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Abstract

We will show how to use the mountain pass theorem to obtain nontrivial solutions of
a certain two point BVP for the 2nth order, n € N (formally) self-adjoint nonlinear
difference equation

SN A u — i)l = f(t,u@®), t€la,blz.

i=0

No periodicity assumptions will be placedonr;,i =0, 1, ..., nor f and it will be
assumed that f grows superlinearly both at the origin and at infinity. An example
of our results will be given.
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Keywords: Discrete boundary value problem.

1. Introduction and Preliminary Results

A great deal of work has been done concerning the existence to discrete boundary value
problems. Recently, techniques from critical point theory have been employed to show
the existence of nontrivial solutions to discrete boundary value problems [1-5]. These
techniques are complementary to the fixed point theory that has also been utilized to
study this area.
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We will be concerned with finding nontrivial solutions to the 2nth order nonlinear
BVP:

n
Y A OA U@ — )] = ft () =0, 1 €lablg (1.1)
i=0
ula—1i)=0=ulb+1i), 1<i<n. (1.2)
We assume a, b are integers and we define [a, blz := [a, b]NZ, where Z denotes the set of

integers. Moreover, f : [a, b]z xR — Riscontinuousinx and Au(t) := u(t+1)—u(t)
defines the forward difference operator A. Throughout this paper, we let

F(t, x) :fx f(t,s)ds.
0

We also assume throughout:

(=Dirit) >0 for 1<i<n for rela—n,b+nly (1.3)
ro®) >0 Ytela—n,b+n]y. (1.4)

This boundary value problem generalizes the important Sturm—Liouville problem when
n = 1 and a beam bending problem when n = 2 [8].

In this section, we establish the variational framework for (1.1), (1.2). Before pro-
ceeding, we need a few useful definitions.

Definition 1.1. Let E be a real Banach space and let ¢ : E — R be a mapping.
We say ¢ is Fréchet differentiable at u € E if there exists a continuous linear map
L =L(u): E — R satistfying

I @(x) —@u) — Llx —u]
1m =
x—u lx —ulle

0.

The mapping L will be denoted by ¢'(u). A critical point u of ¢ is a point at which
@' () =0,ie., ¢ (u)v =0 forall ve E. Wewrite p € C'(E, R) provided ¢’ (u) is
continuous for all u € E.

The following remark will be useful.

Remark 1.2. Assume ¢ : R" — R has continuous first-order partial derivatives. Then
forany u = (uy,--- ,u,) € R",

¢’ (u) = Vupu),

dp dg
\V/ =(—)---,
u® (aul 8un>

is the gradient of ¢ with respect to u.

where




Nontrivial Solutions of a Two Point Boundary Value Problem 133

Definition 1.3. Let E be a real Banach space. The function ¢ € C ! (E, R) satisfies the
Palais—Smale condition if every sequence {u j} in E such that {ga(u j)} is bounded and
o' (u j) — 0as j — oo contains a convergent subsequence.

We state the mountain pass theorem, which is instrumental to proving the main results
of the paper. Let B(0, p) denote the open ball in a Banach space E of radius p centered
at 0.

Theorem 1.4. (Mountain Pass Theorem [S]) Let E be a real Banach space and ¢ €
c! (E, R). Suppose ¢ satisfies the Palais—Smale condition and ¢(0) = 0. If
(A1) there exist constants p, @ > 0 such that

> o
v 3B(0,p)

and
(Ay) there exists e € E\B(0, p) such that ¢(e) <0,
then ¢ possesses a critical value ¢ > o given by

c= ;211: Sg%g,ﬁ]w(g(s)), (1.5)
where
I'={geC(0,1LE) [ g(0)=0, g(1) =e}. (1.6)

Theorem 1.5. (Ljusternik—Schnirelman [2]) Lety € C I(RN , R) be an even function.
Then the restriction of ¢ to the unit sphere S “Lof RN possesses at least NV distinct pairs
of critical points.

