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Abstract

This paper concerns quasilinear elliptic equations of the form
—div(|Vul|P2Vu) = Aa(z)u(z)[ulP~2(1 — |u|")

in RY with p > 1 and a(z) changes sign. We discuss the question of existence and
multiplicity of solutions when a(x) has some specific properties.
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1. Introduction

In this paper we study the problem of existence of solutions for quasilinear elliptic
equations in R” of the type

—Ayu = Aa(x)u|ulP (1 — |u]), (1.1)
P2
N—p
and a(z) is a smooth weight function which changes sign in R . Here we say a function

a(r) changes sign if the measures of the sets {x € R" : a(z) > 0} and {z € R :
a(x) < 0} are both positive.

wherep > 1, A > 0,7 < , Ayu = div(|VulP~*Vu) is the p-Laplacian operator
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It is known [2] that when a(z) satisfies proper conditions, the eigenvalue problem
—Ayu = a(z)u|ulP~?

in RY allows positive eigenvalue A\ with positive eigenfunction u;. Thus we can study
the bifurcation problem when X is near )| .

The bifurcation problem of this type on bounded domains has received extensive
attention recently, and we refer to [4, 6] and [7, 8] for details. The variational method
was used there to prove the main results. On the other hand, the study of the existence
of global positive solutions of the p-Laplacian also sees great increase in number of
papers published. We mention [9, 12, 13], to name a few. For the case p = 2, [11, 15]
studied the bifurcation from the first eigenvalue in R” and obtained the existence of
bifurcating branches, where a(z) was assumed positive. We note that topological degree
arguments and fixed point theory are employed in [15] and [11] respectively. However,
their principal operator is defined via a Green’s function which is not available to the
p-Laplacian.

Also we can mention the work of Alama and Tarantello [1], Berestycki et al. [3]
and Ouyang [14]. Bifurcation results are also obtained in [1, 14]. For p # 2, Le and
Schmitt [17] study this equation on bounded domain as an example in their more general
framework and obtain the existence of nontrivial solutions.

In this work we investigate the situation where a(x) decays as || — oo and satisfies

/R al@) ()P <0.

Using variational arguments we prove that A is a bifurcation point of (1.1) and there
exists \* > A, such that (1.1) has at least two positive solutions for A € (\], \*).
Moreover, under proper conditions, we give information about the bifurcating branches.
This paper is organized as follows: In Section 2 we introduce some assumptions and
notations which we use in this paper. In Section 3 we prove the existence of multiple
solutions in a certain range of \. We then verify the case A = )\ in this section.

2. Some Notations and Preliminaries

In this section we introduce some basic assumptions and notations which we will need in
this paper. We assume firstthat 1 < p < N andy < Npi
with ay, a3 > 0, a; € L°(RY) N LY?(RY) and ay € L®°(RY). Let
w(z)=(1+lz)", z€RY,
W(z) = max{as(z),w(x)} >0, =€ RY,

The weight function w(z) satisfies the inequality

[ faly vl < (Np_ p)p [ v

> Write a(z) = ay(z)—as(z)
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where here and henceforth the integrals are taken over R unless otherwise specified.
We define as in [9], the norm

lull = ([ 9w+ [wiaar) "

and introduce the uniformly convex Banach space V' by the completion of C° (RM)
with respect to the norm || - ||. We assume that a(x) satisfies
(a1) |a(z)| < cW(x) for some ¢ > 0,

*

_r
pr—p—7
To introduce the last condition we first give the following result.

(ag) a(z) € L™ (RY) where v, =

Proposition 2.1. Assume that above conditions are satisfied. The eigenvalue problem
—Ayu = Aa(x)u|ulP 2 (2.1)
has a pair of principal eigenvalue and eigenfunction (A}, v ) with A} > 0and 0 < u] €
V. Moreover, such | is simple, unique. If ay # 0 and a; € L®(R"Y) n LYV/P(RY),
i = 1,2, then by symmetry there is also principal eigenpair (A, u;) with A7 < 0
and 0 < u; € V with analogous properties. Moreover the principal eigenvalue \; is

isolated ([2,9]).
Also we have (from [9, Lemma 2.3, Theorem 4.1, 4.4 and 4.5]) the following result.

Proposition 2.2. There is a continuum C of positive decaying solutions of (1.1) such
that (A\],0) € C, and C is either unbounded in £ = R x V, where E is equipped with
the norm

I )l = (AP + [[ul )2 (A ) € B,

or there is another eigenvalue A # A such that (\,0) € C. If for some § > 0 the
problem (1.1) in A\ has no nonzero solution u € V for 0 < ||u|| < 4, then C is
unbounded in . Moreover, for any solution u € V, u € LQ(RN ), where p* < @ < o0
andu € C%(RV).

loc

Finally we assume that

(az) /a(z)(uf)pﬂ < 0.

