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Abstract

This paper discusses the oscillatory behavior of solutions to a class of second-
order half-linear neutral differential equations with a damping term. Some new
sufficient conditions for all solutions to be oscillatory are given. Examples illus-
trating our results are also included.
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1 Introduction

This paper deals with the oscillatory behavior of all solutions of the second-order half-
linear neutral differential equation with a damping term

(r(®) Z'(0)%) +p(0) ()" + a(O) f(t,x(a(t) = 0, &> 1to >0, (1.1)

where z(t) = z(t) + h(t)xz(7(t)), and o > 1 is the ratio of two positive odd integers.
Throughout this paper, we always assume that the following conditions are satisfied:

(i) p,q,r : [to,o0) — R are continuous functions with p(t) > 0, r(t) > 0, ¢(t) > 0,

and
/: [Tlt) P (_ /t: %ds)] R (12)
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(ii) h : [to,00) — R is a continuous function with A(t) > 1, and h(t) # 1 for large t;

(iii) 7,0 : [tp,00) — R are continuous functions such that 7 is strictly increasing,
7(t) < t,and lim 7(¢) = lim o(t) = oc;
t—o00 t—o00

(iv) f(t,u) : [tp,00) x R — R is a continuous function such that « f(¢,u) > 0 for all
u # 0 and there exists a positive constant k& such that

flt,u)/u* >k foru # 0.

The cases where

7(t) = o(t) (1.3)
and

() < o(t) (1.4)
are considered.

By a solution of equation (1.1), we mean a function x € C ([t,,o0),R) for some

t, > to that has the properties 2 € C' ([t,,),R), 7 (z')* € C'([t,, ), R), and
satisfies (1.1) on [t,, 00). We only consider those solutions of (1.1) that exist on some
half-line [t,, o) and satisfy the condition

sup{|z(t)| : T <t < oo} >0 forany T > t,;

moreover, we tacitly assume that (1.1) possesses such solutions. Such a solution z(t) of
(1.1) is said to be oscillatory if it has arbitrarily large zeros on [t,, 00), i.e., for any t; €
[t.,00) there exists to > t¢; such that z(t3) = 0; otherwise it is called nonoscillatory,
1.e., if it is eventually positive or eventually negative. Equation (1.1) itself is termed
oscillatory if all its solutions are oscillatory.

The oscillatory behavior of solutions to various classes of second order functional
differential equations has been the object of research of a number of authors and many
interesting results have been obtained. For some typical results, we refer the reader to
[2—4,7,8,10-12,15-20,23] and the references cited therein as examples of recent results
on this topic. However, results on the oscillatory behavior of solutions of second-order
neutral differential equations with damping term are relatively scarce in the literature;
some results can be found, for example, in [5,6,21,22]. It should be noted that although
papers [5,6,21,22] deal with second-order neutral differential equations with damping
term, the results obtained in these papers except [22] cannot be applied to the case where
h(t) — oo as t — oo. Motivated by the above observations, here we wish to develop
sufficient conditions for equation (1.1) to be oscillatory in the case where h(t) > 1
and/or h(t) — oo as t — oo. The results of the present paper are obtained by using an
integral averaging technique due to Philos [13] (see also [9, 14] for the refined integral
averaging technique) and can easily be extended to more general second-order nonlinear
neutral differential equations with damping term. It is therefore hoped that the present
paper will contribute significantly to the study of oscillatory behavior of solutions of
second-order neutral differential equations with damping term.
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2 Main Results

In the following theorems, we establish new oscillation criteria for (1.1) by using the
integral averaging technique due to Philos [13]. In order to present our theorems,
following Philos [13], we first introduce the function class P. Namely, let Dy =
{(t,s) :t>s>ty} and D = {(t,s):t>s>1ty}. We say that the function H €
C (D, R) belongs to the class P, denoted by H € P, if

(i) H(t,t) =0fort > ty, and H(t,s) > 0on (t,s) € Dy;

(i1) H has a continuous and nonpositive partial derivative on D, with respect to the
second variable.

