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Abstract

In this work, first we give a survey of the most basic results on Lyapunov-type
inequality, and next we sketch some recent developments related to this type of
inequalities.
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1 Introduction

Letn(t) be a real-valued absolutely continuous function@m] with 7/’ (¢) of integrable
square andy(a) = 0 = n(b). Then fors € (a,b), we have

which is a very useful tool for the study of the qualitative nature of the solutions of

second-order ordinary differential equationsy(f) is nonzero ora, b}, then the equal-

. . 2t —a —

ity holds only if s = GTM andn(t) = n(s) {1 - tb—ab }
In particular with the aid of this inequality, one may show thatif) is a real-valued

function such that the second-order differential equation

2"(t) + q(t)x(t) =0
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q(t) + lq(t)]

has a nontrivial solution having two distinct zeros|an], theng™ () = 5

must satisfy the Lyapunov inequality

b
4
/q+(t)dt>b :

—a

This result is due originally to Lyapunov [19]. The Lyapunov inequality and many of
its generalizations have proved to be useful tools in oscillation theory, disconjugacy,
eigenvalue problems, and numerous other applications for the theories of differential
and difference equations and also in time scales.

In this work, first we will give a survey of the most basic results on Lyapunov-type
inequalities, and next we will sketch some recent developments related to this type of
inequalities.

In a celebrated paper of 1893, the Russian mathematician Lyapunov [19] proved the
following remarkable result.

Theorem 1.1.If x(¢) is a nontrivial solution of
"(t) + q(t)z(t) =0 (1.1)

with z(a) = 0 = z(b), wherea, b € R with a < b are consecutive zeros andt) # 0
for ¢t € (a,b), then the so-called Lyapunov inequality

’ 4
[ lats)as > 1.2

holds.

As it was first noticed by Wintner [31] and subsequently by several other authors,
an application of Sturm’s comparison theorem allows the replacemenft@fin (1.2)
by ¢* (t), whereg™ (t) = max{0, ¢(¢)} is the nonnegative part qft).

We are obligated to mention here that although the inequality (1.2) is known as the
classical Lyapunov inequality, it was pointed out by Cheng [5] that Lyapunov neither
stated nor proved the Theorem 1.1 but rather in [19], he only claimed the following:

Theorem 1.2.Letq(¢) be a nontrivial, continuous and nonnegative function with period
w and let

v 4
/ q(s)ds < —. (1.3)
0 w
Then the roots of the characteristic equation corresponding to Hill's equation
2'(t) + q(t)z(t) =0, —oc0o<t< o0 (1.4)

are purely imaginary with modulus one.
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By Floquet theory, this means that all solutions of (1.4) are boundgd-on, co),
i.e., the equation is stable. Lyapunov’s proof requires the calculation of series expan-
sions of the coefficients in the characteristic equation

fw) +g'(w)
5 ;
where f and g are solutions of the equation (1.4) which satisfy the initial conditions
f(0) =1, f'(0) =0andg(0) = 0, ¢'(0) = 1, respectively.
As also observed by Cheng, in an attempt to obtain alternative proof of Theorem
1.2, Borg [2] proved the following result of Beurling [1].

s2—2As+1=0, A= (1.5)

Theorem 1.3.1If z(¢) is a nontrivial solution of the boundary value problem

2"(t) + q(t)z(t) = 0, (1.6)
z(a) = z(b) =0, (1.7)
xz(t) >0, a<t<b, (1.8)

whereq is a real-valued continuous function ¢m b], then

/” 2" (s)

(s)

Here we outline Borg’s proof since it is particularly simple. He starts with the in-

equalities
/b

ds >

— (1.9)

x//(5>

(s)

1 b
ds > —/ |2" (s)| ds
l2lle Ja

d
> ﬁ/ 12" (s)| ds
) —2'(c)|

> |2'(d

(1.10)

for arbitrarya < ¢ < d < b. Now let|z|_ = z(¢1). By Rolle’s theorem, we can
choosen < ¢ < ¢; andt; < d < b such that

'(c) = * - —/(d) = <. 1.11
de)= e, l(d) = (112)
Combining (1.11) with (1.10), we obtain
b2 (s) 1 1 4
: 1.12
/a z(s) ds>t1—a+b—t1>b—a (1.12)

The last inequality, i.e.z,)i is simply obtained by minimization of the right-hand side
—a
of inequality (1.12).
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This seems to be the first proof of the “Lyapunov inequality” to appear in the litera-
ture. Borg went on to use (1.9) to give a new and much shorter proof of the Lyapunov
stability theorem.

