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Abstract

The aim of this work is to study the initial value problem of a coupled system of
nonlinear fractional differential equations with Katugampola derivative. Some new
existence and uniqueness results of solutions for the given problems are obtained
by using the Banach contraction principle, Schauder’s and nonlinear alternative
Leray—Schauder fixed point theorems. Several examples are presented to illustrate
the usefulness of our main results.
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1 Introduction

Fractional calculus is a mathematical branch which investigates the properties of deriva-
tives and integrals of non integer orders (also known as fractional derivatives and inte-
grals, briefly differ-integrals). The interested readers in the subject should refer to the
books (Miller and Ross 1993 [11], Samko et al. 1993 [14], Podlubny 1999 [12], Kilbas
et al. 2006 [10], Diethelm 2010 [4]).

The differential equations of fractional order are generalizations of classical differ-
ential equations of integer order; they are increasingly used in such fields as fluid flow,
control theory of dynamical systems, diffusive transport akin to diffusion, probability
and statistics ... etc.
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In recent years, some authors have investigated the existence and uniqueness of
solutions for a coupled system of nonlinear fractional differential equations. For a small
sample of such work, we refer the reader to the works [1-3,7,13,15-17].

In [1], Bashir Ahmad and Sotiris K. Ntouyas, studied a three point boundary value
problem for a coupled system of nonlinear fractional differential equations given by

D0+u( ) f(t,o(t ) (t)>7 te(0,1),
DO+U =g (t,u(t), D u(t)), t (O 1),
u(0) =0, u(l) = ( ) v(0) =0, v(1) = yv(n),

where 1 < o, < 2, p,q,v7 > 0,0 < n < 1, D is the standard Riemann-Liouville
fractional derivative and f : [0,1] x R x R — R are given continuous functions.

In [17], Zhai and Jiang considered a new coupled system of fractional differential
equations with integral boundary conditions

;

Du(t) + f(t,v(t)) =a, 0 <t <1,
DPu(t) + g(t,u(t)) =b, 0 <t <1,

w(0) =0, u(1) /¢
RS

where 1 < «, 8 < 2, a, b are constants. D denotes the usual Riemann—Liouville frac-
tional derivative. f, g € C([0,1] x R x R), ¢,v € L]0, 1].

In this paper, we discuss the existence and uniqueness of solutions for a coupled
system of Katugampola type fractional differential equations

{ “Djult) = (. u(®).v(0) Dosult) o 0
*Dy.v(t) = g(t, u(t), v(t),” Dy, o(t)) s
with the initial condition

u(0) =0, v(0) =0, (1.2)

where 0 < o, < 1,p > 0,and T < (pc)i forany 1 < p < oo, ¢ > 0, is a finite
positive constant. The symbol *D°, § = «, /3, is the Katugampola fractional derivative
of fractional order 4, and f, g : [0,7] x R* — R are continuous functions.

Based upon a contraction mapping principle, Schauder’s and nonlinear alternative
Leray—Schauder’s fixed point theorems. We obtain three various results of the existence
and uniqueness about the initial value problem (1.1)—(1.2).

Throughout this paper, we assume the following hypotheses

(H1) f,g:[0,7] x R* — R are continuous functions.

(H2) There exists the constants \;, p; (¢ = 1.2.3), such that

|f(t,U,U,1U)—f(t,fL,'l~l7w)| < /\1 |u—ﬂ|—|—)\2 |U_,l~}|+>\3 |’(U—U~)|,
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‘g(t,U,U,U)) _g(taaaﬁvwﬂ S |’U,—’l7,‘ + 2 ’U_ﬁ| +,LL3"UJ—"LZ)|,

for any u, v, w, @, 0,w € Rand t € [0,T].
(H3) There exist three positive functions a;, b;, ¢; € C[0,T], (i = 1.2), such that

|t u,v,w)] < ai(t) +01(t) [ul + e (t) [v] + di(F) [w],
9(t,u,v,w)| < as(t) + b2(F) [ul + c2(t) ] + do(F) [w]
forallt € [0,7] and u,v,w € R.

