Y 1.3
w, + v, = bu + av +d, (13)

/
U, — U

wherea = a(z,y), b = b(x,y), ¢ = c¢(z,y), d = d(z,y) are continuous functions

in some closed domaiP andw(z, z) = u(z,y) + w(z,y) is a determining function.

This system plays an important role in different problems in mechanics and it leads to
complex differential equation

w. + A(z,Z)w+ B(z,z) = 0, (1.4)
whereA(z,z) = 2% B 5 = “;d. It is shown by S. Fempl [3] that the

general solution of (1.4) is
w(z,z) = {Q(z) —/B(z, z)el A=z gz | o= ] Alz2)dz (1.5)

whereQ)(z) is an arbitrary analytic function.
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The regular solutions of the elliptic system of partial equations (1.3) define a class
of so-calledF-analytic functions that is an important connection between the set of
analytic functions and the set of Vekua generalized analytic functions.

On the basis of (1.4), a differential operator of Fempl type can be introduced by

Fapw =w. + A(z,Z)w + B(z, 2), (1.6)

that for given continuous characteristi¢éz, z) andB(z, z) to every differentiable com-
plex functionw corresponds to different continuous complex functi®s, z).

Now an auxiliary Carleman boundary value problem féianalytic functions can
be formulated and solved, because its solution is necessary for solving the Carleman
boundary value problem faF-polyanalytic functions.

Boundary value problem F. Let the domainD™ be bounded by a simple and smooth
closed curve. and letG(t), g(t), a(t) be functions from the contoyt € L). Suppose
that the functiong~(¢) and g(¢) satisfy onL the Holder condition, the functiom(t)
satisfies the Carleman condition (1.2) ari¢t) # 0. Let A(z,2) and B(z, z) be given
continuous functions o™ U L. The problem is to find a solution of the differential
equation (1.4) that on satisfies the Carleman boundary value condition

wla(t)] = Gw(t) + g(t). (1.7)
We now find this solution. If we introduce the notations
e JAEDE = Ay 1A, = A,
Q(z) = Q1 +1iQq,
— / B(Z, E)G'I'A(Z’E)dzdz == Bl + ZBQ == B,

then according to (1.5), the solution of the equation (1.4) is
w = A(Q + B). (1.8)

By the substitution of (1.8) in (1.7), we obtain

Ala@®)] {QL a(t)] + Bla(t)]} = G(t)A@®)[Q(t) + B(t)] + 9(1),
and after some arranging
G(t)A() G@)A)B(t) + g(t) — Ala(t)|Blex(t)]
Qla(t)] = —2=2LQ(t) +
2O = gy 9 Ala (D)
The relation (1.9) is the Carleman boundary value problem for determining an analytic
function@(z). When such a function is determined through the procedure from [7], by

its substitution in (1.8), the solution of the boundary problem (1.7) is obtained. Let the
index of boundary value problem (1.9) be denoted as

v g G040

(1.9)

2 Ala(t)]

Because of Theorem 1.1, in the case whenm ™~ = 2, the boundary value proble#y
has a unique solution.
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2 On F-Polyanalytic Functions

The polyanalytic function of the-th order is defined by Teodorescu [8] as a solution of
the polyanalytic differential equation

O™ w
=0. 2.1
oz (2.1)
It was shown by Teodorescu that the general solution of (2.1) is
n—1
w(z2) =Y Fenl2), (2.2)
k=0

whereypy(z) are arbitrary analytic functions in some closed domainlt is important
to mention that Balk [1] developed a theory of polyanalytic functions by defining
generalized polyanalytic functions as solutions of the differential equation

Dif =0 (Daf=f.+Af), (2.3)

whereA(z, z) is a givem-times differentiable function in some domdin Gabrinovich
and Sokolov [5] as well gave a survey on different generalizations of polyanalytic func-
tions and these boundary value problems, Gadak [2] defineg-polyanalytic func-
tions and solved the corresponding boundary value problem of the Riemann type.