For notational purposes, we let

bods
At t) = | ——— . >,
1= [ gy 2
for any positive function € C* ([tg, 00), R),

() —n(eplt)
R OO

and

W(t, ty) =

1 1 A(T7Hr7H1), ty)
— 1 - , by > o,
h(r=1(1)) hr=H(r=1(t))  A(r~1(D),t)
where 77! is the inverse function of 7. Throughout this section we assume that (¢, ¢,) >
0 for all sufficiently large ¢.
Our first main result is contained in the following theorem.
Theorem 2.1. Let conditions (i)—(iv), (1.2) and (1.3) hold, and let h, H : D — R be
continuous functions such that H belongs to the class P and
oOH
_8_(t’ s) = h(t,s)\/H(t,s) forall(t,s)€ D,. (2.1)
s
If there exists a positive function n € C* ([ty, 00), R) such that, for some v > 1,
L 7 n(s)r/(s)D(t, s)
li —_— H(t,s)VU(s) — — - ds = 2.2
lﬂilpH(t,T)/T { (t,5)T(s) = 1 A (5 1) § = 00, (22)

for all sufficiently large ty € [t1,00) C [tg,00), and all T > ty with o(t) > to for all
t > T, where

B(0) = kn0)a(0)0 00,19 PR, 23
and
O(t,5) = (~h(t.s) + E(s)VHES)) 24

then every solution of (1.1) is oscillatory.
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Proof. Let x(t) be a nonoscillatory solution of (1.1). Without loss of generality, we may
assume that there exists ¢; € [ty 00) such that z(t) > 0, z(7(t)) > 0, and z(o(t)) > 0
for ¢t > t1. If z(t) is eventually negative, the proof is similar, so we omit the details of
that case here, as well as in the remaining proofs in this paper. Then, it follows from
(1.1) that

(r(6) (Z'(8)%) + p(t) (' (6)" + ka(t)z*(o(1)) < 0, (2.5)

and so
(r(t) (/1)) + p(t) (Z'(£)* < 0 fort > t,. (2.6)

Letting v(t) = r(t) (2'(t))?, it follows from (2.6) that

V'(t) + =—*u(t) <0 fort > ty,

(e ( / Ps) U@))’ <0 fort>1,

t
and so, v(t) exp < / ]%ds) is decreasing and eventually does not change its sign,
4 T(s

say on [ty, 00) for some t5 > t;. Therefore, 2'(t) eventually has a fixed sign on [t3, 00),
and so we have two cases to consider: (I) z'(¢t) > 0 for ¢ > t5 or (II) 2’(¢t) < 0 for
t > 1s.

We first assume that case (I) holds. It then follows from (2.5) and the definition of z
that

which implies

2(t) >0, 2/(t) >0, and (r(t) (¢'(t))*) <0 fort > t,,
from which, we see that

2(t) = 2(t2) + /t rViﬁ (r(s) (z'(s))a)l/a ds > rl/a(t)z'(t)A(t,tQ). 2.7)

In view of (2.7), we have for all t > t3 for t3 € (¢, 00) that

( 2(t) )' r e[ (1) Al 1) — 2(t))
tg)

f— <
Alt, A2(t,ts) <0,

i.e., z(t)/A(t, t3) is nonincreasing for ¢ > t3.
From the definition of z (see also inequality (8.6) in [1]), it follows that

a(t) = W[Z(T_l(t))—x(f_l(t))]
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2(r71(t) B 1 s
M) ARy ) @28)

Now 7(t) < t and 7 is strictly increasing, so 7' is increasing and 7' (¢) > ¢. Thus,

THTTH) > (),
and since z(t)/A(t, t2) is nonincreasing for ¢t > t3, we have

A O ) ) L
T 2 A )

Substituting the last inequality into (2.8) yields
x(t) > ¢t ta)z (r7'(t)) fort > ts. (2.9)