We denote
a¥ b¥ + c* b* c
Mi=——, Ny= ——, and K; = ——, Hy= ——, (i = 1.2),
TIoar 1—a " 1-d g (=12
where
ai = sup a;(t), by = sup b;(t), ¢; = sup ¢(t), di = sup d;(t),withd; < 1.
t€[0,T)] te[0,T) t€[0,T] te[0,T]

2 Preliminaries

In this section we present the necessary definitions from fractional calculus theory. As
in [10], consider the space X?[0,7], (¢ € R,1 < p < o0), of those complex-valued
Lebesgue measurable functions y on [0, T, for which ||y[|x» < oo, where the norm is

defined by
. 1
. ds\*
||y||Xg=(/ |sy<s>|p—) <,
0 S

for 1 < p < oo, ¢ € R. For the case p = oo
1Yl xee = ess sup [t°|y ()], (c €R).
0<t<T

By C[0,T], we denote the Banach space of all continuous functions from [0, 7] into R
with the norm

lyllo = sup |y(t)|.
0<t<T

Remark 2.1. Letp,c,T € R, besuchthatp > 1,¢ > 0,and T' < (pc)ﬁ. It is clear
that Vy € C[0,T]

T 1 T 1
c ds\* o P T
xr = (/ s“y(s)|” —> < (H?JHZO/ s” 1d$> = — |yl
: ; : (pe)?

[yllxee = ess sup [t°]y ()]} < T° |yl -
0<t<T

ly|

and

which implies that C[0, 7| — X?[0, T, and

x» <yl forall T' < (pc)ﬁ‘

lyl
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Definition 2.2 (See [10]). The left-sided Riemann-Liouville fractional integral of order
a > 0 of a continuous function y : [0, 7] — R, is given by

1

FETGy(t) = m/o (t —s)* y(s)ds, t € [0,T].

Definition 2.3 (See [10]). The left-sided Riemann—Liouville fractional derivative of
order o > 0 of a continuous function y : [0,7] — R, is given by

RLy _ 1 d " ! n—a—1 _
Dgry(t) = T —a) (£> /0 (t—s) y(s)ds, t € [0,T], n=|o] + 1.

A recent generalization, introduced by Udita Katugampola (2011) [8], generalizes
the Riemann—Liouville fractional integral and the Hadamard fractional integral (see
[10]). The integral is now known as the Katugampola fractional integral, it is given
in the following definition.

Definition 2.4 (See [8]). The Katugampola fractional integrals of order &« > 0 of a
function y € X?[0, T, is defined by

l—a pt op—1
"Ti(t) = 1o /0 (tf_fp(;)ads, te0.7), @

for p > 0. These integrals are called left-sided integrals.
Similarly we can define right-sided integrals (See [8—10]).

Definition 2.5 (See [9]). The generalized fractional derivatives of order o« > 0, corre-
sponding to the Katugampola fractional integrals (2.1) defined for any ¢ € [0, T], by

AN\ pr AN [T s ()
PDE y(t) = [ HP= PR (H) = — [P — / d
0+y( ) ( dt) ( 0+ y)( ) F(TL . Oé) ( dt) 0 (tp _ Sp)a_n+1 S,
2.2)

where n = [a] + 1, and p > 0, provided the integrals exist.
Remark 2.6 (See [8,9]). As a basic example, we quote for o, p > 0, and > —p

prT(L+2)

PP —
0" P(l—a+b)

th—ar,

Giving in particular

pD8‘+tp(o‘_m) =0, foreachm =1,2,...,n.
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Theorem 2.7 (See [8,9]). Let , p,c € R, be such that a,p > 0. Then for any f,qg €
X720, T, where 1 < p < oo, we have
- Inverse property:

PDS, PTS f(t) = f(t), forall o € (0,1). (2.3)

- Linearity property: for all a € (0, 1), we have

{ "D (f +9)(t) = *Dii f(1)+" Dieglt) o

PI5 (f + 9)(t) = L5 f(D)+" T g (t)-
Definition 2.8 (Equicontinuous). Let £ be a Banach space. Call a part P in C(F)
equicontinuous if

Ve > 0,36 > 0,YVu,v € B, VA€ P, |lu —v|| < = ||A(u) — A(v)|| < e.

