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Abstract

We associate with a linear skew-product flowπ = (Φ, σ) a variational integral
equation and we characterize the exponential expansiveness ofπ in terms of the
solvability of the associated equation. We prove that a linear skew-product flow on
X×Θ is uniformly exponentially expansive if and only if the pair(V (R+, X), Cc(R+, X))
is uniformly exactly admissible forπ, whereV (R+, X) denotes one of the spaces
C0(R+, X) or Cb(R+, X).
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1. Introduction

Let Θ be a metric space and letσ be a flow onΘ. We consider the homogeneous
equation

(A) ẋ(t) = A(σ(θ, t))x(t), t ≥ 0

and the nonhomogeneous equation

(A, v) ẋ(t) = A(σ(θ, t))x(t) + v(t), t ≥ 0
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whereA(θ) are linear operators on a Banach spaceX. If there exists a linear skew-
product flowπ = (Φ, σ) associated with(A), then for everyθ ∈ Θ the mild solution of
(A, v) is given by:

f(t) = Φ(σ(θ, s), t− s)f(s) +

∫ t

s

Φ(σ(θ, τ), t− τ)v(τ) dτ, ∀t ≥ s ≥ 0.

The existence of the linear skew-product flow associated with the variational differen-
tial equation(A) is conditioned by specific conditions regarding the family of linear
operators{A(θ)}θ∈Θ. Thus in the last few years a special attention was devoted di-
rectly to the general case of linear skew-product flows, providing characterizations for
the asymptotic properties of cocycles over flows and consequently for the solutions of
variational differential equations. In this sense we refer the reader to [1,4,5,10,11] and
the references therein.

In recent years, beside stability and dichotomy (see [1–4, 10]) a special attention
was devoted to the study of expansiveness of evolution equations (see [5–9, 11]). The
autonomous case was treated in [8], the case of evolution families on the half-line was
considered in [6, 7] and the variational case was studied in [5, 9] and [11]. In the varia-
tional case, we may associate with a linear skew-product flowπ = (Φ, σ) at every point
θ ∈ Θ the integral equation

(Eθ) f(t) = Φ(σ(θ, s), t− s)f(s) +

∫ t

s

Φ(σ(θ, τ), t− τ)v(τ) dτ, ∀t ≥ s ≥ 0

with v ∈ I(R+, X) — the input space andf ∈ O(R+, X) — the output space. Then,
the exponential expansiveness can be expressed in terms of the admissibility of the pair
(O(R+, X), I(R+, X)) for π, which means that for every(θ, v) ∈ Θ × I(R+, X), the
equation(Eθ) has a unique solutionf ∈ O(R+, X). In [5], we proved that the uni-
form complete admissibility of the pair(C0(R+, X), C0(R+, X)) is equivalent with the
uniform exponential expansiveness ofπ. The main result in [9] states that the uniform
complete admissibility of the pair(Lp(R+, X), Lq(R+, X)) is a sufficient condition for
the uniform exponential expansiveness ofπ.

The aim of the present paper is to obtain new characterizations for uniform exponen-
tial expansiveness of linear skew-product flows. We will introduce a general concept of
admissibility, which optimizes and generalizes the admissibility concepts in [5] and [9].
We will considerCc(R+, X) as input space and using constructive steps we will estab-
lish the connections between the exact admissibility of the pair(V (R+, X), Cc(R+, X))
and the expansiveness of a linear skew-product flow. Our main result improves and ex-
tends the expansiveness results in [5–9].

2. Main Results

Let X be a real or a complex Banach space. The norm onX and onL(X) — the
Banach algebra of all bounded linear operators onX will be denoted by|| · ||. Let I be
the identity operator onX.
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Let (Θ, d) be a metric space andE := X ×Θ.

Definition 2.1. A mappingσ : Θ× R→ Θ is called aflow onΘ if σ(θ, 0) = θ, for all
θ ∈ Θ andσ(θ, t + s) = σ(σ(θ, t), s), for all (θ, t, s) ∈ Θ× R2.