Another generalization of the classical Lyapunov inequality (1.2) is due to Hartman
[15]: Letm(t) > 0 be continuous oifu, b] andx be a nontrivial solution of (1.6)—(1.7).
Then

/ m(s)q*(s)ds > (b — a), (1.13)

where 0
m(t
= inf —————.
7T law (t —a)(b—1)
Evidently this inequality is just (1.2) when(t) = 1. Also in a nonstability application
of (1.2), Hartman and Wintner and other authors have used it to give estimates of the
number of zeros of a solution of (1.6)—(1.7).
For authors who contributed the Lyapunov-type inequalities, we also refer to Cheng
[4, 5], Dahiya and Singh [7], Elbert [9], Eliason [10-12], Hartman [15], Kwong [17],
Lee et al. [18], Pachpatte [21-23], Panigrahi [24], Parhi and Panigrahi [25, 26] and
Reid [27].

2 Generalizations

Since the appearance of Lyapunov’s fundamental paper [19], various proofs and gener-
alizations or improvements have appeared in the literature. For example, Hartman [15,
Chap. XI] has generalized the classical Lyapunov inequality for the linear differential
equation

(r@®)' () +qt)x(t) =0, () >0 (2.1)

as follows.

Theorem 2.1.1f a,b € R with a < b are consecutive zeros of a nontrivial solution of
equation(2.1)), then

’ 4
+ S —_— .
[ ateas > o 2.2

whereq ™ (t) = max{0, ¢(t)} is the nonnegative part gf(?).

Thus, the inequality (1.2) is strengthened to

’ 4
/ q"(s)ds > P (2.3)

for the equation (1.1) by Theorem 2.1. The inequality (2.3) is the best possible in the
sense that if the consta#tn (2.3) is replaced by any larger constant, then there exists
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an example of (1.1) for which (2.3) no longer holds (see [15, p. 345], [17]). However,
stronger results were obtained in Brown and Hinton [3] and Kwong [17]. In [17], it is
shown that

/ g (s)ds > ! (2.4)
a c—a
and
b 1
+ 2.
s> (25)
wherec € (a, b) such that’(c) = 0. Hence
b 1 1 b—a 4
+ = > : 2.
/GQ(S)dS>c—a+b—c (c—a)b—c) " b—a (2.6)

In [3, Corollary 4.1], the authors obtained

/a " d(s)ds

from which (1.2) can be obtained.
The Lyapunov inequality has been extended in many directions and its half-linear
differential equation

4
2.7
> b ) ( )

—a

(r(t) 2! ()2 x’(t))l Fq) 2P 22(t) =0, r() >0 and A >1  (2.8)

extension can be found in By andRetak’s recent book [8, p. 190] as follows.

Theorem 2.2.Leta,b € R with a < b be consecutive zeros of a nontrivial solution of
equation(2.8). Then

2)\

b
/a 7 ( f:rl/(l—/\)(s)dsy\_l’

(2.9)

whereq ™ (t) = max{0, ¢(t)} is the nonnegative part gf(¢).

In 1997, Pachpatte [22] has generalized the Lyapunov inequality for differential
equations of the form

(r 1 OF 7 @) + 0 (1) + a0)2(t) + f(t2@) =0, (@2.10)
(r@ @O 12O 2®)) +p(0)2 (1) + at)e(t) + f(t,2(0) =0, 2.12)

as follows.
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Theorem 2.3.Letx be a solution of equatiof2.10)with z(a) = 0 = =(b) andxz(t) # 0
fort € (a,b). Let|z(t)| be maximized at a pointe (a,b). Then

«

< o ( / brl/o‘(s)ds) x
x (ﬁ / b q(s)

whereM = max{|z(t)| : a <t < b}, |f(t,z(t))] < w(t,|z(t)]) anda > 1.

