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Abstract

In this paper we shall investigate the oscillatory properties of the equations
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where « is the ratio of two positive odd integers.
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1. Introduction

Consider the third order nonlinear functional differential equations of the form

d?> (1 [dx()\“
a2 (@( 77 ) )+q(t)f(x[g(t)]) =0 (1.1)
and
d?> (1 [dx(@)\“
a2 (m ( it ) ) =q(0) f(x[g®)]) + pO)h(x[o(®)]), (1.2)
where

(i) « is the ratio of two positive odd integers,

(i1) a, p,q € C([tg, 00), [0, 00)) such that sup{p(t) : t > T} > 0 and sup{q(¢) : t >
T} >O0forany T >ty >0,anda(t) > 0,1 > 19,

(iii) g,0 € C([19, 00), R) satisfying g'(r) > 0, o/(r) > 0, g(¢) < t, o(t) > ¢ and
Tim g(1) = oo,
—00

(v) f,he CR,R), xf(x) >0, xh(x) >0, f'(x) >0and h'(x) > 0 for x # 0.

By a solution of equation (1.1) or (1.2) we mean a function x € Cl([Tx, 00), R),
T, > to which has the property that (1/a)(x")* € Cz([Tx, o0), R) and satisfies equation
(1.1) or (1.2) for all large t > T,. A solution is said to be oscillatory if it has a sequence
of zeros clustering at + = oo, otherwise, a solution is said to be nonoscillatory. An
equation is said to be oscillatory if all its solutions are oscillatory.

In the last three decades there has been an increasing interest in studying the os-
cillatory and nonoscillatory behavior of solutions of functional differential equations.
Most of the work on the subject, however, has been restricted to first and second order
equations, equations of type (1.1) and (1.2) with « = 1 as well as higher order equations
and half-linear equations of the form

d (1 (dxO\Y, o
E(M( 7 )>+ q@) f(x[g@®]) =0,

where § = +1. For recent contributions, we refer to [1, 4] and the references cited
therein.

It appears that only little is known regarding the oscillation of equations (1.1) and
(1.2). Therefore, the main goal here is to present asymptotic study of the oscillation of
all solutions of equations (1.1) and (1.2). Moreover, we shall establish some new criteria
for the oscillation of similar type equations, namely,

d (1 (dx@®)\* B
7 <%< 02 ) )—I—q(t)f(x[g(t)]) =0 (1.3)
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and

d {1 [(d*x®)\”"
o a(_t)<7) =q(t) f(x[g(®)]) + p(t)h(x[o()]). (1.4)

The obtained results extend, improve and correlate many known criteria which have
appeared recently in the literature.
2. Oscillation of Equation (1.1)

We shall assume throughout that

/ a’®(s)ds = . 2.1

We define the operators

1 d ¢
Lox(t) = x(t), Lix(t) = a_t) (ELOXU)> )

p (2.2)
d
Lox(t) = Ele(t), Lix(t) = Esz(t).

Thus, equation (1.1) can be written as

L3x(t) +q(?) f (x[g(®)]) = 0.

If welet x be an eventually positive solution of equation (1.1), then L3x(#) < Oeventually,
and hence L;x(t),i = 0, 1, 2 are eventually of one sign.
There are two possibilities to consider:

(I Lix(@) > 0,i =0,1, 2 eventually, or

D) Lox(t) > 0, L1x(t) < 0and Lyx(t) > 0 eventually.
Case (I) Let L;x(#) > 0,i =0, 1,2 fort > ty > 0. Then, it follows that
t
Lix(t) = / Lox(s)ds > (t — tg)Lox(t) for t > 19,
To

or
X' (t) = a ()t — 1) /YLy x(t) for 1> 1.

Integrating the above inequality from 7 to ¢, we have

t
x(t) > <f a'’®(s)(s — zo)l/“ds) LyY*x(t) for t > 1. (2.3)
Iy
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Case (II) Let Lox(z) > 0, L1x(t) < 0 and Lox(¢t) > O fort > ty > 0. Then, for

t>s>1, t
Lix() — Lix(s) = / Lox(u)du
and so, .
—Lix(s) = ———(x'(s))* = (t — s)Lax(2),
a(s)
or

—x'(s) = a(s)(t — )/ LY*x(1).