Since tlim o(t) = oo, we can choose t, > t3 such that o(t) > t3 for all ¢ > ¢4. Thus, it
—00
follows from (2.9) that

z(o(t)) = ¢(o(t), 1)z (171 (a(t)) fort > ty. (2.10)
Using (2.10) in (2.5) gives
(r(®) (Z'(8)%) + (&) (Z'(1)" + ka(8) (o (1), t2)2" (7 H(a(t))) <O (2.11)
for ¢ > t,. Define the function w by the Riccati type substitution

r(t) ('()"
z(t)

w(t) = n(t) fort > ty. (2.12)

Clearly, w(t) > 0, and from (2.11)—(2.12), we see that

(o) wttee)

W) < &0(t) — k(a0 (0(0), 1) =T — o s @13)
for ¢ > t,. From (1.3) and the fact that 7 is strictly increasing, we have
T (o(t) <t
and since (¢)/A(t, t2) is nonincreasing on [t4, 00) C [t3, 00), we get
(o) Al o(t). ) o1

() T Al h)
Using (2.14) in (2.13), we obtain

A (r7Ho(t), 1) wlH/e()

w'(t) < E(B)w(t) — kn(t)g()Y*(o(t), t2) A (i, ty) - a(n(t)'r(t))l/a’
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which can be written as, for ¢t > t,,

awl/a—l (t)

COLOLE w?(t). (2.15)

w'(t) < S(Hw(t) — W) -

In view of (2.7) and (2.12), for t > t, we have

winw = oot ((29)) " ot (%)

>na H(H) ANt ). (2.16)

Using (2.16) in (2.15), we arrive at

aA Nt ty)
Ww (). (2.17)

Multiplying (2.17) by H (¢, s) and integrating from 7" to ¢, we have, for some v > 1 and
forallt > T > t,,

¢ ¢
/H(t,s)\ll(s)dsg — /Hts ds—l—/Hts
T
AO‘ (s, t3)
- /H riva 2) w?(s)ds
Aa 18t2) 2
,,al/oz )

w'(t) < &(t)w(t) — w(t) -

(s)ds.  (2.18)

An integrating by parts yields

/TH(t,s)w’(s)ds = H(t,s)w(s) |5 — g aai[(t s)w(s)ds
= —H({t,Tw(T) - Taa—i](t,s)w(s)ds. (2.19)

Substituting (2.19) into (2.18) and taking (2.1) into account yields

/tH(t,s)\If(s)ds < H(t,T)w(T)

+ / (= h(t,5)V/HE,5) + H(t, 5)8(5)] w(s)ds
_ /Ht y A1) oyas

rl/a )

a— 1
/H A AT (s,ta) w?(s)ds. (2.20)

7’1/0‘ )
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Completing the square with respect to w, it follows from (2.20) that

/t [H<t,s)@<> Ltk W( o ﬂd = H )

- 1) AO‘ (s, t5)
/ Hit rl/a(z)wQ(s)ds. (2.21)

So, for every t > t4, we obtain

t s)ri/e(s s
/t {H(t, $)W(s) — ﬁ"( )Aaf(gi(;’ )] ds < H(t, t)w(ty),

which contradicts (2.2).
Next, we consider case (IT). Letting u(t) = r(t) (—2'(t))" > 0 for t > t, it follows
from (1.1) that
p(t)

' (t) + —=%u(t) >0 fort >ty

r(t)

Integrating this relation from ¢, to ¢, we obtain

t
p(s)
u(t) > u(t exp(—/ —ds),
( ) ( 2) . T(S)
from which we have

2 (t) < rHo(ty) 2 (t2) {Tlt) exp (— /t: %ds)] Ua. (2.22)

Integrating (2.22) from ¢, to ¢ and taking (1.2) into account, we see that

2(t) < z(ta) + 1Y (t2) 2 () /t: [Tls) exp <— /t: %du)} " ds — —o0

as t — oo, which contradicts the positivity of z(¢) and completes the proof. O]
The following oscillation criterion follows immediately from Theorem 2.1.