LetE={u:la—n,b+nlzy —>R:u(a—i)=0=ub+i),1 <i <n}. Then E
is a Hilbert space with inner product

b+n n
(w,v)p =Y Y @A ut —i)Av(t — i), u,v € E
1=a i=0
and corresponding norm
b+n n ‘ 5
Il = (u,u)e =Y ) @] (Au@ —i))”.
t=a i=0

Let N = b — a + 1. Then we can associate E with RY by the relation
O,...,0,u(a),u(a+1),...,u(b),0,...,0) < (x1,...,xn),

where x; = u(a+i—1),1 <i <N.
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Define amap ¢ : E — R by:

b+n n b
o) = %;;‘ (O] (Al — i)’ = ; F(t,u(t))

1 b
= Slullf = F(u@).
t=a

For our application, we will be interested in computing the Fréchet derivative of ¢. Here
is a remark to aid in this calculation.

Remark 1.6. Let H be a real Hilbert space, let f : H — R be the function defined by
fx)=|x ||2 and letu € H. Then the Fréchet derivative of f at u is the linear functional
on H given by f'(u)x := 2(x, u).

One could use Remark 1.2 to prove Remark 1.6. It is also an easy exercise to prove
Remark 1.6 using the definition of the Fréchet derivative.
With the aid of Remark 1.6, we calculate the Fréchet derivative of our functional ¢.

Theorem 1.7. For u, v € E, the Fréchet derivative of ¢ at u is given by

b+n
o'y = (u,v)p— Y [t u@®)v@)
b+n n ._a .
= > [Z ATri A u@ -] - f(, u(m} v(1).
t=a Li=0

b
1
Proof. Let u,v € E. Define ¢;(u) = E||u||%E and ¢y(u) = Y F(t,u(t)). Then
t=a
¢ = @1 — ¢2. By Remark 1.6, <pi (w)v = (u, v)g. Also, as the Fréchet derivative of
functions in CI(RN , R) is the gradient of that function,

ey = < Vupa(u), v >p

b u(t)
= <V, (Z f(t,s)ds),v>E

T=a 0
= < f(u),v >gn

b
= > ft.u@®)v@)
t=a

b+n

— Zf(t,u(t))v(t).

t=a
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Therefore,
b+n
¢'wv = (w,v)p— Y [t u®))

b+n n
= [Z ()| Alu(t — i) At — i) — fL(t, u(t))v(t):| :

t=a Li=0

It remains to show that
b+n n
Z[ |r,-(t)|Aiu(t—i)Aiv(t—i)i|
l b+n n
- Z [Z Alri () Alu(t — i)]:| v(1). (1.7)
t=a Li=0

We verify that (1.7) holds by finite induction on n. If n = 0, then (1.7) clearly holds.

Suppose (1.7) holds for a fixed n. We will adopt the convention that for any
u € E, we extend the domain of u to Z by defining u(t) = 0 forall t > b +
n and forall# < a —n.Then

b+n+1 n+1

Z Z I ()| Alu(t — i) Alo(t — 1)

t=a [=0

b+n b+n—+1 n
— (Z+ Z )(Zm(t)wu(t—i)A"u(t—i)

t=a  t=b+n+l i=0
1 OIAut —n — A" o —n — 1))

b+n n
=Y > InIA U — A — i)
t=a =0
b+n
+ ) I OIA™ u@ —n — DA ot —n — 1)

t=a
n

+Z i +n+ DA ub+n—i+ DA vb+n—i+1)
i=0

Hrar1(b +n + DA u ) A u(b)

b+n n . . b+n
=2 2 AOA U = Do) Y Irnsr (0] A"
t=a j=0 t=a

xu(t —n — 1)A”+1v(t —n—1) 4+ |rpp1(b+n+ Du)vb)
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by the boundary assumptions on u and v and the induction hypothesis. Note that by
summation by parts [3, Theorem 2.8] and the boundary conditions on u and v:

b+n
D lraprOIA u —n — DA v —n — 1)
t=a
b+n
= —[rup 10 +n + D@u@®d) + Y A" () Au —n — Dv().
t=a