ds+—/ (s, M)d ) (2.12)

Theorem 2.4.Letz be a solution of equatio®.11)with z(a) = 0 = z(b) andz(t) # 0
fort € (a,b). Let|z(t)| be maximized at a pointe (a,b). Then

-1

b gl

1 < (/ r”“”(s)ds) X
a 1 b

x (MB+’Y2/a

whereM = max{|z(t)] :
and~ > (.

b
q(s) — ds+W/ w(s, M)d ) (2.13)

Fta®)] < wit, [2(O)]) a = 1,82 0,7 > 2

2

In 1999, Parhi and Panigrahi [25] established an inequality similar to (1.2) for third-
order differential equations of the form

(1) + q(t)x(t) = 0. (2.14)

Their results are as follows.

Theorem 2.5.Letz(a) = z(b) = 0. If there existsl € (a, b) such thatz”(d) = 0, then

b 4
/ lq(s)| ds > (=R (2.15)

Theorem 2.6.1f z"(t) # 0, t € (a,b) andz(¢) has three consecutive zeros< b < ',
then

’

[l 2.16)

In 2003, Yang [32] generalized Parhi and Panigrahi’ [25] above results to certain
higher-order differential equations. His results are as follows.

Theorem 2.7.Letn € N andq(t) € C([a,b]). If there existsl € (a,b) such that
2®M(d) = 0, wherez(t) is a solution of the differential equation

) () 4 q(t)z(t) = 0 (2.17)
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satisfying
2D(a)=2D(B) =0, i=0,1,....n—1, z(t)#0, te (a,b), (2.18)

then "
1on
/ (o) ds > = 5 ni2 — (2.19)
Theorem 2.8.Letn € N, n > 2 andq(t) € C([a, b]). If the differential equation
2™ (t) 4 q(t)z(t) = 0 (2.20)

has a solutione(t) satisfying the boundary value problem

z(a) =z(te) = ... = x(t,—1) = x(b) =0, (2.21)
wherea < t; <ty < ... < t,1 < t, = bandx(t) # 0,t € (ty,tpr1), k =
1,2,...,n—1,then

/a la(s) ds > . i?n;?z!ina)n_l. (2.22)
Theorem 2.9. Consider the differential equation
2@ (t) + g(t)a(t) = 0 (2.23)
and suppose a solution(t) of (2.23)satisfies the boundary value conditions
z(a) = 2'(a)=...=2"Y(a) =0, (2.24)
(b)) = 2/(0)=...=2""V(0b) =0, (2.25)

2(t) #0,t € (a,b), q(t) € C([a,b]). Then

/ 19(5)] (5 — )" (b — 5> ds = (20 — D](n — VPG -, (2.26)
especially,
/ a(s)|ds > 1% _;))2[5”1_ DI (2.27)
Theorem 2.10.Let us consider the boundary value problem
2PV (t) + q(t)z(t) = 0, (2.28)
e (a) =@ (b)) =0, i=0,1,...,n—1. (2.29)

If z(t) is a solution of(2.28)satisfyingz(t) # 0, t € (a,b), then

b on
/ o(s)lds > = (2.30)
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Although there is an extensive literature on Lyapunov-type inequalities for different
classes of differential equations, there is not much done for linear and nonlinear systems.
In 2003, Guseinov and Kaymakcalan [13] obtained Lyapunov-type inequalities for the
linear Hamiltonian system

(1) = a(t)z(t) + b(t)u(t),
u'(t) = —c(t)z(t) — a(t)u(t),
and the discrete Hamiltonian system
Ax(t) = a(t)z(t + 1) + b(t)u(t),
Au(t) = —c(t)z(t + 1) — a(t)u(t),
wherel — a(t) # 0 andb(t) > 0 for all t € Z. Their results are as follows.

teR (2.31)

tez, (2.32)

Theorem 2.11. Assume thab(t) > 0 for all ¢ € R and assumég2.31) has a real
solution (x(t), u(t)) such thatr(a) = z(b) = 0 andz is not identically zero offa, b],
wherea, b € R with a < b. Then the Lyapunov inequality

[onass ([ o) ([ o) “er e

holds, where:* (t) = max{0, ¢(t)} is the nonnegative part eft).