Definition 2.2. A pair π = (Φ, σ) is calledlinear skew-product flowonE if σ is a flow
onΘ andΦ : Θ× R+ → L(X) has the following properties:

(i) Φ(θ, 0) = I, for all θ ∈ Θ andΦ(θ, t + s) = Φ(σ(θ, s), t)Φ(θ, s) (the cocycle
identity), for all (θ, t, s) ∈ Θ× R2

+;

(ii) there areM, ω > 0 such that||Φ(θ, t)|| ≤ Meωt, for all (θ, t) ∈ Θ× R+;

(iii) for everyx ∈ X the mapping(θ, t) 7→ Φ(θ, t)x is continuous.

Definition 2.3. A linear skew-product flowπ = (Φ, σ) is said to beuniformly exponen-
tially expansiveif for every (θ, t) ∈ Θ× R+ the operatorΦ(θ, t) is invertible and there
are two constantsK, ν > 0 such that||Φ(θ, t)x|| ≥ Keνt||x||, for all (x, θ, t) ∈ E ×R+.

Let Cb(R+, X) be the linear space of all continuous functionsu : R+ → X with
sup
t≥0

||u(t)|| < ∞ and letC0(R+, X) := {u ∈ Cb(R+, X) : lim
t→∞

u(t) = 0}. With respect

to the norm
|||u||| := sup

t≥0
||u(t)||

Cb(R+, X) andC0(R+, X) are Banach spaces.
For everyp ∈ [1,∞), we considerLp(R+, X) the space of all Bochner measurable

functionsf : R+ → X with
∫ ∞

0

||f(τ)||p dτ < ∞, which is a Banach space with

respect to the norm

||f ||p :=

(∫ ∞

0

||f(τ)||p dτ

)1/p

.

We denote byCc(R+, X) the linear space of all continuous functionsv : R+ → X with
compact support.

Let V (R+, X) ∈ {Cb(R+, X), C0(R+, X)}.
Definition 2.4. The pair(V (R+, X), Cc(R+, X)) is said to beexactly admissiblefor
π = (Φ, σ) if for every θ ∈ Θ and everyv ∈ Cc(R+, X) there exists a unique function
f ∈ V (R+, X) such that the pair(f, v) satisfies the integral equation

(Eθ) f(t) = Φ(σ(θ, s), t− s)f(s) +

∫ t

s

Φ(σ(θ, τ), t− τ)v(τ) dτ, ∀t ≥ s ≥ 0.

Theorem 2.5. If the pair(V (R+, X), Cc(R+, X)) is exactly admissible forπ = (Φ, σ),
thenΦ(θ, t) is invertible, for all(θ, t) ∈ Θ× R+.

Proof. Let (θ, r) ∈ Θ× (0,∞).
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Injectivity. Let x ∈ Ker Φ(θ, r). We definef : R+ → X, f(t) = Φ(θ, t)x. Then
f ∈ V (R+, X) and an easy computation shows that the pair(f, 0) satisfies the equation
(Eθ). From the exact admissibility, it follows thatf ≡ 0. In particular,x = f(0) = 0,
soΦ(θ, r) is injective.

Surjectivity. Let x ∈ X and letα : R+ → R be a continuous function with compact

support such that suppα ⊂ (r, r + 1) and
∫ r+1

r

α(τ) dτ = 1. We consider

v : R+ → X, v(t) = −α(t)Φ(σ(θ, r), t− r)x

and thenv ∈ Cc(R+, X). Let f ∈ V (R+, X) be such that the pair(f, v) satisfies the
equation(Eθ). This implies that

f(t) = Φ(σ(θ, s), t− s)f(s)−
(∫ t

s

α(τ) dτ

)
Φ(σ(θ, r), t− r)x (2.1)

for all t ≥ s ≥ 0. From (2.1) we have thatf(r) = Φ(θ, r)f(0). We define

g : R+ → X, g(t) = f(t + r)−
(∫ ∞

t+r

α(τ) dτ

)
Φ(σ(θ, r), t)x.

