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Abstract

Let T be a time scale such that 0,77 € T. In this paper, we consider the
nonlinear second-order three-point boundary value problem

WA () + q() f(tu(t) (1) =0, e (0,T)

Bu(0) = yu(0) =0, au(n) = u(T),

where 3,7 > 0,6+~ > 0,n € (0,p(T))1,0 < o« < T/n, and d = B(T —
an) +v(1 — a) > 0. By using a fixed point theorem due to Avery and Peterson,
sufficient conditions are obtained for the existence of three positive solutions of
the above problem. The interesting point is the nonlinear term f which is involved
with the first order derivative explicitly.

AMS Subject Classifications: 34B15, 39A10.
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1 Introduction

Going back to its founder Stefan Hilger (1988), the study of dynamic equations on time
scales is a fairly new area of mathematics. Motivating the subject is the notion that
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dynamic equations on time scales can build bridges between differential equations and
difference equations. Now, the study of time scales theory has led to many important
applications, for example, in the study of insect population models, neural networks,
heat transfer, quantum mechanics, epidemic, crop harvest and stock market [3, 5, 6, 8].
Atici et al present a dynamic optimization problem from economics [3], by constructing
a time scale model, they told us time scale calculus could allow exploration of a variety
of situations in economics.

Very recently, the existence problems of positive solutions for three-point boundary
value problems, especially on time scales, have attracted many authors’ attention and
concern [1,2,5-7,9-14]. But the nonlinear term f is not involved with the first-order
delta derivative. Many difficulties occur when the nonlinear term f is involved with the
first-order delta derivative.

In [11], Sun and Li considered the existence of positive solution of the problem

WAV() +a(O)f (tu() =0, te (0T,

Bu(0) = yu(0) =0,  au(n) = u(T)

by using fixed point theorem in cones. The authors obtained the existence of at least
one, two and three positive solutions of the above problems.

In [7], by a new fixed point theorem, Guo and Ge gave sufficient conditions for the
existence of at least one solution to the three-point boundary value problem

u'(t) + ftu,u) =0, 0<t<I,

w(0) =0, u(l) = au(n).

Motivated by those works, in this paper we study the existence of multiple positive
solutions for the second-order nonlinear three-point dynamic equation on time scales

uV (1) + q() f(t,u(t),u>(t) =0, t€(0,T)r, (1.1)

Bu(0) = yu(0) =0,  au(n) = u(T), (1.2)
where 3,7 > 0,8+~ > 0,n € (0,p(T))r,0 < o < T/n, and d = B(T — an) +
v(1 — a) > 0. We assume a : [0, 7]t — [0, 00) is 1d-continuous, with a (t,) > 0 for at
least one to € (7, T)r; f : [0, T]r % [0,00) x R — [0, 00) is continuous. We establish
the existence of at least three positive solutions for boundary value problem (1.1) and
(1.2). To our best knowledge, no work has been done for (1.1) and (1.2) on time scales
by using the fixed point theorem of Avery and Peterson.

2 Preliminaries

In a cone P, let ¢ and # be nonnegative continuous convex functionals, ¢ a nonnegative
continuous concave functional and ¢/ a nonnegative continuous functional. Then for
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positive real numbers m;, ms, ms, my, we define the following convex sets:
P(p,my) ={u € Plo(u) < my},

P(gba ¢7m2am4) - {u € P|m2 < SO(U), ¢<u) < m4},
P(4,0, 0, ma,m3, my) = {u € Plmy < p(u),0(u) < mg, dp(u) < my},

and a closed set

R(¢, 1, mi,ma) = {u € Plmy < p(u), d(u) <ma}.

Lemma 2.1 (see [4]). Let P be a cone in a real Banach space E. Let 6 and ¢ be non-
negative continuous convex functionals, p a nonnegative continuous concave functional
and 1) a nonnegative continuous functional satisfying 1(Au) < Mp(u) for 0 < A < 1,
such that for some positive numbers M and m.,

P(u) < P(u), [Jull < M(u)

forallu € P(¢, my). Suppose that

A P(g,my) — P(d,my)

is completely continuous and there exist positive numbers my, mq and mz with m; < mo
such that

(S1) {u € P(¢,0,p,ma, mz,my)lp(u) > ma} # 0, and p(Au) > mqy for u €
P(¢79’ (pam2am37m4);

(S2) o(Au) > mq foru € P(¢,, mg, my) with 0(Au) > mg;
(S3) 0 ¢ R(¢, ¥, m1, ma) and (Au) < my foru € P(¢, 1, my, my) with1p(u) = m.
Then A has at least three fixed points uq, us, us € m, such that

O(uw;) <my fori=1,2,3; mg < @(uy);

my < (ug) with p(ug) < my;  P(uz) < my.