Corollary 2.2. Let the assumptions of Theorem 2.1 be satisfied except that condition
(2.2) is replaced by

1 t
lim su k~YH(t,s)¥(s)ds = oo 2.23
msup s | k() U() 2.23)
" () (s)0 ()
1 n(s)r/“(s)®(t, s
lim su "~ds < 0. 2.24
el A T i 229

Then equation (1.1) is oscillatory.
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Theorem 2.3. Suppose that conditions (i)—(iv), (1.2) and (1.3) are satisfied. Let H and
h be as in Theorem 2.1 such that (2.1) holds, and

H(t
0 < inf J1im g5 < 0o, (2.25)
s>10 t—oo H (t, to)

If there exist functions ¢ € C ([ty,00),R) and n € C* ([ty, o0), (0, 00)) such that, for
some vy > 1,

K s)ri/e(s s
h?isogp H(tl, T /T [H(t, s)W(s) — %77( 24“_1((3),2(;’ )} ds > ¢(T)  (2.26)

and

ooAa_l(S,tg) _
. e ds = o

for all sufficiently large ty € [t1,00) C [tog,00), and all T > ty with o(t) > ty for all
t > T, where V(s) and ®(t, s) are as in Theorem 2.1, and ¢, (t) = max{¢(t),0}, then
every solution of (1.1) is oscillatory.

Proof. Let z(t) be a nonoscillatory solution of equation (1.1), say z(t) > 0, z(7(t)) >
0, and x(o(t)) > 0 for t > ¢, for some t; € [tg00). Proceeding as in the proof of
Theorem 2.1, we again have the two cases to consider: (I) 2'(¢) > 0 for ¢ > t5 or (I)
2'(t) < 0for ¢t > ty. If case (IT) holds, proceeding exactly as in the proof of Theorem
2.1, we obtain a contradiction to the positivity of 2.

Next, assume that case (I) holds. Proceeding as in the proof of Theorem 2.1, we
again arrive at (2.21), which can be written as, fort > T > 4,

Lo Y n(s)r/=(s)®(t, )
H(t,T)/T{H(t’S)\IJ(S)_E A (5,1,) ]ds

1 aly —1) H(t,s)A* (s, ta)
<w(T) - HET) /T > ()7 (s) w?(s)ds. (2.28)

From (2.28), we see that

. ' v n(s)rt/*(s)®(t, 5)
hrtlligp HET) /T [H(t,s)\I’(s) T la A (st } ds
- 1 Ya(y —1) H(t,5)A (s, t2)
<w(T) - h{gg}f HET) /T > (s (s) w(s). (2.29)

In view of (2.26), it follows from (2.29) that

La(y — 1) H(t, s)A* (s, ty)
/T g n(s)ri/e(s) w(s)ds  (2.30)

w(T) 2 ¢(T) +liminf 7oy
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forall t > T > t4 and for any v > 1. Thus, for all 7" > 4,

w(T) > ¢(T) (2.31)
and
H(t,s)A*1( —
liminf / t ) (s, t2)w2(s)ds < Y(wlts) = #(t)) <oo. (2.32)
t—o0 t t4 1/a ) O‘(fy - 1)
Now, we claim that )
A (s, t
/ #uﬂ(s)ds < . (2.33)
t ns)rt/e(s)
Suppose the contrary, that is,
00 Aa—l(s tg) )
— " Zw(s)ds = oo. (2.34)
|, s
By (2.25), there exists a constant £ > 0 such that
o H(Es)
Slgi {hgglfH 0 to)} > €. (2.35)

On the other hand, by virtue of (2.34), for any positive number ¢, there exists a t5 > t4
such that

Ax1(s,t )

/ #w%s)ds > forall t > ts. (2.36)
0 N(s)r/e(s) 2

Using integration by parts and taking (2.36) into account, we conclude that, for all

t 2 t59

o | O s
:H(tl 1 U o] |2 4

ty
1
/ [ OH (t,s ] s
H(t, ty)
5H(t ts) _ 0 H(t, t5)
> 2 2.37
T CH( L) S cH(bG) 2.37)
It follows from (2.35) that
.. H(t,s)
hg}g}lf H{t 1o) >e >0, (2.38)
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and hence there exists a tg > t5 such that

H(t,t5)
H(t, o)

>¢e forallt > tg.
From the latter inequality and (2.37), we see that

1 ¢ Ao‘_l(s,tQ) )
() /754 H(t, S)Ww (s)ds >§ fort > tg. (2.39)