Theng ∈ V (R+, X) and using (2.1) we deduce that the pair(g, 0) satisfies the equation
(Eσ(θ,r)). From the exact admissibility, we deduce thatg = 0. In particular,g(0) = 0,
so

f(r) =

(∫ ∞

r

α(τ) dτ

)
x = x.

It follows thatx = f(r) = Φ(θ, r)f(0) ∈ Im Φ(θ, r), soΦ(θ, r) is surjective and the
proof is complete. ¥

Remark 2.6. If the pair(V (R+, X), Cc(R+, X)) is exactly admissible forπ = (Φ, σ),
then for everyθ ∈ Θ, we may consider the linear operatorLθ : Cc(R+, X) → V (R+, X),
Lθ(v) = f , wheref ∈ V (R+, X) has the property that the pair(f, v) satisfies the equa-
tion (Eθ).

Definition 2.7. The pair(V (R+, X), Cc(R+, X)) is said to beuniformly exactly admis-
sible for π if there arep ∈ (1,∞) andλ > 0 such that|||Lθ(v)||| ≤ λ ||v||p, for all
(θ, v) ∈ Θ× Cc(R+, X).

Theorem 2.8. If the pair (V (R+, X), Cc(R+, X)) is uniformly exactly admissible for
π = (Φ, σ), then there isδ > 0 such that

||Φ(θ, t)x|| ≥ δ ||x||, ∀(x, θ) ∈ E ,∀t ≥ 0.

Proof. Let λ > 0 andp ∈ (1,∞) be given by Definition 2.7. LetM,ω > 0 be given by
Definition 2.2.
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Let (x, θ) ∈ E and lett0 ≥ 0. We consider a functionα : R+ → [0, 2] with compact

support such thatsupp α ⊂ (t0, t0 + 1) and
∫ t0+1

t0

α(τ) dτ = 1. We define

v : R+ → X, v(t) = −α(t)Φ(θ, t)x

f : R+ → X, f(t) =

∫ ∞

t

α(τ) dτ Φ(θ, t)x.

We have thatf, v ∈ Cc(R+, X) and an easy computation shows that the pair(f, v) sat-
isfies the equation(Eθ). This shows thatf = Lθ(v), so|||f ||| ≤ λ ||v||p. In particular,
we deduce that

||x|| = ||f(0)|| ≤ |||f ||| ≤ λ ||v||p. (2.2)

Since||Φ(θ, t)x|| ≤ Meω||Φ(θ, t0)x||, for all t ∈ (t0, t0 + 1), we have that

||v(t)|| = α(t) ||Φ(θ, t)x|| ≤ α(t)Meω||Φ(θ, t0)x||, ∀t ≥ 0

which implies that
||v||p ≤ 2Meω||Φ(θ, t0)x||. (2.3)

Settingδ = 1/(2λMeω), from (2.2) and (2.3) it follows that||Φ(θ, t0) x|| ≥ δ ||x||.
Taking into account thatδ does not depend onθ, t0 or x the proof is complete. ¥

The main result of this paper is the following.

Theorem 2.9. A linear skew-product flowπ = (Φ, σ) is uniformly exponentially ex-
pansive if and only if the pair(V (R+, X), Cc(R+, X)) is uniformly exactly admissible
for π.

Proof. Necessity.Let K, ν > 0 be such that||Φ(θ, t)x|| ≥ Keνt||x||, for all (x, θ) ∈ E
and allt ≥ 0. Let θ ∈ Θ andv ∈ Cc(R+, X). We define

f : R+ → X, f(t) = −
∫ ∞

t

Φ(σ(θ, t), τ − t)−1v(τ) dτ.

Sincev ∈ Cc(R+, X) we have thatf ∈ Cc(R+, X). In particular,f ∈ V (R+, X). An
easy computation shows that the pair(f, v) satisfies the equation(Eθ).