3 Main Results

Now we define the real Banach space £ = C'*(]0, Tr) as the set of all A-differentiable
functions with continuous A-derivative on [0, 7't with the norm

lull = max{]lullo, [u®]1},  w € B,
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where
lullo == sup{Ju(t)] - ¢ € [0, ]z}, [Ju|ls == sup{[u(t)| : t € [0, T]x}.
We define the cone P C E by

P = {u € E :u(t) is nonnegative and concave on [0, 7',
Bu(0) = yu(0) = 0, au(n) =u(T)}.

The following lemma will play an important role in the proof of our main results.

Lemma 3.1. For v € P, there exists a constant M > 0 such that

max |u(t)] < M max |u®(t)].
te[0, T te0,T)rw

Proof. We first consider the case 3 > 0. In this case, by the concavity of u, we have

u(t) — u(0) < tu®(0) < T max |[u®(t)].
te0,T)rw

1 2(0), thus

From the boundary condition Su(0) — yu®(0) = 0, we know u(0) = 3

7oA A g A
) < Lud0)+ T < (L+T t)].
tg[%y(ﬂ_ﬁu (0) + e [u™ ()] < (5+ )ter[gg,ﬁn [u”(t)]

Next we consider the case 3 = 0. First, by

we have
D <uw(T)+T A, 3.1
tén[oz%!u( )| < u(T) e [u™ ()] (3.1

From the boundary condition cvu(n) = u(T) and d = y(1 — ) > 0, we get

(1 —a)u(T) = au(n) — au(T) < a(T —n)| ter[gaTﬁﬁ [u® ()] (3.2)

In view of (3.1) and (3.2), we obtain

o Ju()] < (S5 7) e (0] = (T220) max ud0)]

te[0,T)7 11—« te[0,Tpw 1—a ) te0,T)x

The proof is complete. ]
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For the sake of applying Lemma 2.1, we let the nonnegative continuous concave
functional ¢, the nonnegative continuous convex functional 0, ¢, and the nonnegative
continuous functional ) be defined on the cone P by

o(u) = min Ju(t)], o) = max [u®(t)], ¥(w) = 6(u) = max |u(t)], u € P

te[n,T)r te[0,T)rx te[0,T ]

For convenience, we introduce the following notations.

s = w2 [ -gavs, [ aovs+ 2 [-9asvs),

I — min{l,ai(ﬁn%—v)/n (T — 8) q(s)Vs,

N = W”/T(T—s)q(s)w,

0

d
r = min { T — _77 ﬂ} — 1
T—an’ T'T min{1, a}(T" — n)(BnT + vn)’

b = daT”+a[B(T° — an®) + (1 — a)o(0)] T

+a [T = i) = AT = an)o(0)] + 7,

c = d(T+ao(T))+B(T* — an?) + (1 — a)o(0).

Theorem 3.2. [f there exist positive numbers my, ms and my with m; < mg < my/c
such that

(C) f(t,u,v) <my/S for (t,u,v) € [0,T]r x [0, Mmyg] X [—myg, my];

(C2) f(t,u,v) > ma/L for (t,u,v) € [n, Tt X [ma, bms] X [—my, my4l;

(C3) f(t,u,v) <mq/N for (t,u,v) € [0,T]r x [0,mq] X [—my4, my],

then the problem (1.1) and (1.2) has at least three positive solutions uy, us, us satisfying

max |uf(t)| < myfori=1,2,3;
te[0,T)rx

mo < min uy(t); my < max us(t), with min wus(t) < mo;
te[ﬂ,T}T t€[07T]T te[an]']I‘

t) < .
tg[}?%]zﬂr Ug( ) "
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Proof. Define an operator A : P — FE by

Au(t) = - / (t — 5)q(s) (5, u(s), u®(s)) Vs

_i_ﬂtc—ll"y/ (T_S)q(5>f<5’u(s),uA(S))vS

0

_W / " (0= ) q(s) (s, u(s),ud(s) V.

0

From [11, Lemma 2.2], we have Au € P. By a standard argument, it is easy to see that
A : P — P is completely continuous. We now show that all the conditions of Lemma
2.1 are satisfied.