Theorem 2.9 (Ascoli-Arzela). Let E be a compact space. If A is an equicontinuous,
bounded subset of C'(E), then A is relatively compact.

Definition 2.10 (Completely continuous). We say A : £ — FE, is completely continu-
ous if for any bounded subset P of F, the set A(P) is relatively compact.

Lemma 2.11 (Gronwall. See [6]). Let u(t) and g(t) be nonnegative, continuous func-
tions on 0 < t < T, for which the inequality

u(t) < p+ /Otg(s)u(s)ds, 0<t<T,

holds, where |1 is a nonnegative constant. Then

u(t) < pexp </Otg(s)ds),0§t§T.

Theorem 2.12 (Banach’s fixed point. See [5]). Let P be a non-empty closed subset of
a Banach space F, then any contraction mapping F of P into itself has a unique fixed
point.

Theorem 2.13 (Schauder’s fixed point. See [5]). Let X be a Banach space, and P be a
closed, convex and non-empty subset of E. Let F' : P — P be a continuous mapping
such that F' (P) is a relatively compact subset of E. Then F' has at least one fixed point
in P.

Theorem 2.14 (Nonlinear Alternative of Leray—Schauder type. See [5]). Let E be a
Banach space, P be a closed, convex subset of F, U be an open subset of P and () € U:
Suppose that F : U — P is a continuous, compact (that is, F (U ), is a relatively
compact subset of P) map. Then either,

() F has a fixed point in U; or

(ii) There is a point uw € OU and ;1 € (0,1) with u = pF (u).
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3 Main Results

Throughout the remaining of this paper 7°, p and c are real constants such that
p>1,¢>0,and T < (pc)r%c

In what follows, we present some significant lemmas to show the main theorems.

Lemma 3.1. Let o, p > 0. If u € C([0,T],R), then
(i) The fractional deferential equation "D u(t) = 0, has a solutions

u(t) = C1tP @D 4 CotP @D 4 4 CtP @™ where C, € R, m=1,2,....n
(i) If "Dy.u € C([0,T],R) and 0 < a < 1, then
PTS, DS, u(t) = u(t) + Ct*=Y| for some constant C' € R. 3.1

Proof. (i) Follows immediately from Remark 2.6.
(ii) If we apply the operator "D to *Zgy D+ u(t) — u(t), and use the properties
(2.3), (2.4), we have

YDG, T Dy (t) —u ()] = *Dg *Tge D (t) — “Dieu (1)
= “Dgeu(t) - PDgu(t) =0,

After the step (i) we deduce there exists C' € R, such that
PI5 PDyrult) — ult) = Ct7Y,
After the step (i) we deduce there exists C' € R, such that
PIg PDgs u(t) — u(t) = CtPY,
which implies the law of composition (3.1). The proof is complete. 0

Lemma 3.2. Let 0 < 0 < 1, and p > 0. We give y, "Dy € C([0,T],R). Then the
solution of problem

"Diy(t) = f(ty(t)," Di-y(1)), t € [0, 7], 32)
y(0) =0,
is equivalent to the fractional integral equation
t
= [ Gt:9)1(5.4(5) Dhyl)s, (.3
0
where s
Gs(t,s) = L—sp=L(tp — 5P)0~1, (3.4)

(o)



A Coupled System of Katugampola-Type FDEs

Proof. By applying pI(‘)l to equation (3.2), we obtain
PIor PDgy(t) = PLow L,y (), Dyry(t)) -
From Lemma 3.1, we find easily
PIh, PDhLy(t) = y(t) + O,
for some C' € R. Then the fractional integral equation (3.2), gives
y(t) = PT3: f(t,y (1), Dosy(t)) — CtPOY.
In view of the initial condition y(0) = 0, we get

y(0) =0= —C lim "D = ¢ =0.

t—0t+

Therefore, the problem (3.2), is equivalent to

y(t) = /0 Gi(t,3) (5,9(5). Dl y(s))ds.

where G(t, s), which given by the equality (3.4). The proof is complete.