Thus, it follows that
t
x(s) > (/ a’ ()t — u)”“du) LyY*x(t) for t>s > f. (2.4)
s

In what follows we shall use the following notations. For¢t > s > T >ty > 0, we
let

1t
Allt, T]:f a’?(s)(s — 19)/%ds

T

and .
Bl[t,s]:/ a'’* )t — u)'*du.

Thus, inequalities (2.3) (of Case (I)) and (2.4) (of Case (II)) can be written as

x(t) = Al 0] LY *x (1), 1> 19 (2.5)

and
x(s) = Bilt.sILyx(), t>s=>1. (2.6)

For equation (1.3), we define
_ _ d_—_
Lox(t) = x(¢), Lix() = ELOX(I),
2.7)

Lox(t) = ! dL (z)a L (z)—dZ (1)
zx()—%(a 1X ), 3X _E 2X(7).

Then, the equation (1.3) takes the form
Lsx(1) + q (1) f (x[g()]) = 0.

If x is an eventually positive solution of equation (1.3), then the cases (I) and (II) are to
be considered with L replaced by L. For Case (I) one can easily conclude that

x(t) = Aslt, to] Ly “x(t) for t > 1o, (2.8)
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where

t K
Aslt, T] =/ (/ a”“(u)du) ds for t>T > 1
T T

and if Case (II) holds, then for ¢t > s > 1y, we see that

x(s) = Bslt, 1Ly “x (1), (2.9)

t t
B3[t,s]:/ (/ al/“(r)dr>du.

We are now ready to prove oscillatory criteria for the equation (1.1). For this, we shall
assume that

where

—f(=xy) = f(xy) = f(x) f(y) for xy >0, (2.10)
f ') .
>k >0, k isareal constant, u #= 0 (2.11)
u
and e g
_— fi 0. 2.12
T < oo forevery € > ( )
Theorem 2.1. Let conditions (i)—(iv), (2.1), (2.10) and (2.11) hold. If for¢t >ty > 0,
t
. 1
lim Sup/ q(s) f(A1lg(s), toDds > X (2.13)
—o0 g([)
and . |
lim Sup/ q(s)f(Bilg(), g(s)Dds > = (2.14)
1—>00 Jg(r)

then equation (1.1) is oscillatory.

Proof. Let x be an eventually positive solution of equation (1.1). Then, L3x(¢) < 0
eventually and hence L;x(¢), i = 1, 2, 3 are eventually of one sign. This leads to the
two possibilities (I) and (II). For Case (I), we obtain (2.5). Now there exists a T > 1y
such that

x[g(0] = Alg(1). t0]Ly“x[g(1)] for 1 >T. (2.15)

Integrating equation (1.1) from g(¢) to 1 (> T'), we have

—Lyx(t) + Lax[g(®)] = /( : q(s) f(x[g(s)Dds
gt

Y

t
/( : q(s)f(A1lg(s), to]Lé/O‘X[g(S)])ds
gt

(Y

t
f ) q(s) f(Arlg(s). f0]) £ (L * x[g(s)])ds
gt

t
> LY x[g®) | q(s)f(Ailg(s), tol)ds.

g(®)

V



18 Ravi P. Agarwal, Said R. Grace and Patricia J.Y. Wong

Thus, it follows that

t

Lyx[g(t)] = f(LY*x[g()]) / q(s) f(Alg(s), fol)ds,

g()
or

Lox[g(1)] f q(s) f(A1[g(s), tol)ds.
8

>
)

F(Ly x[g()))
Taking lim sup of both sides of the above inequality as — oo, we arrive at a contradiction
to condition (2.13).
Next for the Case (II), we obtain (2.6). Substituting g(s) and g(¢) for s and ¢
respectively, we have

x[g()] = Bilg(t). g()ILy“x[g(1)] for 1> 5 > 1o, (2.16)
Integrating equation (1.1) from g(¢) to ¢, we find

Lox[g(t)] = —Lax(t)+ Lax[g(t)]

= / q(s)f(x[g(s)Dds
g()

v

/ . q(s) f(Bilg (1), g(s)ILY *x[g(t)])ds
gt

t
> FILY %) | q@) f(Bilg®), g(s)]ds,

g
or

Lox[g(®)] / q(5) f (Bilg(1), g(s)]ds.
8

>
)

1 —_—
FLyx[g@0D
Taking lim sup of both sides of the above inequality as # — oo, we obtain a contradiction
to condition (2.14). This completes the proof. [

The following corollary is immediate.