Since ¢ is an arbitrary positive constant, we have

.. Aa 1 S tz)
h{ggf . t4 / H(t ) (s) ) w?(s)ds = oo, (2.40)
which contradicts (2.32). Thus, (2.33) should hold, and so, by (2.31) we have
9] Aa—l(s tz) 0o Aa—l(s t2)
— =2 (s)ds < / —— " =Lw?(s)ds < oo, (2.41)
/t4 n(s)rt/o(s) " o n(s)r/e(s)
which contradicts (2.27). This proves the theorem. ]

Theorem 2.4. Let all conditions of Theorem 2.3 be satisfied except that condition (2.26)
be replaced with

lim inf H(t,T)

¢ s)ri/e(s s
/T [H(t, $)W(s) — %”( 24&_1((22(;’ )} ds > o(T).  (2.42)

Then, every solution of (1.1) is oscillatory.

Proof. The proof follows from the fact that

6(T) < liminf — /t {H(t,s)\l}(s)—ln(s)rl/a(s>®<t’s)]ds

t—o0 H(t, T) T 4o Aa71<8’t2)
t 1/a
. v n(s)r/e(s)®(t, s)
<1 H(t, s)VU(s) — — d
= Ep H(t,T)/T [ R TR T=T Py >
and so we omit the details. O]

Next, we give oscillation results in the case when (1.4) holds.

Theorem 2.5. Let conditions (i)—(iv), (1.2) and (1.4) be fulfilled, and let H and h
be as in Theorem 2.1 such that (2.1) holds. If there exists a positive function n €
C" ([to, 00), R) such that, for some y > 1,

t s)rt/e(s S
/T [H(t,s)Q(s) - %”( )Aa_l((s)i(;’ Nas— o, 43)

lim su
e H(t,T)
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for all sufficiently large ty € [t;,00) C [tg,00), and all T > ty with o(t) > ty for all
t > T, where
Q(t) = kn(t)q(t)y*(a(t), t2), (2.44)

and ®(t, s) is as in (2.4), then every solution of (1.1) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of (1.1) with z(¢) > 0, z(7(¢)) > 0, and
x(o(t)) > 0 fort > t; for some t; € [tp00) . Proceeding as in the proof of Theorem
2.1, we again have two cases to consider: (I) 2'(t) > 0 for ¢ > ¢ or (II) 2'(¢) < 0 for
t > ty. If case (II) holds, as in the proof of Theorem 2.1, we contradict the positivity of
z(t).

If case (I) holds, then, as in the proof of Theorem 2.1, we again arrive at (2.13) for
t > t4. From (1.4) and the fact that 7 is strictly increasing, we have

T Ho(t) > t,

and since z is increasing, we obtain

~1
o) 045
2(t)

Using (2.45) in (2.13) yields

(©) < EOult) ka0, 0) -0 D g
w'(t) < E)w(t) — kn(t)qg(t)v*(o(t), ts) — a——. )
(n(@)r (&)

The remainder of the proof is similar to the first part of the proof of Theorem 2.1 and
hence is omitted. 0

Corollary 2.6. The conclusion of Theorem 2.5 remains intact if assumption (2.43) is
replaced by the two conditions

lim sup

1 t _1 B
m s H(t,T)/ k™ H(t,s)Q(s)ds = oo, (2.47)

T

and (2.24).

Theorem 2.7. Suppose that conditions (i)—(iv), (1.2) and (1.4) are satisfied. Let H
and h be as in Theorem 2.1 such that (2.1) and (2.25) hold. If there exist functions
¢ € C([tg,00),R) and n € C' ([ty, ), (0,00)) such that (2.27) holds, and for some
v > 1,

lim sup

D T /t {H(t, $)Q(s) — 7y n(s)rl/e(s)@(t, s) ds > o(T),  (248)

T 40( AO‘_1<S, tQ)

for all sufficiently large ty € [t1,00) C [tog,00), and all T > ty with o(t) > ty for all
t > T, where Q(t) is as in (2.44), then every solution of (1.1) is oscillatory.
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Proof. The proof follows from (2.45), (2.46) and Theorem 2.3, so we omit the details.
[

Theorem 2.8. Let all conditions of Theorem 2.7 be satisfied except that condition (2.48)
be replaced with

lim inf

t _ln(s)rl/a(s)@(t,s) S
ST T / [HU,S)Q(S) ds > ¢(T).  (2.49)

T 4o Ac—l (S, tg)
Then, every solution of (1.1) is oscillatory.