Firstly, we show that if (C1) is satisfied, then

A P(6,my) — P, ma). (3.3)

For u € P(¢, my), we have ¢(u) = ) r[glz%}]c lu?(t)| < my. With Lemma 3.1, we have
S T+

Ir[laTX lu(t)] < Mmy. Then condition (C1) implies that f(t,u(t), u™(t)) < my/S for
telo

€ [0,T]r. On the other hand, for u € P, we have Au € P. Then T'u is concave on
[O, T)1, so we have

Y(Au) = max |(Au)>(0)

te[0,T)rx

= max {|(Au)*(0)], [(Au)™(T)| }
= max{‘g/o (T — 5) q(s) f(s,u(s),u™(s))Vs

=27 [ 0= a0 )V
'_/O q(s)f(s,u(s),u™(s))Vs + 6/ T —5)q(s)f(s,u(s),u™(s))Vs
[ = 9ats) s uts). 0% >>vS}
< {2 [ (0= a6 16T

S / -9t | Tq(sws+¥ [ a=sa0)9s}

= My.

Therefore, (3.3) holds.
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We choose
u(t) = —damot®+a [B(T? — an?) +~(1 — ) (0)] mot
+a [y(T? — an®) = (T — an)o(0)] ms for ¢ € [0, Ty

It is easy to see that 37(0) — @~ (0) = 0, a@(n) =
[0,Tr, sow € P. Again

p() = min [u(t)] = min{1, a}(T" = n) (BT + T + 1 — 70(0))amy > my,

t€n,Tlr

(T), ( ) > 0 and is concave on

0(w) = max [u(t)| < damoT? + a [B(T? — an®) +v(1 — a)o(0)] moT

te[0,T)r
+a [Y(T? — an®) = (T — an)o(0)] may = b,

¢(@) < [d(T + o(T)) + B(T* — anf) + (1 — a)a(0)] my = cmy < my.
Hence, u € P(¢, 0, ¢, mg, bmay, my) and

{u € P(9, 0, p,ma, bma, my)|o(u) > ma} # (.

For u € P(¢,0,p,my, bmy, my), we have my < u(t) < bmy and |u®(t)| < my for
t € [n,T)r. Hence by condition (C2), one has that f(t,u(t),u™(t)) > my/L fort €
[, T)t. So by the definition of the functional ¢, we see that

e(Au) = min |Au(t)] = min{Au(n), Au(T)}

te[n, T\

— min{1,a} (5’7;7/ (T — 5) q(s) f (5, u(s), u™(s)) Vs

S [ a9

> min{l, a} (577;7/0 (T — 8) q(s) f(s,u(s),u™(s))Vs
BT+7

| =950t u%))vs)
——/ (35 +2)4(5) 5 ). 12 (6)) Vs

= min{1,a} (577;7/ (T — 8) q(s) f(s,u(s),u™(s))Vs

S [ s a0l )V
min{1, @} (9 +

— y )/77 (T — s) q(s) f(s,u(s),u™(s))Vs
- sae)

min{1,a}(8n +
d

Vs = ma.
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Therefore, we get w(Au) > my for u € P(¢, 0, p, ma, bms, my), and condition (S1) in
Lemma 2.1 is satisfied.

Next, it follows from [11, Lemma 2.4] that for any u € P(¢, @, mg, my) with
6(Au) > bmsy, we have

Au) = min |A > A(u) > rf(Au) > ms.
p(Au) oin |A(u)| > T max (u) > r0(Au) > my
Thus, condition (S2) of Lemma 2.1 is satisfied.
Finally, we assert that (S3) in Lemma 2.1 also holds. Clearly, as ¢(0) = 0 < my, so
0 ¢ R(¢p, 1, my,my). Assume that u € P(¢p, 1, my, my) with 1)(u) = my. Then by the
condition (C3), we obtain that

Vi) = s [(Au)()
= x| [ (=940 ()09
P [ - a5V
2D [T )06 ), (6) Vs
< s [P [ a6t ) v

5T+’Y/T mio,
< g i (T s)q(s)NVS—ml.