Corollary 2.2. Let conditions (i)—(iv), (2.1), (2.10) and (2.11) hold. If condition (2.14)
holds, then all bounded solutions of equation (1.1) are oscillatory.

Theorem 2.3. Let conditions (i)—(iv), (2.1), (2.10) and (2.12) hold. If for¢t >ty > 0,

/ q(s) f(A1lg(s), to]ds = oo (2.17)

and

/ q(s) f(Bilg(r), g(s)Dds = oo, (2.18)

then equation (1.1) is oscillatory.
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Proof. Let x be an eventually positive solution of equation (1.1). Proceeding as in the
proof of Theorem 2.1 we obtain (2.15) for Case (I) and (2.16) for Case (II). Now for
Case (I), from equation (1.1), we obtain

d
~LLox(t) = ) f&lg®)D)

dt
q(t) f(Alg(0), 0] LY“x[g (1))
1/

> q@) f(Ailg(®), 10]) f(Ly) " x(1)),

v

or .,
— 2 Lax (1)

LY x(0))

Integrating the above inequality from 7 to ¢, we have

LT gy ,
Tl ~ A1lg(s), fo])ds.
/sz(t) fultley = /T q(s)f(A1lg(s), toDds

Taking limit of both sides of the above inequality as t — oo, we obtain a contradiction
to condition (2.17).
Next for Case (II), from equation (1.1), we see that

> q(t) f(Ailg@), 10]) for 1 =T = 1.

—L3x(s) = q(s) f(x[g()]) = q(s) f(Bilg (1), g()D) f(LY“x(s5)) for t =5 = T > 1,

or

— j—Ssz (s)
— e 2 46) f(Bilg®), g(s)D-
S (Ly " x(s))
The rest of the proof is similar to that of Case (I) and hence omitted. This completes the
proof. [

The following corollary is immediate.

Corollary 2.4. Let conditions (i)—(iv), (2.1) and (2.10) hold. If

u

[t/

—0 as u—0 (2.19)

and
t

lim SUP/ q(s)f(Bilg(), g(s)Dds > 0, (2.20)
g

t— 00 ([)

then all bounded solutions of equation (1.1) are oscillatory.
Next, we present the following comparison result for the oscillation of equation (1.1).

Theorem 2.5. Let conditions (i)—(iv), (2.1) and (2.10) hold. If the first order delay
equations

Y (1) +q@) f(A1Lg(®), o) fF (' *[g®)]) =0, >0 (2.21)
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and

7 +q(0)f (31 {t +2g(t) , g(t)D 7 (zl/“ [#D —0 (2.22)

are oscillatory, then equation (1.1) is oscillatory.

Proof. Let x be an eventually positive solution of equation (1.1). Proceeding as in the
proof of Theorem 2.1 we obtain (2.15) for Case (I) and (2.6) for Case (II). Now for Case
(1), using (2.10) and (2.15) in equation (1.1), we have

—Lyx(1) = q()fx[g®)])
q(t) f(Ag(1), 0] LY * x[g(1)])
> q(0) f(Alg(0). 10]) f(LY*x[g(1)]) for t > T > 1.

Setting y(t) = Lox(t) > 0 fort > T, we obtain

v

Y () +q) f(A1lg(), 1)) f(*[g®)]) <0 for t>T.

Integrating the above inequality from 7 (> T') to u and letting u — oo, we have

) = f a(5) f (Ailg(s), o)) f (v /e Lg(s)Dds, 1> T.
t

As in [5] it is easy to conclude that there exists a positive solution y of equation (2.21)
with tlim y(t) = 0, which contradicts the fact that equation (2.21) is oscillatory.
—00

Next for Case (I), substituting g(¢) and (r + g(¢))/2 for s and ¢, respectively in (2.6),
we have

x[g(H)] = By |:t -|-2g(t)’ g(t):| L;/ax |:t +2(g(t)] for t > T.