In this article, a new generalization of ordinary polyanalytic functions is defined via
F-polyanalytic functions. Let us consider the differential equation

Fﬁfgw =0 (Fypw= wl + A(z, 2)w + B(z, %)), (2.4)

whereA(z, ), B(z, z) are givemm-times differentiable functions in some closed domain
D. Forn = 1, the equation (2.4) becomes

wl+ A(z,z2)w+ B(z,2) = 0. (2.5)
Because of (1.5), its general solution is
w(z,z) = Q(z)e” 1 AEIE L g (2 2), (2.6)
where
Si(z,2) = —e_fA(Z’Z)dz/B(z,f)efA(z’z)dde (2.7)

and Q(z) is an arbitrary analytic function. For = 2, the equation (2.4) becomes
FiAw = 0and
Fapw = Q(2)e” 14D 4 5,(z,2),
hence
wl+ Az, 2)w + [B(z, Z) — Q(z)e 1A% _ g (2 )| = 0. (2.8)
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The general solution of (2.8) is
w(z,2) = e T AEAE(Q (2) + 2Qa(2)] + Sa(2, 2), (2.9)

where
Sy(z,2) = —e~ I A=A / [B(z,2) — Si(z,2)] el A=24z, (2.10)

By using mathematical induction, the general solution of a polyanalytic differential
equation of the Fempl type is

w(z,2) = e JACIE[Q(2) + 2Qa(2) + ... + 2" Qu(2)] + Sulz,2),  (2.11)

where @, (z), Q2(2),...,Q.(z) are arbitrary polyanalytic functions and the function
Sn—1(z, z) satisfies the recurrence formula

Sn(z,2) = —e~ [ A2 / [B(z,%2) — Sn_1(2, 2)] el A=242qz. (2.12)

The regular solutions of the differential equation (2.4) will be calfégbolyanalytic
functions of then-th order.

Remark2.1 In the case whe®(z, z) = 0, we haveS; = S, = --- = S, = 0, and the
equation (2.4) is the Balk polyanalytic differential equation (2.3). Whén z) = A(z)
andB(z, z) = B(z), we obtain

o B Snfl o E_E Sn72

R S iy Ry A )13
__B_ B B B(2)[A"() 1] (2.13)
A AT AR [A(z) — 1

and the solution (2.11) is called an areolar exponential equation of the Fempl type [4].
Finally, whenA(z, z) = B(z, z) = 0, the ordinary polyanalytic functions are obtained.

3 Carleman Boundary Value Problem

Let L be a simple, smooth and closed contour that bounds the finite dahaiand
let Gi(t), gx(t) (k = 0,1,...,n — 1) anda(t) be given functions on the contour.
Let us suppose that the functiof$(¢), g (¢) satisfy the Hblder condition, the function
«(t) satisfies the Carleman condition (1.2) awd¢t) # 0. Let A(z,z) and B(z, z) be
given continuous functions o®* U L. The problem is to find a regular solution of
the differential equation (2.4) that dnsatisfies: boundary conditions of the Carleman
type

Filpwla®)] = Get)Flywt) + gu(t); k=0,1,...,n— 1. (3.1)
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The general solution of the equation (2.4) is given via (2.11), from where we obtain

fABw—efAZZd[Qz ) +22Q3(2) + -+
+(n = 1)z"2Qu(2)] + Sn-1(2, 2)

5"—,(417']?;) = e JACDEDQ(2) +3-22Qu(2) + -+
+(n—1)(n—2)z"Qu(2)] + Sp-a(2,2) (3.2)

FipPw = e TACIE (0 - 2)1Q,1(2) + (n — 1)12Q,(2)] + Sa(2, 2)
Fip w = e [A4EDE (- 1)1Q,(2)] + Si(z, 2).
By substitution of (3.2) in (2.11) and (3.1), we obtain

Ala®{@i[o()] +a(t) - Qala(t)] + -+ +a()" Qula(t)]} + Sala(®)
= Go(){AM[Q1(t) +1Q2(t) + - + " Qu(t)] + Su(t) } + 90(t)