Theorem 2.12.Letn,m € Z withn < m — 2. Assumg2.32) has a real solution
(x(t),u(t)) such thatr(n) = x(m) = 0 andx is not identically zero otin, m|. Then
the inequality

m—2 m—1 1/2 m—2 1/2
Z\a(t)\+<2b(zﬁ)> (Zc*(t)) > 2 (2.34)

holds.

Theorem 2.13.Supposd — a(t) > 0 andb(t) > 0 for all ¢t € Z. Letn, m € Z with
n < m — 2. Assumg?2.32)has a real solutionz(¢), u(t)) such thatz(n) = 0 and
xz(m — 1)z(m) < 0. Then the inequality

m—2 m—2 1/2 m—2 1/2
Z]a(t)]Jr(Zb(t)) <Zc+(t)> >1 (2.35)

holds.

Theorem 2.14.Supposd — a(t) > 0 andb(t) > 0 for all ¢t € Z. Letn, m € Z with
n < m — 1. Assumé2.32)has a real solutior{z(t), u(t)) such thatz(n — 1)x(n) < 0,
xz(m) = 0. Then the inequality

m—2 m—1 12 /oo 1/2
Z]a(t)]+<2b(t)> ( c+(t)> > 1 (2.36)

t=n n—

holds.
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Theorem 2.15. Supposel — a(t) > 0, b(t) > 0O andc(t) > 0 forall t € Z. Let
n,m € Z withn < m — 1. Assumg2.32)has a real solutionz(t), u(t)) such that
z(n — 1z(n) < 0andz(m — 1)z(m) < 0, andz(t) # 0 forall t € [n,m — 1]. Then
the inequality

m—2 m—1 1/2 m—2 1/2
la(t)] + ( > b(t)) (Z c(t)) > 1 (2.37)

holds.

Theorem 2.16. Supposel — a(t) > 0, b(t) > 0 andc(t) > 0 forall t € Z. Let
n,m € Z withn < m — 2. Assumg2.32) has a real solutionz(t), u(t)) such that
x has generalized zeros atandm, andz is not identically zero orin, m|. Then the
inequality

m—2 m—1 12/ mo 1/2
> a(t)] + ( > b(t)) (Z c(t)) > 1 (2.38)

t=n—1 =n—

holds.

In 2005, Jiang and Zhou [16] obtained Lyapunov-type inequalities for the linear
Hamiltonian system on time scales

A(
u(t

t) = a(t)z(o(t)) + b(t)u(t),
)= —e(a(o®) —aBu@), T (2.39)

wherel — pu(t)a(t) # 0 andb(t) > 0 for all t € T. Their results are as follows.

Theorem 2.17.Leta,b € T" with o(a) < b. Assume thaf2.39)has a real solution
(x(t),u(t)) such thatr(o(a)) = 0 = z(o(b)) andz is not identically zero orv(a), b].
Then the inequality

/b | ( )| A (/G’(b) b( )A >1/2 (/b +( )A >1/2 , (2 40)
a(t t+ t)Al c(T)At > .
o(a) a(a) o(a)

Theorem 2.18.Supposé — u(t)a(t) > 0 andb(t) > Oforall t € T. Leta,b € T" with
o(a) < b. Assume that2.39)has a real solutiorfz(¢), u(t)) such thatz(c(a)) = 0 and
z(b)z(o(b)) < 0. Then the inequality

b b 1/2 b 1/2
a(t)| At b(t)At (At 1 2.41
/ﬂ@|<>| +(/U(a)<> ) (/U(a) (0 ) > (2.41)

holds.

holds.
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Theorem 2.19.Supposé — u(t)a(t) > 0 andb(t) > 0forall ¢t € T. Leta,b € T* with
a < b. Assume thaf2.39)has a real solutior{x(t),u(t)) such thatz(a)z(o(a)) < 0
andz(o(b)) = 0. Then the inequality

1/2

/U ; la(t)] At + ( /,, :r()b) b(t)At> " < / ’ C+(t)m) > 1 (2.42)