Indeed, using a summation by parts formula we get:

b+n
D I OIA  ut —n = DA™t —n — 1)
r=a
b+n
= (D" T ra A U@t —n— DA @t —n—1)
I=a

b+n+1

a

= (=" *! |:r,,+1(t)A”+lu(t —n—DA"W@E —n—1)

b+n
= AlrapOA™ u(t —n = D]A (- n)i|
t=a

= —|rpp1(b+n+ Du(b)v(d)

b+n
+«4W“{—§:Amﬁmﬂxﬁwa—n—wnA%a—nﬂ,
t=a

using u(t) =0,t <a—1,u(t) =0,¢t > b+ 1. Again by summation by parts we get:

b+n
D lraprOIA u —n — DA v —n = 1)

t=a

= —|rppe1(b +n+ D|ud)v(d)

b+n—+1

a

+04W“[—Avmunwﬁma—n—lnN“%a—nﬂ
b+n
+ ) Al (OA T —n — DIA o - n)i|
t=a
= —|rus1(b + 1+ D]u(b)v(b)
b+n

H=D"Y T A (OA ™ u( — n — DIA o — n),

t=a
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where we have used the boundary conditions on u, v to simplify. Continuing in this
fashion we see:

b+n
D lraprOIA u —n — DA v —n = 1)
t=a
=~ [(—1>"A"[rn+1(rm"“u<r —a—pe—n|
b+n
HEDY A i O A u (e —n 1)]v(r)]
t=a
b+n
= —lrar1(b+n+ Dlu®)o®d) + Y A" [r (AUt —n — Dv(@).
t=a
Thus,
b+n+1 n+1
D @A u@ —iyAlv(e — i)
t=a =0
b+n n b4n
=D > AlOA U@ = D@ + ) A" [rys 1 (OA™ u(t — n = Do)
t=a =0 t=a
b+n n b+n
=Y D A @OAu@ — D) + Y A g (A Ut —n — D)
t=a =0 t=a

n ; AiTr () At — i)]‘t=b+n+lv(b Yn+1)

FA T [y (0 0+ I)A”Hu(t)]‘l_bv(b Fn+1)

b+n b+n+1 n . .
= (Z+ Z )(ZA‘[r,-(t)A’u(t—i)]v(t)

t=a  i=btn+1/ “i=0

+A" [ () A —n — 1)]v(1))

b+n+1 n+1
= Z Z Allri A u( — ) @).
t=a =0
Hence, by induction, (1.7) holds and the theorem is proved. |

Corollary 1.8. Let u € E. The following are equivalent:

1. u is a critical point of ¢.
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2. u is a solution of (1.1), (1.2).
Furthermore, ¢ € C 1(E , R).

Proof. By definition and Theorem 1.7,

u 1is a critical point of ¢

iff
¢ uWv=0 YvekE
iff
b+n n
> [Z Alr(OA u@ — )] — f(t, u(t)):| vi)=0 VveE (1.8)
t=a Li=0
iff

u 1s a solution of (1.1), (1.2).

To see that the last statement holds, for any m € [a, b]z, let

0 1 ift=m
v =
" 0 ifr#m.

Then v, € E and ¢’ (u)v,, = 0 for all m € [a, b]z. But this implies:

> A OAuE — )] = f(t.u() =0, Vi€ la,blz,

i=0

so that these critical points correspond to solutions of the BVP (1.1), (1.2). Conversely,
if u is a solution to BVP (1.1), (1.2), then (1.8) clearly holds. As E and R are Euclidean
spaces, the continuity of f guarantees that ¢ € C'(E, R). |

2. Main Results

First, we introduce some notation. As FE is a finite dimensional vector space, we know
that all norms defined on E are equivalent. In particular, there exist constants d1, dz, and
B > 0 such that

dil|ull3 < llulf < dallull3 (2.1)

and
lulloo < Bllullg YuekE. (2.2)

(STl

b
Here, ||u||, = u?(t and ||u = max |u(t)|.
lull2 (Z ()) oo = max Ju(®)]

t=a
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Now we state and prove the main theorems.
Theorem 2.1. Suppose

F(t,
lim ( 2x) =0; t¢€la,blz,
x—0 X

and there exists 8 > 2 such that

O<,3/xf(t,s) ds <xf(t,x) Y (t,x) €la—n,b+n]z x R\{0}.
0

Then there exists a nontrivial solution to the BVP (1.1), (1.2).