Now we define the functionals I, I5, I3 : V' — R as follows: foru € V
Li(u) = / |Vul?,
B(w = [ a(w)ul
h(w = [ a@)fup.
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Sometimes we split I as I, = I, — I, , where

5w = [a@l,
I (0) = [ asfa)lup

The situation for /3 is similar by symmetry. We use some properties of these operators
in the next section.

By a (weak) solution of problem (1.1), we mean a function v € V such that for
every v € C5°(RY), we have

/|Vu|p_2Vqu — )\/a(x)|u|p_2uv + /\/a(x)|u|p+7_2uv =0. (2.2)

Since the seminal work of Drabek and Huang [9], problems like (1.1) have captured
great interest.

Now let us define the variational functional corresponding to problem (1.1). We set
Jy:V —Ras

1 A
Ia(w) = 2(h(u) = Ay(w) - Y

It is easy to see that J € C''(V,R), and for all v € V we have

I5(u). (2.3)

(J3(u) /]Vu|p 2Vqu—)\/a(x)]u|p2uv+>\/a(:c)|u]p+72uv:0. (2.4)

Since C5°(RY) C V, we know that critical points of .J,(u) are weak solutions of (1.1).

When J), is bounded below on V', J, has a minimizer on V' which is a critical point
of Jy. In many problems such as (1.1), J, is not bounded below on V. In order to obtain
an existence result in this case, motivated by Brown and Zhang [5], we introduce the

Nehari manifold
SA) ={ueV:(Ji(u),u) =0}.
It is clear that u € S() if and only if

[1vur = [at@up =2 [ a)ul.

) = (5= ) () = Al

p Pty
_ (% _ 2717) (s (u).

It is useful to study S()) it terms of the stationary points of the functions of the form
@y ot — Jy(tu) (t > 0). Such maps are known as fibrering maps and were introduced

and so
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by Drabek and Pohozaev in [10], and also mentioned in Brown and Zhang [5]. In this
case we have

oult) = Jy(tu) = %(Il(tu) —y(tw) ~ A L)

+1
7 At
= —(I1(u) — Ao (u)) — I
p( 1(u) = AMa(u)) P 3(u),

(1) = 7ML (1) — M) — AP I (u),

@u(t) = (p = D2 (L(u) = Mo (w) = A(p + v = P25 (u).
Hence if we define

ST\ ={ueS: (p—1)(L(u) = Maz(u) > ANp + ) I3(u)},

STA) ={uveS: (p—1i(v) = Aa(w)) < Ap +7)13(u)},

and
S"N) ={ueS: (p—1)(L(u) = Al(u) = Ap+)Is(u)},
then for u € S(\) we have
i) ¢, (1) =0.
(i) u € ST(N),S™(N),S°(\)if (1) > 0, (1) < 0, (1) = 0 respectively.

(i) ST(A) (S~(N),S°(\),resp.) = {u € S()\) : I3(u) < (>,=,resp.) 0} so that
St(N), S7()), S°()\) correspond to minima, maxima and points of inflection of
fibrering map, respectively.

(iv) The condition (az) on a(x) implies that uf & S~ ().

Remark 2.3. If v € S()\) is a minimizer of J, on S(A), then |u| € S()) is also a
minimizer of .J, on S(\).

3. Properties of the Bifurcation Diagram

In this section we will consider the problem (1.1) in viewpoint of the bifurcation theory.
By using Proposition 2.2 we consider (u,,, A,,) on the bifurcation diagram with \,, —
0and )\, < A\, A\, — A{. By the means of the structure of the Nehari manifold S()),

we have
/|Vun|p—)\n/a(x)|un|p = )\/a(x)]un|p+7. 3.1

Let v, = Observe that, by the uniform convexity of V', we may assume that

Uy,
[Jun || o
v, — v for some v € V. By dividing (2.3) by ||u,||? we have

/ Voal? — A, / a(@)onl? = Aol / a(@)un .
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Using the compactness argument mentioned in [10], we have I, (v,) — IF (v) and so

0< /\Vv|p —Af /a(az)\vP’ < lim inf (/ Vv, |P — /\n/a(as)\vn|p)
= lim (/]an\p—)\n/a(x)\vn\p) = 0.

