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Abstract

In this paper, the asymptotic behavior of nonoscillatory solutions of the nonlinear
dynamic equation on time scales

- flt,y(t) =0, t>t

is considered under the condition

’/tooog—l<%)m‘ = oo form; # 0.

Three sufficient and necessary conditions are obtained, which include and improve
M.R.S. Kulenove andC. Ljubovic’s recent results in the continuous case [5] and
provide some new results in the discrete case, as well as other more general situa-
tions.
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1. Introduction

The study of dynamic equations on time scales is an area of mathematics that recently
has received a lot of attention. It has been created in order to unify the study of differ-
ential equations and difference equations, and we refer the reader to the paper [3] for a
comprehensive treatment of the subject.

Much recent research has been given to the asymptotic properties of solutions of
differential equation

[r(t)g(y'(t))]

We refer the reader to the papers [4,5]. But it’s discrete counterpart

—pt)fy) =0, teR.

Alr(t)g(Ay(t)] —p®)f(y(t) =0, teN

has few results. In this paper, we consider the dynamic equation

[r(Dg(y™ (1)) = F(t.y(®) =0, t>tg (1.1)
under the conditions
(A1) r € Cly[(to, 00), (0,00)].

(As) f € C(TxR,R), fis continuously increasing with respect to the second variable
andyf(t,y) > 0, fory # 0.

(A3) g € C'[R,R], g is a strictly increasing differentiable function &andyg(y) > 0,
fory # 0.

If T =R, f(t,y(t)) = p(t)y(t), then equation (1.1) reduces to the differential
equation in [5]. IfT = N, the difference equation

Alr(t)g(Ay(®)] — ft,y(t) =0, teN

is another special case of (1.1). The aim of this paper, on the one hand, is to revisit the
proofs of all theorems in [5] which use the Knaster—Tarski fixed-point theorem under
decreasing mapping, on the other hand, is to extend the results that we have obtained to
the discrete case as well as to more general situations.

The paper is organized as follows: In the next section we present some basic def-
initions concerning the calculus on time scales. In Section 3, we give three sufficient
and necessary conditions for the asymptotic behavior of every nonoscillatory solution of
(1.1). In the final section, we also apply our results to discrete systems by two examples.
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2. Some Definitions on Time Scales

A time scal€T is an arbitrary nonempty closed subset of real numBesssume thafl
has the topology that it inherits from the standard topologRokVe define the forward
and backward jump operatassp : T — T by

o(t):=inf{s e T: s>t} andp(t) :=inf{s € T: s < t}.

The pointt € T is calledright-scatteredright-denseleft-scatteredleft-densdf o (¢) >
t, o(t) = t, p(t) < t, p(t) = t holds, respectively. The s&" is derived from the
time scaleT as follows. IfT has a left-scattered maximuth, thenT" = T — {¢*}.
Otherwise " = T. Fora, b € T with a < b, define the closed interval, b] in T by

la,b] ={t € T: a<t<b}.
Other open, half-open intervals hcan be similarly defined.

Definition 2.1. If f: T — R is a function and € T", then theA-derivativeof f at the
pointt is defined to be the numbgr* (¢) with the property that for each> 0, there is
a neighborhood’ of ¢ such that

[(F(a(t) = f(s)) = FAR) (o (t) — )| < e|olt) — s

for all s € U. The functionf is called A-differentiableon T if f2(t) exists for all
teT".

Definition 2.2. If F* = f holds onT", then we define the integral gfby

/tf(T)ATZF(t)—F(s), s, t € T".

We refer to [1, 2, 6] for additional details concerning the calculus on time scales. By
a solution of (1.1), we mean a nontrivial real valued functisatisfying equation (1.1)
fort > to,. A solutionx of (1.1) is said to be oscillatory if it is neither eventually positive
nor negative; otherwise, it is nonoscillatory.

3. Main Results and Proof

The following result provides useful information on the global asymptotic behavior of
nonoscillatory solutions of (1.1).

Lemma 3.1. Let (A;)—(A3) be satisfied. If

(A4) /tooo g_l (%) At' = oo for mq 7é 0
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holds, then every solutiop of (1.1) eventually satisfies eithey(t)| < K, or |y(t)| >

t
Ks + / g ! (%) As, whereK, K, and M, are positive constants. Furthermore,
T

every pgsitive (negative) nondecreasing (nonincreasing) solution terdste-co).
Proof. Without loss of generality, we can assug(e) > 0 eventually, that ig/(t) > 0
fort > t; > tq. Equation (1.1) implies{r(t)g(yA(zﬁ))}A > 0 fort > t,. Then there
existst, > t; such that(t)g(y*(t)) has constant sign far> ..

