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Abstract
In this study, we introduce a new method for investigation of the delay differ-
ence equation

Apz(t) +pt)x(t—7) =0 fort € [to, 00),
wherep € C ([to,o0),RT), o, 7 € RT and A, denotes the forward difference
operator defined a&,z(t) = z(t + «) — x(t).
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1 Introduction

In a number of recent papers, oscillatory behavior of the equation

Ayx(t) + p(t)z(t — 1) =0, (1.1)
wherety <t € R,p € C ([tp,0),R]), a,7 € R* and

Agz(t) = z(t + o) — (1),
has been investigated. To the best of our knowledge, most of these papers depend on

integral conditions to test oscillatory behavior of (1.1). We refer readers to [1-11]. Our
aim is to make a discrete approach. Namely, we build new tests which do not depend

on integral conditions. To do this, we assuine- TeN.

(0%
We call a function a solution of (1.1) if this function satisfies (1.1) identically for
t > to. We call a solution of (1.1) oscillatory if it has arbitrary large zeros, otherwise we
call this solution nonoscillatory. Also, we are not interested in trivial solutions of (1.1).

Received May 22, 2007; Accepted December 17, 2007
Communicated by Elena Braverman
*http://www?2.aku.edu.tr/"bkarpuz , http://www?2.aku.edu.tr/"ozkan



284 B. Karpuz andD. Ocalan

2 Main Results

Before stating our results, we introduce the functions

C - [t07t0 —|— Oé) — Ra_

t — ¢(t) = liminfp,(¢)
and
Co . [to,to + Oé) — Rg
t — co(t) = limsupp,(t),
where

pu(t) = p(t + na).
Now, we can give our results.

Theorem 2.1. Assume that
ci(t) >0 and ¢ () +eoft) > 1 forall t € [to,to + ). (2.1)
Then every solution ofl.1)is oscillatory.

Proof. For contrary assume that (1.1) has an eventually positive solutiofhe case
where (1.1) has an eventually negative solution is similar and omitted. So there exists
ty > to such thate(t) > 0 for all ¢ > ¢,. Then fixt, > ¢, + « and set

to — 1
NI;:\‘Q OJ,
(6]

where|-| denotes the lowest integer function. Clearly there exists[ty, ¢, + «) such
that

tQ =s+ NlOé
holds. Now define the sequenge, } by

T, = z(s + na) forn e N,

and sox,, > 0 for all n > N;. In view of (2.1), we have > 0 and N, > N; such that
c1(s) > e andp,(s) > ¢1(s) —e > 0for all n > N,. Then from (1.1), we have

Anz(s +na) = —pu(s)z(s + (n — 0)a) foralln > N3 := max {N; + 0, Na}

or
Az, = —pp(8)x,_s <0 foralln > Nj, (2.2)

whereA is the usual forward difference operator with

AL, = Tpi1p — Ty
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From (2.2),{x,} is decreasing for alt > N3. Then
Ty, > Pu(8)Tp_s > [c1(8) — €| xp forall n > Nj. (2.3)
On the other hand, considering (2.2)
0> Az + pu(8)Tns > Tpi1 + [pal(s) — 1] 2, (2.4)
forall n > N3. Thus from (2.3) and (2.4)
[c1(s) —e +pa(s) —1x, <0  foralln > Nj,

that is,
[ci(s) —e+pn(s) —1] <0  foralln > N

and takinglim sup on both sides of the above inequality for— oo, we see that
c1(s) + ea(s) <1+e.
Sincee > 0 is arbitrary, we obtain
ci(s) + ca(s) < 1,
which contradicts with (2.1) and completes the proof. O
Now, we have the following example.

Example 2.2. Assume thaty, e € R™ andn € N. Then every solution of the difference
eguation

Ayz(t)+ (1+¢e)z(t —an) =0
is oscillatory on[ty, c0). Clearly (2.1) holds and so Theorem 2.1 can be applied. Note

that all the criteria depending on integral conditions depend on the delay but in this
criteria we only need them inf andlim sup values of the coefficient.

Theorem 2.3. Assume that
55

m forall ¢ S [to, to + Oé) . (25)

ci(t) >

Then every solution ofl.1)is oscillatory.