[mHm—QW%l[mwwn—mﬁa@AMM}+&mw1 (3:3)
Groa(){A®)[(n — 2)1Qu—1(t) + (n — DUQ,(£)] + S2(t) } + gn—2(t)
Ala(®)](n = 1)1Qu[a(t)] + Si[a(t)]

= G (DA (1 — 1)1Qu(t) + S1()] + gu (1),

where A(z, z) = e~/ A=2)4Z The |ast condition (3.3) is the Carleman boundary value
problem for determining the analytic functigp,(z). It can be written as

Gro1(t)A(2) Gn_1(t)51(t) + gn—1(t) — Si[a(?)]
Ao O (n— D Ala(1)]

that corresponds to the boundary condition (1.9). If the sum of indexes of the boundary

value problem
1 ar Gn_1(t)A(t)
2w{g Amw]}L

and the number of fixed pointa~ of the Carleman movementis,_; + m~ = 2, then

this problem has a unique solutigh,(z) that can be determined by the technique devel-
oped by Litvinchuk. By the substitution of this functio®s,(z) in (3.3), the Carleman
boundary value problem is obtained as well for determining the fun@ipn (z). This
problem has a unique solution if its coefficients satisfy ttidddr condition, the free
coefficient is not annulated and, 1 + m~ = 2 holds. By repeating this procedure

n times, all the unknown function9,,(z), @Q,-1(z), ..., Q1(z) are determined, and by
these substitutions in (2.11), the solution of the boundary problem is determined. Hence
the following result holds.

Qula(t)] = (3.4)

Xn-1=
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Theorem 3.1 (Existence and uniqueness of solutions of the Carleman boundary
value problem). If the indexes

1 {arg Gi(t)A(t)

N o Ala(D)]

;o1 =0,1,2,...,n—1
9T }L7 ? 3 Ly 4y y 10

of the boundary value proble(®.4), (3.1) satisfy the condition
Xitm = 2

and if all the free coefficients of the successive boundary value problems are not zero,
then the boundary value problef®.4), (3.1) has a unique solution.
Example 3.2. Find anF-bianalytic function with characteristicé = 1, B = 1 that on
S S "
the unit circlet = n satisfies the Carleman boundary value conditions

wl,l(]-/t> = 6%_tw171(t) + 26%_t — 2,
t4+ 1/t —el — et (3.5)

Fraw(1/t) = —et ' Fpyw(t) + p

Solution. By (2.11), we have
wl,l(Zu 5) = 672[@ (Z) + EQQ(ZH -2,

1
./,:‘171111 = 6_2622(2) —1 (36)
and )
wi(1/t) = e YP[Qy(1/t) + ;—QQ(l/t)] -2,
w (1) = e [Qu(t) + 1Qa2(1)] — 2, (3.7)
Fraw(l/t) = e~ MDQy(1/t) — 1,
Friw(t) = €_£Q2(t) —1.
By substitution of (3.7) in (3.5) and observing that % we obtain
Qu(1/1) +1Qa(1/1) = Quft) +; Qalt),
(3.8)

1
Q2(1/t) = —Qa(t) +t + I
The second relation from (3.8) is the Carleman boundary value problem for determining
the analytic function)).(z). As the index of the boundary value problem= 0 and
. . 1
the number of fixed points:~ = 2 for the Carleman movement(t) = o we have
x +m~ = 2, and the problem has a unique solution. By using Litvinchuk’s technique
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and after lengthy calculations, we obtain that the unique solutioh(s) = z. If this
is substituted in the first boundary condition in (3.8), then

Q1(1/t) = Qu(?) (3.9)

is obtained. The relation (3.9) is the Carleman homogeneous boundary value problem
that has only a constant solutigp () = c¢. So, the general solution of the problem
(3.5)is

w(z,z) = e e+ 2z] — 2. (3.10)

This solves the problem O]
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