Using this inequality in equation (1.1) and proceeding as in Case (I), we obtain

O +q0)f <Bl [t +8) g(t)]) ¥ (zl/“ [#D <0 for t>T,

2

where z(t) = Lé/ “x(t),t > T. The rest of the proof is similar to that of Case (I) above
and hence omitted. |

The following corollary is immediate.

Corollary 2.6. Let conditions (i)—(iv), (2.1), (2.10) and (2.11) hold. If

t
lim inff q(s) f(Ar1lg(s), tol)ds > i th >0 (2.23)
g

t—00 (t) ke’
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and

lim inf/ q(s) f <31 [M, g(s)D ds > ki (2.24)
( e

1500 J(149(t))/2 2

then equation (1.1) is oscillatory.

Remark 2.7. We note that identical results as those presented above for the oscillation of
equation (1.3) can be easily obtained by replacing A and B with A3 and Bs, respectively.
The details are left to the reader.

3. Oscillation of Equation (1.2)

In this section, we shall give some new criteria for the oscillation of equations (1.2) and
(1.4). Fort > s > T > 1y, we let

t
Az[t,s]z/ a’®uy(u — s)*du,

t
By[t, T] = / a’®w)(t — u)'*du,
T

t u
Aqlt, 5] =/ (/ al/“(r)dr) du,
t t
By[t, T] = / (/ al/“(u)du) ds.
T K

Using (2) in equation (1.2), we get

and

L3x(t) = q (1) f(x[g(D)]D) + p(O)h(x[o ().
Now, if x is an eventually positive solution of equation (1.2), then L3x(¢) > 0 eventually
and hence L;x(t), i = 0, 1,2 are eventually of one sign. We shall distinguish the
following two cases:
(I1) Lix(t) > 0,i =0, 1, 2 eventually,
(IIy) Lox(¢t) > 0, L1x(t) > 0 and Lx(¢) < 0 eventually.

Case (I}) Let L;ix(#) > 0,i =0, 1,2 fort > ty > 0. Then, fort > s > 1,

t
Lix(t) — Lix(s) = / Lox(u)du

and so
Lix(t) > (t —s)Lax(s),
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or
X'(t) = a' ()t — )L x(s).

Thus, it follows that

t
x(t) > (/ (a(u)(u — s))/* du) L;/ax(s) = A»l[t, s]Lé/ax(s), > > 1.

3.1
Case (II1) Let Lox(t) > 0, Lix(#) > 0, Lrx(t) < O fort > t9 > 0. Then, for
r=s =1,
t
—Lix(s) < Lix(t) — Lix(s) = / Lyx(u)du
and so,
t
Lix(s) Z/(—L2X(u))du,
N
or

X' (s) = (a(s)(t — ) (—=LY*x(1)).

Thus, we have

t
x(t)z< f (a(s)(t—s))”“ds) (—Ly*x(1)) = Balt, 1) (=LY “x(1)), t > 1.
: 3.2)

Next using (2) in equation (1.4), we see that

L3x(t) = q(0) f (x[g(O]) + p()h(x[o (1))

Now if x is an eventually positive solution of equation (1.4), then the Cases (1) and (1I;)
are considered with L replacing L.
Now for Case (I;) one can easily see that forr > s > 1,

x(t) = Aglt, s1LY“x(s) (3.3)

and for Case (II}), we obtain
x(t) > Bylt, 10)(—Ly/“x(1)) for 1> 1. (3.3)

We shall assume that
—h(—=xy) > h(xy) > h(x)h(y) for xy >0 (3.4)
and
h(u'/®) .

> k; >0, where k; is aconstant, u #= 0. 3.5

u
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Theorem 3.1. Let conditions (i)—(iv), (2.1), (2.10), (2.11), (3.4) and (3.5) hold. If

o(t)
lim sup/ p(s)h(Az[o(s),o(t)])ds > ki (3.6)
t—00 t 1
and . .
lim Sup/ q(s) f(Balg(s), to))ds > — for ty >0, (3.7)
t—o00 Jg(t) ki

then equation (1.2) is oscillatory.