Proof. For contrary assume that (1.1) has an eventually positive solution. Since the
equation is linear, the case where (1.1) has an eventually negative solution is omitted.
Say this solution isc, so there exist$; > ¢, such thatz(¢) > 0 for all t > ¢;. Fix

ty > t; + a and set
to — 1
Nliz\‘Q OJ.
(6%
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There exists € [to, to + «) such that, = s + Ny« holds. Now define

_ z(s+na)
Ty 1= P Py e forn € N. (2.6)

From (1.1) we have

z(s+ (n+1)a) = z(s + na) — pa(s)z(s + (n — 0)a)

or
z(s+ (n+ 1)) z(s+ (n—0)a)
= Pn(s)
z(s + no) z(s + na)
for all n € N. Considering (2.6), we get
1
- <1 —pn(s) Hrn_i foralln > Ny + 4. (2.7)

i=1

From (2.5) there isV, with p,,(s) > 0 for all n > N,. SetN3 := max {N; + J, No},
it follows from (2.7) thatr,, > 1 for all n > N3. Also r,, is bounded from above,
otherwise (2.6) and (2.7) implies < 0 for all sufficiently largen. Setx := lim inf r,,.

Then from (2.7) we get o

0

1 1
li — = —<1-liminfp, o 2.8
msup = = - <1 —liminfp (S)HT (2.8)
Since
b 5
liminf p,(s) H Ty > <1im infpn(s)) H [lim inf rn,i] > Cl(S)lié,
=1 =1
we have )
- <1—c(s)K°
or .
K —
h(lﬁ) = W > Cl(S). (29)
One can show that
55
maxh(r) = Gy

and hence by (2.9) we obtain

55
Grap =l

which is a contradiction to (2.5). Therefore the proof is completed. O
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We give the following example.
Example 2.4. Consider the difference equation

Ayx(t) + (Jsin(t)| + €) z(t — mn) =0,

™

wheres > (ﬂm andn € N. Clearly,
T ™

™

c(t) = lirllrriioglf (|sin(t +nm)| +¢) = [sin(t)| + ¢ > m

for all t € [ty,to + 7). Therefore, (2.5) holds and by Theorem 2.3, we see that all
solutions are oscillatory oy, o).

The following theorem improves the above one.

Theorem 2.5. Assume that

n—1
liminf Y pi(t) >0  forallt € [to, to + ). (2.10)
1=n—0
Furthermore if
1= 1
t) ;= liminf inf { — - 1 forall ¢t € [ty, ¢t 2.11
cs(?) e ,\grl(t){)\,Hal—)\pi(t)}> “lotota), (241

where
L'(t):={A>0:1—Ap,(t) > 0forall large n},

then every solution of1.1)is oscillatory onlty, o).

Proof. As usual assume for contrary thats an eventually positive solution of (1.1)
andz(t) > 0 forall t > t;. Set
to —t
N, = { 2 oJ ’
(6]

wheret, > t; + . Then we have € [ty, t, + «) such that, = s + N;a. Now set

T, = x(s + na) forn € N.
Thenzx,, > 0 for alln > N;. From (1.1)

Az, = —pp(8)x,_s <0 foralln > N; + 6. (2.12)
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Thusz,, is decreasing. Define the skt(see [7]) by
A:={A>0:Azx,+ \p,(s)zx, <0forall largen} . (2.13)

Sincel € A, A # (). And one can easily show thatC I'(s). Considering (2.10), set

n—1

L. .
K= ghglorgf Z pi(s) > 0.

i=n—30

Then there existd/, > N; such that

n—1
Z pi(s) > 3k foralln > Ns.

i=n—4

Thus there exists an increasing divergent sequéngceon [ N,, co) such that

n—1 Sn—1
Z pi(s) >k and Z pi(s) > kK
1=8n,—0 i=n

with s,, > n for all n > N,. Therefore by (2.12) we get

sn—1 Sn—1 Sn—1

T > — e, =— Y Az =Y pils)Tiis > Tays Y pils) > ke, s
i=n i=n i=n

n n
> Klxs, s — Tpi1] = —K Z Ax; =K Z pi(8)Ti_s > KTpn_s,

1=58,—0 1=58,—0
which implies
Ty 1
”5<—2 foralln > N,.
Tn K
Hence
n—1 n—1 n—1
Tn—Tns= P Azi=— Y pi(s)ris < —tns Y pils) < —2kTp_s
i=n—4§ i=n—9§ i=n—=49
foralln > N,. Thus
2KXy_§ 2 Tn_s
and .
Axn - _pn(s)xn—é > ——Tp_s Z —=Ln-94,