139

(2.3)

(2.4)

Remark 2.2. Assumption (2.4) implies that for each t € [a, b]z, there exists a real

number «(¢) > 0 such that

F(t,x) > a(®|x|f for |x| > 1, t € la,blz.

Proof. To verify this remark, assume x > 1. Then from (2.4),

,fof(t,s) ds < xf(t,x)
0

=>é§ xf(l,x)
fo f(t,s)ds

/ J / @
—dt <
fo ft, s)ds
:>f —drflnf f(t,s)ds
1 T 0 1

/xf(t,s) ds
0

—In

1
f f(t,s)ds
0

= Bln|x| <In

= Bln|x|+ C(t) fln(fxf(t,s) ds), where C(t) :=In
0

= eﬁlanl‘f‘C(l‘) < /X f(t,S) ds
B 0

= |x[Pa(r) 5/ f(t,s)ds = F(t,x),
0

where o (¢) = e€® The case for x < —1 is similar.

Remark 2.3. The inequality (2.5) implies

. F(t,x)
lim =

x—oo0  x2

oo; t€la,bly.

1
/ f(t,s)ds
0

(2.5)

(2.6)
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Proof. By (2.5):

a@lxl’ _ F(t,x)
x2 T X2

. . -2 . . F(t, x)
Since lim o(?)|x]| = o0, it follows that lim
X—> 00

s— =00, 1€ [a, blz. [ |
X—00 X

Proof of Theorem 2.1. We will prove the existence of a nontrivial critical point of ¢ using
Theorem 1.4. We know that ¢ € C'(E, R) and ¢(0) = 0.

We verify that the Palais—Smale condition holds. Let {u;} be a sequence in E such
that

{o(ur)} isbounded and ¢'(uy) — 0 as k — oo. 2.7)

We will show that {u;} possesses a convergent subsequence.
By (2.7), ¢'(ur) — 0 as k — 00, so that

@' (up)v

sup
vl

veE,v#0

Without loss of generality, we can assume that u; # 0 for an k. Hence, {¢(u;)} and

¢’ (uk)uk} are bounded sequences of real numbers. So there exist constant

{ 1
lull e
M, N > 0O such that

M+ Yille = o) =~ (upu
IBkE_(Pk ﬂfpkk-

By (2.4), 1
F(t, u(t)) — Euk(t)f(t, ur(1)) < 0.

Thus,

M+ Yl = o) — ~¢wou
,3 kIWE = @Ug ﬂgpkk

-—(1—1>wHQ—Eﬂfaua»—lfauu»um}
_2,8 ke , Ul ,B’k k

1 1 5
5 - E ||Mk||E-
1 1

N
ollug |3 — F||uk||E — M <0, where o := ke 0.

B

t=a

v

Thus,



Nontrivial Solutions of a Two Point Boundary Value Problem 141

2
N
As F + 4aM > 0, we see that {u;} is bounded in E. As E is finite dimensional,

{ur} has a convergent subsequence. Hence, ¢ satisfies the Palais—Smale condition.
Now we prove that (A1) in the mountain pass theorem (Theorem 1.4) holds. Let B, d;

1
be as in (2.2), (2.1), respectively. By (2.3), there is a § > 0O such that F (¢, x) < Zdlxz
8
whenever |x| < 8t € [a, b]z. Let p := B and suppose ||u||[g < p. Then we have

5
lulloo < - B = 8. 50 that F(t, u(1) < Zdluz(t) forallt € [a, blz. Thus,if |ulz = p:

b
1
o(u) = Euuu%—}:F(r,u(r))
t=a

z S llule = dulluli;
| S I

= Sllule = 7 lulz. by 2.1)
15

= —-p = 0.
2P a >

Thus, (A1) holds. Finally, we verify that (A;) holds. Condition (2.6) implies that there
exists §; > Bp such that F(z, x) > d2x2 forall |x| > 61, t € [a, b]z. (Here, B and d»
are defined in (2.2) and (2.1).) Let e € E be such that |e(f)| > 8 on [a, b]z. Then
llelloo > 81 so that |le||g > p. In this case,

1 b
ple) = Sl =) Ftew)
t=a

1
2 2
5 llellz — dzllell;

<
-2
1
< Sllellf = lleliz, by @.1)
2
= — 0.
Sllelf <

Thus, (A») holds.