Proof. The proof follows from (2.45), (2.46) and Theorem 2.4, so we omit the details.
[

3 Examples

We conclude this paper with the following examples to illustrate the above results. The
first example is concerned with the case where h(t) — oo as ¢t — oo, and the second
example is concerned with the case where / is a constant function.

Example 3.1. Consider the half-linear neutral differential equation with damping

/

((z’(t))5> + % )+t + 1%t —1)=0, t >2, 3.1)

with 2(t) = x(t) +tz(t —2). Here wehave a« = 5, 7(t) =t —2,0(t) =t — 1, r(t) = 1,
p(t) = 1/t, q(t) = (t +1)*, h(t) = t,and f(t,z(c(t))) = 2°(t — 1). It is easy to see
that conditions (i)—(iv), (1.2) and (1.4) hold. Choosing ¢, = t; =ty = 2, we have

A(t, tg) - A(t, 2) =1— 2,

A(T7HE), ) = At +2,2) = t,
AT @), 1) = A(t +4,2) =t + 2,

1 t+2
tt) = ——(1— >0 fort>ty=2.
Vit 1) t+2< t(t+4)) ort =to

Letting H(t,s) = (t — s)?, we see that H € P and h(t,s) = 2. With n(t) = ¢, we see
that £(¢) = 0, and conditions (2.47) and (2.24) become, for all T’ € (3, c0),

1
)
eV H (L, T)

/t k~YH(t,s)Q(s)ds > lim sup 2/5r /t(t —5)? °_ds

T t—o0 (t_T)Z T s+ 1

, (2/5)°T 1 /t N
>1 t—s)°d
> lim sup =2~ (=T T( s)°ds
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(2/5)°T(t3 — 3t*T + 3tT* — T?)

p— 1. p—
o 3(T+ 1)t — 1) OO
and
1 En(s)rt/e(s)®(t, s) 1 /t 4s
lim su " ~ds = limsu ds
HmpH@TLA Aa1(s, 1) oo (E—T) Jp (s — 2)8
<1l ! 1 / "o
im su sds
RS T RN G O
_ 2(12 — T?) 2
= lim sup = < 00,

D T =2 (t—T¢ (T —2)t

i.e., conditions (2.47) and (2.24) hold. Thus, all conditions of Corollary 2.6 are satisfied,
so equation (3.1) is oscillatory.

Example 3.2. Consider the half-linear neutral differential equation with damping

(t% (z’(t))3) + %4 (2 (1)) + 223(t/2) = 0, t > 2, (3.2)

with z(t) = «(t) + 10z(t — 1). Here we have @ = 3, 7(t) = t — 1, o(t) = t/2,
r(t) = 1/, p(t) = 1/t*, q(t) = %, h(t) = 10, and f(t,2(c(t))) = 23(t/2). It is easy
to see that conditions (i)—(iv), (1.2) and (1.3) hold, and with ¢, = t; = t; = 2, we have

At ty) = A(t,2) = (t* — 4)/2,

A7), t) = A(t+1,2) = (t +1)* — 4)/2,
AN 1), 1) = At +2,2) = ((t +2)* —4)/2,

1 t(t+4)

tty)) =—|1— >0 fort>ty=2.
Vit 2) 10( 10(t—1)(t+3)) ort=to

Letting H(t,s) = (t — s)*, we see that H € P and h(t, s) = 2. With (t) = ¢, we have

£(t) = 0, and as in Example 3.1, it is easy to see that conditions (2.23) and (2.24) hold.

Thus, all conditions of Corollary 2.2 are satisfied, so equation (3.2) is oscillatory.
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