If 7(t)g(y>(t)) < 0fort > t,, then(A;) and(As) imply y*(t) < 0 fort > t,, that
is, y(t) is an eventually positive decreasing function, so there exist conskgnts 0
andt; > t, such thaty(t) < K, fort > t5. If r(t)g(y™(t)) > 0 fort > t,, then
y2(t) > 0fort > t,. Now, r(t)g(y~(t)) is an eventually positive increasing function,
so there exist constantg; > 0, andT, > t, such that(t)g(y~(t)) > M, holds for

t > Tpy. Theny?(t) > g7} (%) holds fort > Tj. Integrating this inequality from
T

Ty tot > T, we obtain
t
1 Ml
v 2y + [ g (—) As, y(Ty) = Ky > 0.
To T(S)

The proof is complete. [ |
Now we are ready to present the main results of this paper.

Theorem 3.2. Assume thatA,)—(A,) hold. Then every, in absolute value, nondecreas-
ing solutiony of (1.1) satisfiestlim ly(t)| < oo, if and only if there exists a constant

C' # 0 such that t
J, o G [, re02)

Proof. Without loss of generality, we can suppose tha > 0 eventually.
First assume that (3.1) holds. Thén> t, andC' > 0 can be chosen such that

o 1 ¢ C
-1
g — fs,CAs)Atg—.
/To (T<t) To ( ) 2
If we can prove thay is the solution of the dynamic equation
C t ) 1 S
yt=—+/g_ (— flu,y(u Au)As,
=5+ 5" (55 ), L)

then we can see thatis the desired solution of (1.1). Now we construct the sequence

{xm}:

At < oo. (3.1)

+/T:g_1 (Tls) /T:f(u,xm_l(u))Au) As, m=1,2-.
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Thus

po| Q

<zo<m <2< <y <1y < CL
Then the limit of the sequende:,,,} exists. We denote it by*, i.e.,

lim x,,(t) = 2*(¢).

m—00

Further,
f(s,2m) < f(5,0),

/TO a (% Tof(s"”’mmS) ar<$

hold. By Lebesgue’s dominated convergence theorem, we have

m— oo 2 m—oo

lim 2,,(t) = ¢ +/t g! (% T:f(u, lim mml(u))Au> As.

That s, Tot .
¥ (t) = % +/ g ! (% f(u,x*(u))Au) As.

To To

Soz” satisfies (1.1). Furthermore, the limit.of(¢) ast — oo exists.

Conversely, leyy > 0 be a bounded nondecreasing solution of (1.1). Then

lim y(t) = m € (0, 00).

t—o0

107

Let Ty > to be such thay(t) > % fort > Tj. Integrating (1.1) fron¥, to ¢t we have

t

r(To)g(y™ (1) = r(To)g(y>(To) + [ [f(s.y(s))As

¢ To

> | [s,y(s)As

R

= J I e5) e
POz (g [ 1(5) ),

Integrating this inequality frorfi to ¢t > T, and lettingt — oo, we obtain

(s ep)a)aee

The proof is complete.

which yields
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The next result gives a characterization of another type of asymptotic solution.

Theorem 3.3. If (A;)—(A,) are satisfied,

g(y) =y~ foreveryy #0,a= L (p, ¢ are both odd) (3.2)
q

anda > 1, then equation (1.1) has an, in absolute value, nondecreasing salusioch
that|y(t)] — M R(t,ty), t — oo for some constant/ > 1, if and only if

< 00 (3.3)

/ T F(t AmR(t 1)) At

t
for somem > 1, whereR(t, to) :/ g! (L> As.
to T(S>

Proof. Without loss of generality, we assumé&) > 0 eventually.
First assume (3.3) holds. Then we can find > 0, T; > t, such that

f(t, mR(t, T()))At S mq,

To

and(1 + my)Y* < m.
If we can prove thay is the solution of the dynamic equation

t 1 1 s

yt:/g_l(——l—— flu,y(u Au)As,

A OREION, S

then we can see that the functigms a nondecreasing solution of (1.1).
Now we construct the sequen{e,, }:

o = R(t, To),
Ty, = / g (L + L f(u,a:m_l(u))Au> As.

To r(s)  7r(s) To

Then
R(t,Ty) <xop <1 <+ <2y <, <mR(t, Tp).

Obviously, the limit of the sequencgr,,} exists. We denote it by*. Applying
Lebesgue’s dominated convergence theorem, we have

2 (F) = /Tt ! (% + % T: f(u,x*(u))Au) As.