By the mountain pass theorem, there exists ¢ > 0, a critical value of ¢. The corre-
sponding critical point # € E is a solution of the BVP (1.1), (1.2) by construction of ¢.
As ¢(0) =0and ¢(u) = c > 0, u # 0. So u is a nontrivial solution to our BVP and the
result holds. |

Theorem 2.4. Suppose

. F(t,x)
lim 3
x—0 X

=o00; t € [a, b]z, (2.8)
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and there exists 0 < y < 2 such that

0<xf(t,x) < )//x f(t,s)ds VY (t,x) € la—n,b+nlz x R\{0}. (2.9)
0

Then there exists a nontrivial solution to the BVP (1.1), (1.2).

Remark 2.5. AsinTheorem 2.1, foreach ¢t € [a —n, b+ n]y, there exists a real number
o1(t) > 0 such that
F(t,x) > a1(®)|x|¥ for |x|>1 (2.10)
so that
. F(t,x)
lim

x>0 x2

The proofs of (2.10) and (2.11) are similar to the proofs of (2.5) and (2.6), respectively.

=0; t €la,b]z. (2.11)

Proof of Theorem 2.4. We will show that the functional —¢ satisfies all the conditions
of the mountain pass theorem. We know that —¢ € C ! (E, R) and —¢(0) =0.
We verify that the Palais—Smale condition holds. Let {u;} be a sequence in E such
that
{—@(ur)} isboundedand — ¢'(u;) — 0 as k — oo. (2.12)

We will show that {u;} possesses a convergent subsequence.
By (2.12), —¢'(uy) — 0 as k — oo, so that

—¢' (up)v

sup
vl

veFE, v#0

Without loss of generality, we can assume that u; # 0O for a k. Hence, {—¢(uy)} and

¢’ (uk)uk} are bounded sequences of real numbers. So there exist constant

{ 1
llull e
M, N > 0 such that

N 1,
M, + ?””k“E > @(u) + 7,0 (ur)ug.

By (2.9), F(t, ux(t)) — %uk(t)f(t, ui(t)) > 0. Thus,

N 1
My + ;”uk”E > =) + ;‘P/(uk)uk

1

b+n
1 1
- (—5 + ;) gl + t§=aﬁ [F(r, ) = —f . uk(t»uk(r)]

L1 ek |1
—=+—)llu .
2 y ke

v
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Thus,

, N 1 1
apllugllg — —lluklle — My <0, where oy := —= + — > 0.
14 2y

2
As — + AdMija; > 0, {uy} is bounded in E. Thus, as E is finite dimensional, {u;} has

a convergent subsequence. Hence, —¢ satisfies the Palais—Smale condition.
Now we prove that (A1) in the mountain pass theorem holds. By (2.11), there is

a B > 0 such that F(¢,x) > d2x2 whenever |x| < B, t € [a, b]z. Let p; = —,
where B is as in (2.2), d; is defined in (2.1), and suppose ||u||g < p1. Then we have
lulloo < gB = B, so that F (¢, u(r)) > dou’(t) forall t € [a, blz. Thus, if |[ul g = pi:

1 b
—p@) = —slulf+ Y F@u@)

t=a

1
—;m%+dﬁm6

v

1 2 2
—5 lull + llull, by 2.1)

1, 0
= —p;:=a; >0.
2/01 1

(A%

Thus, (A1) holds.