Proof. Let x be an eventually positive solution of equation (1.2). Then, L3x(¢) > 0
eventually and hence L;x(¢),i = 0, 1, 2 are eventually of one sign. Next, we distinguish
the two Cases (I1) and (I1). For Case (I1) we obtain (3.1). Lettings = o(t) andt = o (s)
in (3.1), we have

x[o ()] = Aslo(s), o (DILy “x[o ()], s > 1. (3.8)
From equation (1.2), we find that
L3x(s) = p(s)h[o(s)])
> p(h(Azlo (), o (DL *x[o(1)])
> p(h(As[o(s), o (DAL, “x[o (1))

Integration of the above inequality on [#, o (¢)] yields

o(t)
Lyx[o(t)] > ( / p(s)h(Az[o(s),a(m)ds) h(LY*x[o(1)]),

or

I3 o(t)
12/);[0(0] > / p()h(As[o(s), o (t)])ds.
h(Ly " x[o(®)]) Ji

Taking lim sup of both sides as t — 00, we have a contradiction to condition (3.6).
Next for Case (II}), we obtain (3.2) for ¢t > #y > 0. There exists a T > f; such that

x[g()] = Balg(t), to](—Ly *x[g(1)]) for ¢ >T. (3.9)
It follows from equation (1.2) that

1/

L3x(t) = q(1) f(x[g(®)]) = q (1) f(Ba[g (1), to]) f (=L, " x[g(D)]).

Integrating the above inequality on [g(?), ], we find

t
—Lox[g(D)] = ( f . q(s) f(Balg(s), to]ds> F(=LY*x[g0)D).
gt
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The rest of the proof is similar to that of Case (I;) above and hence omitted.

Next, we replace conditions (2.10) and (2.11) by
1/
FMew

>m >0, m isaconstant, for u # 0
u

and conditions (3.4) and (3.5) by

hl/oz (I/t)
u

>m; >0, mp isaconstant, for u # 0

and prove the following result.

Theorem 3.2. Let conditions (i)—(iv), (2.1), (3.10) and (3.11) hold. If
1/a

o (1) norp 1
lim sup/ (a(n)/ / p(s)dsd,B) dn > —
t—>o00 Jt t Jt mi

and

—00

then equation (1.2) is oscillatory.

o0 l/C\l
lim sup B>[g(?), to] (/ q(s)ds) > — for 1y >0,
: m

(3.10)

(3.11)

(3.12)

(3.13)

Proof. Let x be an eventually positive solution of equation (1.2). As in the proof of
Theorem 3.1 the Cases (I1) and (II) are considered. Suppose (I1) holds. It follows from

equation (1.2) that for 8 >t > 1y,

B B
Lyx(B) = / p($)h(x[o(s)Dds = (f p(S)dS> h(x[o(®)])
t t

and for n >t > t9, we have

n n B
Lix(n) > f Lox(B)dB > </ / p(S)dsdﬂ> h(x[o ()],
t t t

or : P 1/01
x/(n)2<a(n) f / p(s)dsdﬂ> RV (x[o (1)]).

Now for & >t > 19, we find

£ £ n B 1/e |
X(E)zf x'(mydn > /(a(n)/ f p(s)dsdﬁ) dn | hV*(x[o (1)]).

Putting & = o (¢) in the above inequality, we get

1/a

xlo (1)] o0 " r
hl/%x[o(r)l)zft <“(")/t / pls)dsap ) -
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Taking lim sup of the above as t — oo, we obtain a contradiction to condition (3.12).
Suppose (I1) holds. It follows from equation (1.2) that

—Lyx(1) = / q(s) f(x[g(s)Dds = <f CI(S)dS) fxlg@®D, t=T = 1.
t t

Using inequality (3.9) and the fact that —L,x(#) is nonincreasing, we have

x[g(M] = Balg(t), to](—Ly “x[g(1)])
> Bylg(0), 10(—Ly*x(1))
o0 1/0!
> Bylg(t). 10] ( f q(s)ds) e xIg @)D,
t
or
x[g(1)] o0 Ve
m > B[g(1), to] (/; q(s)ds) , t>T >1.

The rest of the proof is similar to that of Case (I;) and hence omitted. |

In what follows fort > s > T > 17, we let
t
Clt,s] = / a'’®w)du.
N

Now we shall prove the following comparison results.