Therefore, an application of Lemma 2.1 implies that the BVP (1.1) and (1.2) has at least
three positive solutions u1, us and ug such that

max |uf(t)| < my for i =1,2,3; my < min uy(t);

tG[O,T]']I% tE[U:T}T
my < max us(t) with min wuy(t) < me; max ug(t) < my.
tel0, Tt te[n,T)r tel0, Tt
The proof is complete. 0
4 Example

1 1 1
et [0,2}u{2+2n,n 2,3 },ﬁ Y

Now we consider the BVP

utV (1) + f(t,u(t), u™(t)) =0, te (0,1)r, 4.1)
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1 1 /1
u(0) — 5uA(O) =0, Zu (5) = u(1), (4.2)
where .
130 4 Y <12,
f(t,u,v) = 190 1s991v
Y —t + 22464 100 u > 12

1
It is easy to see by calculating thatd = 1, M =2, r = 1 and

1 1 (2 /1 17
S—AVS+§A (§_S)VS—1_6>

,_ min{l.3}(3 +3) [1 (1_s5vs— L

1 )
I s 12
1 1 1
1yl 11
N=2_2] (1-5)Vs=—.
P v

1
If we choose m; = T my = 1, my = 10°, then f(t,u,v) satisfies

1
() f(t,u,v) < 1—2 % 10° = % for

(t,u,v) € [0,1]r x [0,2 x 10°] x [~10°,10];
1 1 mo
2) f(t > 413 — >12=—fi
@ fltu,0) 2 555+ 100 L
1 49
(t,u,v) € |=,1| x [1,=]| x [-10°,10°];
2" |, 3

1 13 1 3 my
< - 42, - 2
@) ftwv) < ot e T 100 <11 W O

1
(t,u,v) € [0,1]p x {o,ﬂ x [-10°,10°].
Then all assumptions of Theorem 3.2 hold. Thus by Theorem 3.2, the problem (4.1)
and (4.2) has at least three positive solutions w1, us and ug such that

max |u2(t)| < 10° fori =1,2,3, 1< min wu(t);
te€[0,1]7x te[d 1]r

L (£) with min w(t) < 1 () < X
— max u %1 min wu ) max u —.
2 teor 2 te[d1]r 2 t€[0,1)7 s 2



252

Bin Zhao and Hong-Rui Sun

References

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

Douglas R. Anderson. Solutions to second-order three-point problems on time
scales. J. Difference Equ. Appl., 8(8):673—688, 2002.

F. Merdivenci Atici and G. Sh. Guseinov. On Green’s functions and positive solu-
tions for boundary value problems on time scales. J. Comput. Appl. Math., 141(1-
2):75-99, 2002. Dynamic equations on time scales.

Ferhan M. Atici, Daniel C. Biles, and Alex Lebedinsky. An application of time
scales to economics. Math. Comput. Modelling, 43(7-8):718-726, 2006.

R. I. Avery and A. C. Peterson. Three positive fixed points of nonlinear oper-
ators on ordered Banach spaces. Comput. Math. Appl., 42(3-5):313-322, 2001.
Advances in difference equations, II1.

Martin Bohner and Allan Peterson. Dynamic equations on time scales. Birkhduser
Boston Inc., Boston, MA, 2001. An introduction with applications.

Martin Bohner and Allan Peterson. Advances in dynamic equations on time scales.
Birkhduser Boston Inc., Boston, MA, 2003.

Yanping Guo and Weigao Ge. Positive solutions for three-point boundary value
problems with dependence on the first order derivative. J. Math. Anal. Appl.,
290(1):291-301, 2004.

Stefan Hilger. Analysis on measure chains—a unified approach to continuous and
discrete calculus. Results Math., 18(1-2):18-56, 1990.

Eric R. Kaufmann. Positive solutions of a three-point boundary-value problem on
a time scale. Electron. J. Differential Equations, pages No. 82, 11 pp. (electronic),
2003.

Hua Luo and Qiaozhen Ma. Positive solutions to a generalized second-order three-
point boundary-value problem on time scales. Electron. J. Differential Equations,
pages no. 17, 14 pp. (electronic), 2005.

Hong-Rui Sun and Wan-Tong Li. Positive solutions for nonlinear three-point
boundary value problems on time scales. J. Math. Anal. Appl., 299(2):508-524,
2004.

Hong-Rui Sun and Wan-Tong Li. Multiple positive solutions for p-Laplacian m-
point boundary value problems on time scales. Appl. Math. Comput., 182(1):478—
491, 2006.

Ismail Yaslan. Existence of positive solutions for nonlinear three-point problems
on time scales. J. Comput. Appl. Math., 206(2):888—897, 2007.



Positive Solutions for BVP on Time Scales 253

[14] You-Wei Zhang and Hong-Rui Sun. Three positive solutions for a generalized
Sturm-Liouville multipoint BVP with dependence on the first order derivative.
Dynam. Systems Appl., 17(2):313-324, 2008.