Finally, we verify that condition (A7) holds. Condition (2.8) implies that there exists
B1 > Bpi, where B is as in (2.2), such that F(z, x) < d1x2 Y |x| > B1, where dj is as
in (2.1). Let ey € E be such that |e;(¢)| > B1 on [a, b]z. Then |le1|loc > B1 so that
lletllE > p1. In this case,

b
1
—pler) = —5leilf+ ) Fte10)

< H|n2+ldu|ﬁ
——=lle —di|le
= 2IE 4112

[A

Lo Lo
—§||€1||E + leelllE, by (2.1)

1
= —ﬂwm%<a

Thus, (A») holds.
By the mountain pass theorem, there exists ¢ > 0, a critical value of —¢. The
corresponding critical point u € E is a solution of the BVP (1.1), (1.2) by construction
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of —¢p. As —¢(0) = 0and —p(u) = c > 0,u # 0. So u is a nontrivial solution to the
BVP (1.1), (1.2) and the result holds. [ |

Next, we obtain a result concerning the existence of multiple solutions to the BVP
(1.1), (1.2) by applying Theorem 1.5:

Theorem 2.6. Assume

[, —x)=—f(,x). (2.13)
Then the BVP (1.1), (1.2) has atleast N := b —a+ 1 distinct pairs of nontrivial solutions.
Remark 2.7. Note that if u is a solution to (1.1), (1.2), then under the assumptions of

Theorem 2.6, —u is also a solution to the BVP. In this case, call (1, —u) a pair of solutions
to the BVP (1.1), (1.2).

Proof of Theorem 2.6. By condition (2.13), we see that ¢ is even:

b
1
p-u) = Sl —ulp =Y Ft, —u@®)

t=a

1 5 b —u(t)
- EnunE—ZfO fit.s) ds
r=a

b 0

= %nuu% - (—

t=a —u(t)

f(t,s) ds)

b 0

1
= Slulz =) f(t,—s) ds

f=q ¥ —u)
1, &[0
= §||M||E— E / —ft, v)dr
t=a YU

1 b u(t)
= SWE-Y [ randr
t=a
1 b
= Sllulf = 3 F@.u@)
t=a

= ¢u).

By Theorem 1.5, the restriction of ¢ to SV ™! has at least N distinct pairs of critical
points. So there existu; € E suchthat (u;(a),--- ,u;(b)) € sV 1< Jj <2N such
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that

b+n n
Q' upv=y_ [Z Al At — i) — f(t, uj(t))j| v(1)=0 YveE

r=a i=0

such that (v(a), --- ,v(b)) € SN"!, 1 < j <2N.Form € [a, bz, let
o 1 ift=m
v =
" 0 ift#m.

Then v, € E and (v, (a), ..., v, (b)) € S¥1and ga’(uj)vm =0,1<j<2N, me
[a, b]z. But this implies

n
D ATOAu@ =)= ft,u@) =0, Vi¢la,blz,
i=0
so that these critical points correspond to solutions of the BVP (1.1), (1.2). |
Example 2.8. Fix n € N and consider the boundary value problem
Y OA=D AU - =xTe, 1 ef0, 1]y (2.14)
i=0

u(—i) =0=u(l+1), I <i<n. (2.15)

Here f(t,x) = x2" ¢! Then f satisfies the conditions of Theorem 2.1 with 8 = 2n,
so that BVP (2.14), (2.15) has a nontrivial solution. Moreover, f satisfies (2.13) in
Theorem 2.6, so that BVP (2.14), (2.15) has two distinct pairs of nontrivial solutions.

Example 2.9. Fix n € N and consider the boundary value problem

3 A1) Ault — i) = x T sin’ (1), €0, 1]z (2.16)

i=0
w(—i)=0=u(l+i), 1<i<n. 2.17)
2n+2

1
Here, f(z, x) = x2n+1 sinz(t) satisfies the conditions of Theorem 2.4 with y =

n+1
Also, f satisfies (2.13) in Theorem 2.6. In the first case, BVP (2.16), (2.17) would have
a nontrivial solution and in the second case, this BVP would have two distinct pairs of

nontrivial solutions.
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