Theorem 2.20.Supposed — u(t)a(t) > 0, b(t) > 0 ande(t) > 0 forall ¢t € T. Let
a,b € T" with a < b. Assume thaf2.39) has a real solutionz(t),u(t)) such that
z(a)z(o(a)) < 0andz(b)xz(co(b)) < 0. Then the inequality

1/2

/ab|a(t)|At+ (/aa(b) b(t)At> 12 (/abc(t)At) > 1 (2.43)

Theorem 2.21. Supposel — u(t)a(t) > 0, b(t) > 0 andc¢(t) > 0 forall ¢t € T.
Leta,b € T" with o(a) < b. Assume thaf2.39)has a real solution(z(t), u(t)) with
generalized zeros in(a) ando(b) and z is not identically zero offo(a), b]. Then the
inequality

holds.

holds.

1/2

a(b a(b 1/2 a(b
/()\a(t)\AtJr </ ()b(t)At> (/ Uc(t)At) 1 (244)

In 2006, Napoli and Pinasco [20] generalized the Lyapunov inequality for quasilin-
ear systems as follows.

holds.

Theorem 2.22.Let] < p,q < oo, f(x) > 0, g(x) > 0, and the nonnegative parameters
aand( satisfyg + é = 1. If the system
p g

— (| ()P (= T z) lu(@)|* 2 u(z) |v(x)|”
(@) 2 w(2) = f(@) u(z)| <><>} .45

u
= (W@ (@) = gla) fu@)* o) o)

has a real nontrivial solutiorfu(x), v(x)) such thatu(a) = u(b) = v(a) = v(b) = 0,

wherea, b € R with a < b are consecutive zeros amdandv are not identically zero on

a, b], then ,
(b—a)**o ! ( / b f(x)dx) ( / ’ g(x)dx> ’ > 900, (2.46)

1)
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In 2007, Tiryaki,Unal and Cakmak [28] obtained Lyapunov-type inequalities for
the nonlinear system

2(t) = ar(t)x(t) + S () Ju(t)] " u(t),
d(t) = =Fa(t) [ () 2(t) — an(tu(t),

wherey > 1, 5 > 1 are real constants, amti(t) > 0 for ¢ € [ty, o0). Their results are
as follows.

teR, (2.47)

Theorem 2.23. Assume that2.47) has a real solution(z(t), u(t)) such thatz(a) =
x(b) = 0 andz is not identically zero otia, b], wherea,b € R with a < b. Then the
inequality

/ab | (8)| di + Ma-? (/ab 51(t)dt> " (/ab ﬁj(t)dt) . > 2 (2.48)

1 1
holds, where— + — =1landM = max |z(t)|.
Y a<t<b

Theorem 2.24. Assume thaf2.47)with o (t) = 0 has a real solutior{z(t), u(t)) such
thatz(a) = x(b) = 0 andz is not identically zero offu, b], wherea, b € R witha < b.
Then there exists € (a, b) such that the inequalities

ﬁﬂl<475¢0m> (/,@ );z (2.49)
“(/Tb&(t)dt) (/ 5y (¢ )z (2.50)

o (/abgl(t)dt)a_l (/ab ﬁ;(t)dt) > 2¢ (2.51)

1 1
hold, Where— + — =1landM = max |z(t)|.
¥ a<t<b

and

In 2007, Guseinov and Zafer [14] obtained a Lyapunov-type inequality for the linear
impulsive Hamiltonian system

2'(t) = a(t)z(t) + b(t)u(t),
() —c(t)z(t) — a(t)u(t), t# 1, (2.52)
z(1i+) = cye(ri—), u(ni+) = qu(ri—) — Gix(1i—),

wheret € R and: € Z. Their result is as follows.
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Theorem 2.25.Leta,b,c € PClty,ts], b(t) > 0, ando; # 0 for all i € Z. Suppose
that (2.52)has a real solutioriz(t), u(t)) such thate(t,+) = x(to—) = 0 andx(t) # 0
on (tq,ts). Then the inequality

to to 1/2 to 1/2
/ \a(s)]ds—l—(/ b(s)ds) {/ ct(s)ds + Z (%)+} >2 (2.53)

holds.