Note that we use the variational characteristic of \| in the first inequality. It then follows
that v = 0 or v = t(v)u] for some positive constant ¢(v). We show that the first is

impossible. Suppose otherwise, then I/ (v,,) — 0and 0 < / |VolP — AT / a(x)|v]P —
0. So we conclude )\n/ag(x)]vn|p — 0, hence /ag(x)|vn|p — 0. To obtain ||v,|| —

0, that is our contradiction, it suffices to show that / W (x)|v,|[P — 0. This follows

from
0< /W(:c)w < /(az(:c)w(a:))\vnlp,

where ay(x) = max as(x), and Hardy’s inequality. Hence |[v, || — 0, contradicting the
zeR

fact ||v,|| = 1.
‘We now turn our attention to

1
0< /ywnv’ _ An/a(a:)\vn\p _ )\n/a(:c)|vn|p+7,

[l [

and conclude that / a(z)(uf)Pt" > 0, contradicting (a3).
Note that as u,, — 0, v, — t(v)u; and
1
o [ et =t [ a0
Thus u,, € ST()\). So we have proved the following result.

Theorem 3.1. The solution branch C bends to the right of ] at (A, 0) and for (), )
close enough to (A\],0), we have u € ST(\).

Now we turn our attention to .S~ () and investigate the behavior of J, on S™(A).
For u € S7(\) we have
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So J, is bounded below by 0 on S~ (\). We now show that there exists a minimizer on
S7(A) which is a critical point of J, and so another nontrivial solution of (1.1).

Theorem 3.2. Suppose (a;)—(az) hold. There exists 6 > 0 such that the problem (1.1)
has two positive solutions whenever A\]” < A < A\ + 6.

Proof. Step 1. First we claim that there exists 0 > 0 such that S~ (\) is closed in V" and
open in S()\) whenever \{ < A < \] + 4.

Suppose otherwise. Then there exist \, and u,, € S~ ()) such that \, — A and
u, — ug € S”(N), i.e.,

0< )\f/a(z)mn]pﬂ = /(|Vun|p — Aa(z)|ug|?) — 0.

|—". Then we can assume v,, — v in V for some vy € V. By dividing the
Un,

last relation by ||u,||” we get

/ (V0al7 = Aa(&)[0n]?) = At / a(z) v+

- )\n||un||_p/a(x)|un|p+“’ — 0.

Letv, =

From the weak convergence of v, to vy in V' and /a(yc)\vn\pJw — /a(x)\vo\pﬂ, we

conclude that

0= [(var = Ata@lap) < i (190 - xa@lr) ~o

If vy = 0, we then derive that /a(x)|vn]p — 0 and /(]V'Un|p — A1 (2)|v,|P) — 0,

the latter contradicting the fact that ||v,,|| = 1. It then follows from the uniqueness of u;"
that vg = t(vg)u; for some positive constant ¢(vy). We now have by the compactness
argument

/\f/a(x)lt(vo)uﬂpﬂ = lim )\n/a(x)|vn|l’+7 >0,
which is impossible due to (as).

Step 2. Now we claim that there exist M/ > 0 and ¢; > 0 such that for all u € S~ ()
and \f < A < AT + 4,

[ 9P = ate)ap) = M. 62

We prove the claim by contradiction. Assume there exist A\, — \; and u,, € S “(An)
such that

1
J 1907 = Ma@lun) < 2l
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u .
Let v,, = I n“ We may assume v,, — vy in V' for some vy € V. On the other hand
U,

1
0< / (|IVv,|P — Apa(z)|va|P) < — — 0. Note that the first inequality follows from the
n

variational characteristic of \{. So

/(]an|p — Ana(z)|v,|P) — 0. (3.3)

Using the compactness argument we have I (v,) — I (vp). It then follows from
v, — vg that

0< /(|Vvo|p — A a(z)|vl?) < liminf/(\anV’ — Ana(z)|va|?)

~ lim /(\wm — Ana(@)|oal?) = 0.

So /|Vvo|p = )\f/a(m)|v0|p. If vy = 0, then we arrive at a contradiction like in

Step 1, and so the possibility of vy = 0 is excluded. Hence there exists a positive
constant (vg) € (0, 1] such that vy = t(vy)u;. Again by the compactness argument, we
obtain I3(v,) — I3(vg) and

0< /(|Vun|p — Aa(x)|u,|P) = )\n/a(x)|un|p+7
- )\n\|un\|p+7/a(:c)|vn|p+7 = 0.

From u,, € S7(\,), we get

0< )\n/a(x)|vn]p+7 — )\f/a(x)|v0|p+7
— Art(uo) / a(a) (W) < 0,

a contradiction.