Let f̃ ∈ V (R+, X) be such that the pair(f̃ , v) satisfies the equation(Eθ). Setting
g := f̃ − f we have thatg(t) = Φ(σ(θ, s), t− s)g(s), for all t ≥ s ≥ 0.

Let s ≥ 0. From

||g(s)|| ≤ 1

K
e−ν(t−s)||g(t)|| ≤ 1

K
e−ν(t−s)|||g|||, ∀t ≥ s

it follows thatg(s) = 0. This shows thatg = 0, sof is uniquely determined. Then, we
have that the pair(V (R+, X), Cc(R+, X)) is exactly admissible forπ.
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Let p ∈ (1,∞). Settingp′ = p/(p− 1) and using Ḧolder’s inequality we obtain that

||f(t)|| ≤ 1

K

∫ ∞

t

e−ν(τ−t)||v(τ)|| dτ

≤ 1

K

(∫ ∞

0

e−νp′s ds

)1/p′

||v||p =
1

K(νp′)1/p′ ||v||p, ∀t ≥ 0.

This implies that

|||Lθ(v)||| ≤ 1

K(νp′)1/p′ ||v||p, ∀v ∈ Cc(R+, X), ∀θ ∈ Θ

so the pair(V (R+, X), Cc(R+, X)) is uniformly exactly admissible forπ.

Sufficiency.From Theorem 2.5 we have thatΦ(θ, t) is invertible, for all(θ, t) ∈
Θ× R+. According to Theorem 2.8 there isδ > 0 such that

||Φ(θ, t)x|| ≥ δ ||x||, ∀(x, θ) ∈ E ,∀t ≥ 0. (2.4)

Let λ > 0, p ∈ (1,∞) be given by Definition 2.7. We setk :=

(∫ ∞

0

1

(t + 1)p
dt

)1/p

and leth > 0 be such that ∫ h

0

1

s + 1
ds ≥ λke

δ
. (2.5)

Let α : R+ → [0, 1] be a continuous function withα(t) = 1, for all t ∈ [0, h] and
α(t) = 0, for all t ≥ h + 1.

Let (x, θ) ∈ E . We consider the functions

v : R+ → X, v(t) = − α(t)

t + 1
Φ(θ, t)x

f : R+ → X, f(t) =

∫ ∞

t

α(τ)

τ + 1
dτ Φ(θ, t)x.

We have thatf ∈ V (R+, X), v ∈ Cc(R+, X) and an easy computation shows that the
pair (f, v) satisfies the equation(Eθ). It follows thatf = Lθ(v), so

|||f ||| ≤ λ ||v||p. (2.6)

Using (2.4) we have that

||v(t)|| ≤ χ[0,h+1)(t)

t + 1
||Φ(θ, t)x|| ≤ 1

δ(t + 1)
||Φ(θ, h + 1)x||, ∀t ≥ 0
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which implies that||v||p ≤ (k/δ) ||Φ(θ, h + 1)x||. Then, from (2.6) we deduce that

(∫ h

0

1

τ + 1
dτ

)
||x|| ≤

(∫ ∞

0

α(τ)

τ + 1
dτ

)
||x|| = ||f(0)||

≤ |||f ||| ≤ λk

δ
||Φ(θ, h + 1)x||. (2.7)

From (2.5) and (2.7) we obtain that||Φ(θ, h+1)x|| ≥ e ||x||. We setl = h+1 and note
thatl does not depend onx or θ. It follows that

||Φ(θ, l)x|| ≥ e ||x||, ∀(x, θ) ∈ E . (2.8)

Let (x, θ) ∈ E andt ≥ 0. Then, there arej ∈ N andr ∈ [0, l) such thatt = jl + r.
Using (2.4) and (2.8) we have that

||Φ(θ, t)x|| ≥ δ ||Φ(θ, jl)x|| ≥ δej ||x|| ≥ Keνt||x||

whereν =
1

l
andK =

δ

e
. In conclusion,π is uniformly exponentially expansive. ¥
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