In 2008, Unal, Cakmak and Tiryaki [29] obtained Lyapunov-type inequalities for
the discrete nonlinear systems of the form

Ax(t) = ar(t)z(t + 1) + Bi(t) [u(®) 7 u(t),
Au(t) = —=Bo() |zt + D[P 2zt + 1) — ay (Hu(t), tez, (2.54)

wherey > 1 andg > 1 are constantsj, (t) > 0 andl — a4 (t) # 0 for all ¢ € Z. Their
results are as follows.

Theorem 2.26.Supposed; (t) > 0 forall t € Z. Letn,m € Z withn < m — 2.
Assumég2.54)has a real solutior{z(t), u(t)) such thatz(n) = z(m) = 0 andx is not
identically zero orjn, m|. Then the inequality

m—2 m—1 1/ m—2 /e
> len(t)] + Ma! (Z ﬁl(t)> (Z 5;(15)) > 2 (2.55)

1 1
_— = 1' M frng —
+ = ()|

holds, wherea is the conjugate number tg, i.e., —
Y

piax ()],

Theorem 2.27.Supposd — «;(t) > 0andf,(t) > Oforall t € Z. Letn,m € Z

withn < m — 2. Assumég2.54)has a real solutior{z(t), u(t)) such that:(n) = 0 and
x(m — 1)x(m) < 0. Then the inequality

m—2 m—2 1/ m—2 1
> lea(t)] + Ma—1 (Z mt)) <Z 5;@)) > 1 (2.56)

1 1
— = 1, M = =
- ()|

holds, wherea is the conjugate number tg, i.e., —
Y

n+11£%}fn—1 [2(®)]

Theorem 2.28.Supposd — a4 (t) > 0 andfy(t) > 0 forall t € Z. Letn,m € Z with
n < m — 1. Assumé2.54)has a real solutionxz(t), u(t)) such thatz(n — 1)z(n) < 0
andz(m) = 0. Then the inequality

m—2 1/~ m—2 1/a
> lea(t)] )+ M (Z By (t ) (Z ﬁ;@)) > 1 (2.57)

t=n n—1
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holds, wherey is the conjugate number tpand M; = |z(7)| = Jnax_ |z (t)].

Theorem 2.29.Supposd — «a;(t) > 0, 51(t) > 0andfy(t) > 0 forall t € Z. Let
n,m € Z withn < m — 1. Assumg2.54)has a real solutionz(t), u(t)) such that
z(n —1z(n) < 0andz(m — 1)xz(m) < 0, andz(t) # 0 forall t € [n,m — 1]. Then
the inequality

m—2 m—1 /e m—2 1/8
S Jon(d)]+ M5 < > fh(ﬂ) <Z 62(t)> > 1 (2.58)

t=n—1

holds, wherex is the conjugate number t® and M, = |u()| =  ax lu(7)].
N—1sS7TsSsmMmo—

Theorem 2.30. Supposd — a4 (t) > 0, 51(t) > 0 andfy(t) > O forall t € Z. Let
: : 1 :
n,m € Zwithn < m—2. Assumég2.54)with ?LB = 1 has areal solutionjz(t), u(t))

such thatr has generalized zeros atand m, andz is not identically zero ofin, m].
Then the inequality

holds.

In 2008,Unal and Cakmak [30] obtained Lyapunov-type inequalities for nonlinear
system on time scales

z2(t) = an(t)x(o(t)) + Bu(t) ,
uB(t) = —=a(t) |x(o(t)|* " 2(a(t)) — ar(t)ult),

wherel — u(t)ay(t) # 0 andfi(t) > 0, @ > 1 is constant and: is the conjugate

(2.59)

number ofy, i.e.,— + — = 1. Their results are as follows.
@

Theorem 2.31.Suppose’; (t) > 0 forall ¢t € T. Leta,b € T" with o(a) < b. Assume
that (2.59) has a real solutionz(t), u(t)) such thatz(c(a)) = 0 = x(c(b)) andz is
not identically zero orio(a), b]. Then the inequality

b o(b) U 1/a
/ | (8)| At + ( 5 (t)At> ( / By (t)At> > 2 (2.60)
o(a) o(a) o(a)

holds.
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Theorem 2.32.Supposd — u(t)as(t) > 0and g, (t) > 0 forall t € T. Leta,b € T
witho(a) < b. Assume thaf2.59)has a real solutioriz(t), u(t)) such that:(c(a)) = 0
andz(b)z(o(b)) < 0. Then the inequality