Theorem 3.3. Let conditions (i)—(iv), (2.1), (2.10) and (3.4) hold. If all unbounded
solutions of the second order advanced equation

d2
dytgt) — p(H)h (c [o—(t), ! +;(I)D h <y1/“ [#D —0 (3.14)

and all bounded solutions of the second order delay equation

d?z(1)
dr?

—q(O) f(Clgt), 1)) f(Z*[g®)]) =0, 1 >0 (3.15)

are oscillatory, then equation (1.2) is oscillatory.
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Proof. Let x be an eventually positive solution of equation (1.2). As in the proof of
Theorem 3.1, we have the Cases (I;) and (II}) to consider. For Case (I;) we have
Lix(t) >0,i =1,2fort > ty. Thus, for s > t > 1 it follows that

x(s) = x(t)+ /s x'(w)ydu = x(t) + /sal/“(u)Li/ax(u)du

> (/Sal/“(u)du> LY*x(t) = C(s, )L *x(0).
t

Let y(t) = Lyx(t). Substituting o (¢) and (¢ + o (¢))/2 for s and ¢ respectively in the
above inequality, we obtain

x[o ()] = C |:a(t), ! +2"(f)] S [ﬂ

> ] for t>T > 1. (3.16)

Using (3.16) in equation (1.2), we have

dZ
20 = pohxlo @) = ph (c |:0(t), ! +;’(’)D h (yl/a [#D for 13T,

By a comparison theorem in [2, 3], we see that equation (3.14) has an unbounded even-
tually positive solution, which is a contradiction.

For Case (II;) we have Lox(¢t) > 0, L1x(¢) > O and Lox(¢t) < O fort > 9. Thus,
for t > ty > 0 it follows that

1/

t t
x(t) = x(to)—l—/ x’(u)duzx(to)+/ a'’w)L"x (u)du
0]

1o
t
> (/ al/a(u)du> Lx(t) = Clt, 10]Ly/*x (1).
fo

Let z(t) = L1x(¢). Substituting g(¢) for ¢ in the above inequality, we get
x[g(®] = Clg®), 101z *[g(®)] for 1 =Ti = 15. (3.17)
Using (2.10) and (3.17) in equation (1.2), we obtain
d*z(t)
dr?

Once again, by a comparison result in [2, 3], one can easily see that equation (3.15) has
a bounded eventually positive solution, which is a contradiction. This completes the
proof. |

> q() f(x[g(®)]) > q(t) f(Clg®), 1o]) f(z/*[g(®)]) for t > Ti.

Theorem 3.4. Let conditions (1)—(iv), (2.1), (2.10) and (3.4) hold. If the first order
advanced equation

d + +
—Z(;) — p(tHh (Az [o(t), ! ;mD h (yl/“ [#D =0 (3.18)
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and the first order delay equation

dz(t)
dt

are oscillatory, then equation (1.2) is oscillatory.

+q@) f(Balg (), to]) f(z/*[g()]) =0, >0 (3.19)

Proof. Let x be an eventually positive solution of equation (1.2). As in the proof of
Theorem 3.1, we consider the Cases (I1) and (II;). If Case (I;) holds, then from (3.1),
we have

x[o(1)] > Ay |:0'([)’ H'U(f)} e [m

’ > ] for t >T > 1. (3.20)

Using (3.20) and (3.4) in equation (1.2), we get

L3x(1) = pOh(x[o()]) = p(t)h (Az [g(t), t*;(”D P (L;/“x [t +;(t)D |

Setting Lox(t) = y(¢t) fort > T, we find

% > p(t)h (Az [o(t), t+;(t)]) h <y1/0‘ [#D for t > T.

As in [2,3], we see that the equation (3.18) has an eventually positive solution, which is
a contradiction.

Next if (II1) holds, then as in the proof of Theorem 3.1, we obtain (3.9) fort > T.
Now using (3.9) and (2.10) in equation (1.2), we find

Lyx(t) = q(t) f(x[g()]) = q(t) f (Balg(t), to]) f (=LY “x[g())]), t > T.

Putting z(¢t) = —Lox(t),t > T we have

dz(1)
dt

The rest of the proof is similar to that of Theorem 2.5 and hence omitted. |

+q(@t) f(Balg(t), to]) f(z/*[g(1)]) < 0.