Step 3. J)(u) satisfies the Palais—Smale condition on S~ ()) for A\{ < A < A\ + 4;.
Suppose there is a sequence u,, € S~(A) such that J)(u,) < ¢ and J}(u,) — 0. Note

11\
that Step 2 implies that such sequence {u,,} is bounded by < (— — —) , and so
. ST M\p ptn
we may assume u, — ug in V' for some uy € V. Using the compactness argument

we then derive that I, (u,) — I (uo) and I3(u,) — I3(ug). Now we can estimate
(J\(un) — J3(tm), un — uy) as in the proof of [9, Lemmas 2.3 and 3.3] and derive that
Li(u,) — Ii(up) and I, (u,) — I (ug). We thus obtain by Hardy’s inequality that
||un|| — ||uo|| and hence a subsequence of u,, converges to u strongly in V.
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Step 4. Existence of a positive solution on S~ (\). From the above steps we obtain
that J, has a nonnegative minimizer u* € S~ (\). Hence by the Lagrange multiplier
theorem there exists ;¢ € R such that

(JA(u"), ) = p(l(w) = M (u”) — Al5(u"), )
for all ¢ € V. Taking ¢ = " and using he fact that u* € S™(\), we get
—yuAls(u") = 0,

which implies ;© = 0 and hence u” is a solution of (1.1) on S™(\). [16, Theorem 1.2]
implies that v* > 0 in RY. This concludes the proof. |

Now we study the existence of positive solutions at the point \; .
Lemma 3.3. S(\]) \ {0} is a closed nonempty set.

Proof. First we show that S(\]) \ {0} is nonempty. Note that a;(z) # 0. So there
exists a set B C RY with a(x) > 0in B. Take u(z) # 0 such that {) # suppu C B and
SO
A / a(z) [t = At / a(2)[uP* > 0.
RN B

Consider the auxiliary function

h@wznw/UVMP—Aﬁmmmww—m“Va/a@MMHn

and observe that if ¢ — +o00, we have h(t) — —oo. Using the facts that ~(0) = 0 and
h'(0) = 0 and considering the sign of 4’(t) when ¢ — 0", we obtain that h(t,) = 0 for
some t, > 0 and hence 0 # tou € S()\]) and the claim is proved.

Now suppose there exists a sequence {u,} in S(A\]) \ {0} such that u,, — 0in V.
Since u,, € S(\]) we have

0< [Vl = Aa@lua) = X [ al@)lunp. 64

The first inequality follows from the variational characteristic of \{". Dividing (3.4) by
||, |[PT7, we arrive at

0< [(val = Ma@P) = Al [a@lro,65)

U,

[[unl|
vg € V. The compactness argument shows that I3(v,) — I3(vg) and so {I3(v,)} is

where v, = Without loss of generality we can assume v,, — vy in V' for some
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bounded. Hence the right-hand side of (3.5) tends to 0. From the weak convergence of
vp to vy in V and I (v,) — I (vg), we obtain that

0< / (IVwol” = Afa(@)lwol?) < lim / (IVoul? — Ara(@)[vaP).

The possibility vg = 0 is excluded, as in Step 2 of Theorem 3.2. So there exists some
positive constant ¢(vg) such that vy = t(vg)u; . On the other hand we have

0l [ (90l = Ma(@enP) = Af [ a(@)enl

Letting n — oo we conclude that / a(z)(ui )™ > 0. This contradiction proves the

lemma. u
Theorem 3.4. Equation (1.1) has a positive solution at \] .

Proof. We do steps similar to those in the proof of Theorem 3.2. Indeed Step 2 with
A = A implies either vg = 0 or vy = t(vp)u; for some nonzero t(vy). In either case
we obtain a contradiction. Note that for 0 # u € S(\])

1w = (5= =) [0vur = atataia) 2 0,

p pt+7

and so J AF (u) is bounded below and we can look for a nontrivial minimizer of this
functional on S()\]). Arguments similar to Steps 3 and 4 yield that the functional J AF

satisfies the Palais—Smale condition on S(A]) \ {0} and p = 0 as in Theorem 3.4. [16,
Theorem 1.2] further implies that the solution is positive in R” . [

Theorem 3.5. Let 0 < A\ < A" Then problem (1.1) has at least one solution.

Proof. To prove that Jy, satisfies the Palais—-Smale condition on S(\) for 0 < X\ < A],
we can do it as in Theorem 3.4, step by step. We omit the details. |

Remark 3.6. Also in [5] with the condition (a3), similar to these results by using a
different approach in bounded domains are obtained for the case p = 2. In this paper
we generalized the results in [5] for the more general cases p > 1 and whole of R,
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