2K o3
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R 1 . .
which mphesF ¢ A. ThereforeA C R is a bounded interval. From (2.11), there
K
exist a constant > 1 and N; > N, such that

n—1
1 1
inf < — _ s > 2.14
)\gll(s) {)\ Z;I;[(; 1-— )\pZ(S) } =¢ ( )

1
foralln > Ns. Leto := ct

sup A. Sinces € A C I'(s), we have

Az, + opp(s)x, <0 foralln > Ns. (2.15)
Set .
Ty = — for all n > Njs.
Tn+1

Then from (2.15), we see that

1
Th > ————  foralln > N3,
1= op(s)
which yields
e nol n—1
Tp-s 1 1 1
- = T—op(s) \o — ]z 2.16
n i:gtsr _izg(sl_o-pZ(S) (Uzzl;[al—o'pl(s)) 0z co ( )

foralln > N3 + 6. Then from (2.12) and (2.16), we get
Az, + copp(s)r, <0 foralln > N3 + 6,

L . 1 . .
which impliesco € A. Sinceco = clet1) sup A > sup A, this leads to a contradic-
tion. Therefore the proof is completed. O

Corollary 2.6. If

n—1

. . 5 0+1
C4(t) = hqgllg)lf Z pl<t) > (m) forall ¢ < [to,to + Oé)

i=n—04
holds, then every solution ¢f..1)is oscillatory on[ty, o).
Proof. By the arithmetic and geometric mean inequalities, we have

)
which implies (2.10) and (2.11) holds. Therefore the claim follows by Theorem Z.b.

1 5+1
ea(t) > (i) c(t)>1  forallt € [to, to +a),

Remark2.7. Sincec,(t) > dcy(t) for all t € [ty, to + a), Corollary 2.6 improves Theo-
rem 2.3.

Remark2.8. Our assumptions also guarantee that there are no positive solutions of in-
equalities of the form
Ayx(t) + p(t)z(t —71) < 0.



290 B. Karpuz andD. Ocalan

References

[1] Ravi P. Agarwal. Difference equations and inequalitiegolume 228 ofMono-
graphs and Textbooks in Pure and Applied Mathematit4éarcel Dekker Inc.,
New York, second edition, 2000. Theory, methods, and applications.

[2] Ming Po Ch&n and B. G. Zhang. Oscillation and comparison theorems of dif-
ference equations with positive and negative coefficieBtdl. Inst. Math. Acad.
Sinicg 22(4):295-306, 1994.

[3] L. H. Erbe and B. G. Zhang. Oscillation of discrete analogues of delay equations.
Differential Integral Equations2(3):300-309, 1989.

[4] J. Jar& and I. P. Stavroulakis. Necessary and sufficient conditions for oscillations
of difference equations with several delayilitas Math., 45:187-195, 1994.

[5] G. Ladas, Ch. G. Philos, and Y. G. Sficas. Sharp conditions for the oscillation of
delay difference equationd. Appl. Math. Simulatior2(2):101-111, 1989.

[6] G. Ladas and C. Qian. Oscillatory behavior of difference equations with positive
and negative coefficientdlatematiche (Catania)4(2):293-309 (1990), 1989.

[7] G. Ladas, Y. G. Sficas, and I. P. Stavroulakis. Necessary and sufficient conditions
for oscillations.Amer. Math. Monthly90(9):637—-640, 1983.

[8] Jian Hua Shen. Comparison theorems for oscillations of difference equations with
continuous variableKexue Tongbao (Chinese)1(16):1441-1444, 1996.

[9] X. H. Tang, J. S. Yu, and D. H. Peng. Oscillation and nonoscillation of neutral
difference equations with positive and negative coefficie@tsmput. Math. App].
39(7-8):169-181, 2000.

[10] J. S. Yu, B. G. Zhang, and X. Z. Qian. Oscillations of delay difference equations
with oscillating coefficientsJ. Math. Anal. Appl.177(2):432—444, 1993.

[11] B. G. Zhang. Oscillations of a class of difference equations with continuous argu-
ments.Appl. Math. Lett. 14(5):557-561, 2001.