From Theorem 3.4, one can easily deduce the following corollaries.

Corollary 3.5. Let conditions (i)—(iv), (2.1), (2.10), (2.11), (3.4) and (3.5) hold. If

liminf/ ps)h| Ax|o(s), —— | |ds > — (3.21)
t—oo J, 2 ek
and . |
liminf/ q(s) f(Balg(s), toDds > —, (3.22)
t—00 e(1) ek

then equation (1.2) is oscillatory.



28 Ravi P. Agarwal, Said R. Grace and Patricia J.Y. Wong

Corollary 3.6. Let conditions (i)—(iv), (2.1), (2.10), (2.12) and (3.4) hold and

+o00 du
Le m<oo for € > 0. (3.23)
If N
/ p($)h (Az |:U(S), w]) ds = 00 (3.24)
and o
f q(s) f(B2lg(s), t])ds = oo, 10 =0, (3.25)

then equation (1.2) is oscillatory.

Remark 3.7. We note that identical results as those obtained above for the oscillation of
equation (1.4) can be easily established by replacing A; and B, by A4 and B4 respectively
and equations (3.14) and (3.15) in Theorem 3.3 by

d (1 (dy® * B t+o(t) e [t @OTY
it (oo (%) ) = rom (oo 252 (o [=52) <o

(3.26)

and

(L EONY ) pctem. od e gon =0, 520 327
dt \a(t) \ dt 1 s T |

respectively. The details are left to the reader.

4. Examples and Remarks

Remark 4.1. By applying Theorem 2.1 to the equation

d* (dx(t)\“ o
— t—1]=0, 4.1
dt2<dt)+qx[ 2 .1
where « is asin (1), ¢ and T are positive constants, we find that equation (4.1) is oscillatory
if
a+2 (fa+1\¢
q > 7 ( ) . 4.2)
T at
Also, we see that the equation
d?> [(dx\“*
— = Plt —z1=0 4.3
dt2<dt> +qxP[t — 7] 4.3)

is oscillatory by Theorem 2.3 provided that «, ¢ and t are as in equation (4.1) and B is
the ratio of two positive odd integers with 0 < 8 < «.



Third Order Nonlinear Functional Differential Equations 29

Remark 4.2. By applying Theorem 3.1 to the equation

d* (dx()\“

2 ( 7 ) =qgx“[t — ] + px®[t + o], (4.4)
where « is as in (i), p, g, T and o are positive real constants, it follows that equation
(4.4) is oscillatory if

a+2 (a+1\*
P>— ( ) . 4.5)
o ao

Remark 4.3. By applying Theorem 3.3 to equation (4.4), one may conclude that
equation (4.4) is oscillatory if all unbounded solutions of the advanced second order
equation

’ o\¢ o
y (t)—p(E) y[t+5]=o (4.6)
and all bounded solutions of the second order delay equation
() —qt =t —19)%z[t =71 =0, 1=0 4.7)

are oscillatory.

We note that if we apply Theorem 3.4 to equation (4.4), then we can easily see that
equation (4.4) is oscillatory if the first order equation with advanced argument

TOPAY LR [+2]= 4.8)
YT Gy n) U T 21T '
and the first order delay equation

() +¢q <QL+1) (t—1— 10)0‘+1z[l —1]=0, 1t >0 4.9)

are oscillatory.
Next, by applying Corollary 3.5 to equation (4.4), we see that equation (4.4) is
oscillatory for any ¢ > 0 and

1 (2)2 (2(a + 1))"‘
pP=>-\= - >
e \o Qo
and by Corollary 3.6, we see that the equation
d* (dx(t)
dr? \ dt
is oscillatory provided that p, g, T and o are positive constants, «, 8 and y are ratios of
two positive odd integers with 0 < 8 < o < y.

) = gxPlt — T+ px’lt + o] (4.10)

Remark 4.4. Similar oscillation results as those presented above can be obtained for
equations (1.3) and (1.4) with constant coefficients and deviations. The details are left
to the reader.

We note that our results in this paper are new even for the special cases of the equations
considered with constant coefficients and deviations.
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