[0}

b b 1/~ b 1/
/ o (£)| A+ < / ﬁl(t)At) ( / ﬁ;@)m) > 1 (2.61)
o(a) o(a) o(a)

Theorem 2.33.Supposd — pu(t)as(t) > 0and gy (t) > 0 forall t € T. Leta,b € T
with a < b. Assume thaf2.59)has a real solutior{z(¢), «(t)) such thate(a)z(o(a)) <
0 andz(o(b)) = 0. Then the inequality

b o(b) Vv 1/
ay ()] At (B At () At 1 2.62
[ +</U(a)ﬁ() ) ([ sroa) > 2.6

Theorem 2.34.Supposd — u(t)ay(t) > 0, f1(t) > 0 and G»(t) > 0 forall ¢t € T.
Leta,b € T" with a < b. Assume thaf2.59)has a real solutior{x(¢), u(t)) such that
z(a)z(o(a)) < 0andz(b)xz(c(b)) < 0. Then the inequality

/a ’ lon (£)| At + ( / " mwm) v ( / b@(t)At) . > 1 (2.63)

Theorem 2.35.Supposé — pu(t)as(t) > 0, B1(t) > 0 andfyx(t) > O forall t € T.
Leta,b € T" with o(a) < b. Assume thaf2.59) has a real solution(z(t), u(t)) with
generalized zeros ia(a) ando(b) and z is not identically zero offo(a), b]. Then the
inequality

o(b) o(b) VY e 1/a
/ \al(t)]At+</ mwm) (/ @(t)At) 1 (264

holds.

holds.

holds.

holds.

In 2010, Yang and Lo [33] obtained a Lyapunov-type inequality for even-order dif-
ferential equations. Their result is as follow.

Theorem 2.36.Consider then-order linear differential equation

(ron—1(8) (ran—2(t) (- .. (r2(£) (r()2"))" .. ))) + q(t)z = 0, (2.65)
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wherer, € C*"*([a,b], (0,400)), k = 1,2,...,2n — 1, q € C([a,b],R). If z(t) is a
nonzero solution of2.65)satisfying

t®(a)=2®Ob) =0, k=0,1,2,...,n—1, (2.66)
then we have
/b ds /b|()\d > 4 (2.67)
i 7“1 8) i q\s S .
forn =1,
b
2/ lg(s)|ds > H%Hll)} Hy(c) (2.68)
a cela
for n = 2, where
1 1
Hs(c) = + (2.69)

¢ ds ¢ ds ¢ ds b ds b ds b gs
Jenglanm lane L)

Fﬁl/a de ]/ lq(s |d8>crél£]H a(c) (2.70)

and

for n > 3, where
1 1

Hn+1 ¢ d(s) Hn+1 b 4s
a TElS

c ri(s)

H,(c) = (2.71)

In 2010, Cakmak [6] obtained Lyapunov-type inequalities for certain higher-order
differential equations. His results, which are improvements of the results of Yang [32]
(see Theorems 2.8 and 2.10) are as follows.

Theorem 2.37.Letn € N, n > 2, ¢(t) € C([a, b]). If the differential equation

2™ 4+ q(t)z =0 (2.72)
has a solutione(t) satisfying the boundary value problem
z(a) =x(t2) = ... = x(t—1) = 2(b) =0, (2.73)

wherea = t; <ty < ... < t, 1 < t, = bandx(t) # 0fort € (t,txs1), k =
1,2,...,n—1,then

b n
/a a(s)lds > - — (17;”_12!? = (2.74)
Theorem 2.38.Consider the boundary value problem
2 4 g(t)x =0, (2.75)
e (a) =2 () =0, i=0,1,...,n—1. (2.76)

If 2(¢) is a solution of(2.75)satisfyingz(t) # 0 for t € (a,b), then

/Iq |d8> )% - (2.77)
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