Theny satisfies (3.1) and when— oo, y(t) — mR(t, to).
Conversely, ify(t) > 0,t > t; > to, let y be a nondecreasing solution with the
propertytlim y(t) = M R(t,t). Then there exist§ > 0 such thathV R(t, to) > y(t) >

LR(t,t), andr(t)g(y>(t)) > 0.
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We will show that lim r(t)g(y*(t)) < oo. Obviously, the limit exists because
r(t)g(y>(t)) is an eventually positive and increasing function;tlitf}O r(t)g(y>(t)) =
oo, then there exist&}, such that-(t)g(y*(t)) > M for t > T,. This impliesy>(t) >
g ! (%) andy(t) > MY*R(t,t,), and consequently,

y(t) > Ml/a > M
R(t,ty) — ’

which is a contradiction. Therefore, the limit oft)g(y*(t)) exists, saym*, and we
have

2m* > r(t)g(y>(t) = r(To)g(y>(To)) + . f(s,y(s))As

> f(s, LR(s, so))As,

To
which shows that (3.3) is satisfied. The proof is complete. [ |
Remark 3.4. If T = R, theny(t) = O(R(t, o)), that is,y(¢t) and R(t, to) are infinity

of the same order.
Next we characterize bounded solutions under the conditioi

Theorem 3.5. Consider (1.1) under conditior{s!;)—(A,) and (3.2). Lety be an, in
absolute value, nonincreasing solution of (1.1). Tgfﬁm ly(t)| = K € (0,00) if and
only if there is a constartt’ # 0 such that

[ (g [ s ad <o )

Proof. Without loss of generality, we can assumig) > 0 eventually. If (3.4) holds,
thenTy > t, andC > 0 can be chosen such that

[ o)

Sinceg is an odd function, ify is the solution of dynamic equation

=5+ [ o (% / Oof(%C)AU) As,

theny is a nonincreasing solution of (1.1).
Now we construct the sequenge,, (¢)}:
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Then

3 =@l o) < <) <O

Clearly, the limit of the sequende:,,, } exists. We denote it by*. Applying Lebesgue’s
dominated convergence theorem, we have

z*(t) = % + /too g (% /:O f(u,x*(u))Au) As.

Then equation (1.1) has an, in absolute value, nonincreasing solution.
Conversely, leyy > 0 be a bounded nonincreasing solution of (1.1) ?md y(t) =

K ,
K € (0,00). Theny®(t) < 0 eventually andy(t) > 5 for ¢ large enough. Equation
(1.1) impliestlim r(t)g(y>(t)) = L € (—o0,0). Now, we will showZ = 0. Otherwise,
L < 0 and so eventually

00 < =30 <07 (o5) =20 (5 )

Integrating this relation frorfdy to ¢, we obtain

o0 < @)+ [ g7 () as

To (S>

which by (A,) implies thattlim y(t) = —oo. This is an immediate contradiction. Thus,
L = 0. Integrating (1.1) front to oo, we get

(g (1)) = / " Fsy(s)As > / " fs. K/2)As,
so that , N
—g(y>(t) > g7 (@ /t f(s,K/Z)As).

Integrating this inequality fromhto co we obtain

y(t) > K+/t°o g (Fls) /:O f@é)M) As.

Then (3.4) is satisfied. The proof is complete. |

In the present paper, we will apply the results of the above theorems to two discrete
cases.

Example 3.6. If T = N, then (1.1) reduces to the difference equation

A[r®(g(Ay)] — f(Ey(t) =0, teN. (35)
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r(t) =1, glu) =u® = [ul*sgnu, f(ur,uz) = (ur+u)” = ug+us|’sgnuy. (3.6)

Now (3.5) can be written as

*

A(Ay(n)* — (n+y(n)” =0, neN. (3.7)
1/a

< oo for someC > 0. By

n—1
In this special case, (3.1) becomg Z(l +C)°

n=ng Ll=ng

Theorem 3.2, if5 < —a — 1, (3.7) has a nondecreasing bounded solution. In fact

i [i(z +C)?

n=ng Ll=ng

[e. 9]

1/ o

< Z [((n—no)(n — 1+C)5}1/a Z(n— 1+C)%7

n=ngo n=no

if 3 < —a —1, the progressionz (n + 0)% IS convergent, so the progression

n=ng
00 n—1 1/a
> [Z(l +C)?| isalso convergent.

n=ng Ll=ng

Example 3.7.If T = AN, h > 0, and (3.6) hold, then (1.1) can be written as

(2 ) ] = (t+y(®)” =0, tehN. (3.8)
In this case, condition (3.1) becomes
) n—1 Ve
By Y (M+0)P <o,

n=no/h l=no/h

wherea = p/q (p andq are both odd). By Theorem 3.2,#f < —« — 1, then equation
(3.8) has a nondecreasing bounded positive solution. In fact,

1/a

<h i [(h—no)(hn—mc*)ﬁ

n=ng/h

1/a

h i [h nzl (hl 4 C)?

n=ng/h l=ng/h

Thus, if 3 < —a — 1, the progression is convergent.
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