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Abstract

In this note, we generalize two retarded Ouyang integral inequalities. One of
these inequalities says: under suitable assumptions of funetiongh, f, g andp
on [0, c0), if

w?(t) < h2(t) + 2 /Oa(t) {f(s)w(s) {w(s) + /OS g(T)w(r)dT} +p(s)w(s)}ds,

then

w(t) < [h(t) —i—/oa(t)p(s)ds] exp { /Oa(t) [f(s) + (/05 g(r)dr)ds} }, t>0.

AMS Subject Classifications:26D15.
Keywords: Ouyang integral inequality, retarded.

1 Introduction and Preliminaries

This paper is inspired by a paper of Xu and Xia [2]. In [2], Xu and Xia established two
retarded Ouyang integral inequalities. In this note, we generalize these two results to
more general cases. For other related result, we refer to [1].

For convenience, we assume throughout this paper that the following conditions
hold:
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(a) w, f,h,g,p € C([0,00), [0, 00)) with ~ increasing;
(b) a € C*([0,00),[0,00)) ,a(t) < tanda’(t) > 00on[0, o).
In order to discuss our main results, we need the following two lemmas.

Lemma 1.1.If

a(t)
w(t) < h(t) +/0 f(s)w(s)ds, te€[0,00), (1.1)

then
a(t)

w(t) < h(t)exp i f(s)ds, te]|0,00). (1.2)

Proof. For anye > 0 and any fixedl" > 0, it follows from (1.1) that

w(t) < h(T)+e+ " f(s)w(s)ds =: k(t), 0<t<T.

Clearly, k(t) is increasing and

Ht) = o @) f(alt))w(a(t))
< d (@) f(at)k(a(t) < a
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0 <t < T, which implies

Integrating it from O ta: € [0, 7], we obtain

k(1) L _ [
lnh(T)—l—g §/0 a(s)f(a(s))ds-/o f(u)du,

which implies
a(t)
k(t) < [e+ h(T)] exp/ f(u)du.
0
Takingt = T, we get

a(T)
K(T) < e+ h(T)] exp /0 Flu)du.

Lettinge — 0 and noting!" arbitrary, we obtain the desired result (1.2). O
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Lemma l1l.2. If

a(t) s
w(t) < h(t) + f(s)/o g(r)w(r)drds, t>0, (1.3)

then

) < ht exp/ (s / r)drds, t>0. (1.4)

Proof. For anye > 0 and any fixed" > 0, it follows from (1.3) that

a(t) s
w(®) gh(T)+e+/O f(s)/o g(ryw(r)drds = k(t), 0<t<T.

Clearly, k(t) is increasing and

() = o(t)f(a(t) / g(r)w(r)dr

0 <t <T,which implies

In:((é)) Hh / (s / r)drds.

Lettingt = T, we get
a(T) s
K(T) < (¢ + h(T)) exp /0 £(s) /O g(r)drds.

Lettinge — 0™ and notingl” > 0 arbitrary, we obtain the desired result (1.4). [

2 Main Results

We now can state and prove our main results.
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Theorem 2.1. If

w0y <0 +2 [ [ [ g poe]as @

w(t) < [h(t)+ /0 " ds exp / £(s / dr)ds} (2.2)

fort € [0, 00).

then

Proof. For anye > 0 and any fixedl” > 0, it follows from (2.1) that, fol0 <t < T,
a(t) s

wA(t) < BA(t) + & + 2 /0 [ F(s)w(s) /0 g(ryw(r)dr + p(s)w(s)}ds — k(t).
Clearly,w(t) < +/k(t), k(t) is increasing and
a(t)

K = 20() [f<a<t>>w<a<t>> [ s+ pa@yota)
a(t)
< 2D W[ f(00) [ aru)ir +pla()]

for0 <t¢ < T. This implies
a(t)

s a(t)
VFD < VRO + [ 1) / g(ryw(r)dr + / p(s)ds.

This and Lemma 1.2 imply

V(D) < [\/_ ) + / " ds exp/ s / drds]

for0 <t < T. Lettingt = T, we obtain

VE(T) < [\/&? + h2(T) + /OQ(T)p(s)ds} exp [/OQ(T) f(s) /Osg(r)drds].

Lettinge — 0 and notingl” > 0 arbitrary, we obtain the desired result (2.2). [

Taking f(s) = 0 or g(s) = 0in (2.1), we have the following.
Corollary 2.2. If

a(t)
w?(t) < RA(t) + 2/ p(s)w(s)ds, t>0,
0
then
a(t)
w(t) < h(t) +/ p(s)ds, t>0.
0
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Theorem 2.3.If

w?(t) < hA(t) + 2/0a(t) {f(s)w(s) [w(s) + /Osg(r)w(r)dr] —I—p(s)w(s)}ds, (2.3)

then

s

w(t) < [h(t)+/0a(t)p(s)ds] exp { /Oa(t) [f(s)—l— (/0 g(r)dr) ds] }, t>0. (2.4)

Proof. For anye > 0 and any fixed" > 0, it follows from (2.3) that

w?(t) < h3(T) + ¢+ 2/0a(t) {f(s)w(s) [w(s) + /Osg(r)w(r)dr} +p(s)w(s)}ds

=k(t), 0<t<T.

Clearly, k(t) is increasingk(t) > 0 andw(t) < \/k(t) on [0, 7). Differentiatingk(t)
with respect ta and usingy(t) < ¢, we obtaln

a(t)

() = 20/ f(a®)w(a(®)|wla() r)dr| + pla(®)w(a®) }
[w(a(t) + (

= [ att)
< 2VFB{f(a() [ ] + s},
which implies
k() < e+ h(T) /a ds+/ (s / g(r)w (r)dr}ds
< e+ h(T)+ /0 ()ds+/0 [f() / dr]\/_ds
0<t<T.Thisand Lemma 1.2 implyfar <t < T,
w(t) < V() < [ e+ h(T)+ /Oa(t) p(s)ds} exp { /Oa(t) [f(s) + /OS g(r)dr] ds}.
Takingt = T, we get

w(T) < [ e+ h3(T) + /OQ(T)p(S)ds] exp { /OQ(T) [f(s) + /Osg(r)dr] ds}.

Lettinge — 0™ and notingl” > 0 arbitrary, we obtain the desired result (2.4). [

Takingg(t) = 0 in Theorem 2.3, we obtain the following.
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Corollary 2.4. If

a(t)
W2() < h2(E) + 2 /0 [F(s)u(s) + plsyu(s))ds. 10,

then
a(t)

w(t) < {h(t) + /Oa(t)p(s)ds} exp{

Remark2.5. Takingh(t) = ¢ (constant) in Theorems 2.1 and 2.3, we obtain the results
in [2].

f(s)ds}, t>0.

0
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