35

(3.5)

(3.6)

(3.7

O

Based on the previous lemma, we will define the integral solution of the problem

(1.1)—(1.2).

Lemma 3.3. Ler 0 < o, 8 < 1, and p > 0. We give u,” Diu,’ Dg+u € C([0,T],R).
Then the solution of problem (1.1)—(1.2) is equivalent to the coupled fractional integral

equation
w) = [ Golti)f(su(s).o(5) D)) s
o) = [ Gottslals.uls). () Do)
with
Galt,s) = ﬁ(a)sp L — sp)ol,
o Pl 5 —1 B—1
Gg(t,s) = F(ﬁ)s” (tP — sP)P7 .

Proof. In view of Lemma 3.2, for ) = o, and 0 = (3, respectively.
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We will now prove a theorem about existence and uniqueness of solutions of initial
value problem (1.1)—(1.2), which is based on Banach’s fixed point theorem.

Let us introduce the space E = X x Y, with the norm ||(u,v)|| = ||ul| + [|v]|,
Obviously (£, ||(u,v)]|), is a Banach space, where X = {u(t)/u(t) € C([0,T],R)},
with the norm ||u|| = nax. lu(t)], and Y = {ov(t)/v(t) € C(]0,T],R)}, with the norm

Joll = max [v(t)]
We define an operator F' : E — E by
Fy(u, v)(t)
F = .
(U, U)(t) ( FQ(U, U)(t) ’ (3 8)
where

R(o)t) = [ Galt.s)(s,u(s),(5) Diu(s))ds,

Puwo)t) = [ Golts)gts.ue).v(s) D v(s))as.

with

P 1
Galt,s) = Pt — gyt

(1) = B =)
pr B-1
Gs(t,s) = SPTH(tP — 7).

p(tes) = s =)

Theorem 3.4. Assume the hypotheses (H1)—(H2) hold. If

77 (A + A2) T (py 4 pu2)

A=) pTlatl)  (—jm) T B+1) - (3.9)

Then the problem (1.1)—(1.2) has a unique solution on [0, T.

Proof. By the Lemma 3.3, we will transform the problem (1.1)—(1.2) into a fixed point
problem F' (u,v) = (u,v), where the operator F is defined by (3.8). Using the Banach
contraction principle, we shall show that F' has a fixed point. Now for (uq, v2) , (u1,v1) €
Eandt € [0,77], we get
t
|1 (ug, v9) (t) — Fi (ug,v1) (B)] < / Ga (t,5)|f (s,uz(s),v2(s) " Dyruz (s))
0
— [ (s,u1(s), 01 (s), "Dirua (s))] ds

t
< / Go (t,s) |"Dirus —° Dyrug| ds. (3.10)
0

By (H2), we have

"Dgrug — PDorur| = |f (s,uz(s),v2(s),” Dyyuz (s))
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- f (Svul (S) » U1 (S) ’p D8{+U1 (5>>’
S )\1 |U2 — U1’ + )\2 |U2 — Ul‘ + )\3 ]"Dg+u2 — "Dg+u1 ’ .

Thus

"D us — PDiruy | < : (A1 Jug — uq| + Ao jvg — v1]].

_ )\3
From (3.10), we have
1 t
[ Galt ) s (s) (9
3 J0
+ Ao |vg () — 01 (9)|] ds
TP (A + A2)
(1— ) poT (o + 1)
X ([[ug — wr]] + flg —v1]) -

| Fy (ug, v2) () — Fi (ug,v1) (B)] <

IN

Then

TP (A1 + A2)
(1 — )\3) paF (Oé + 1)

[ F1 (w2, v2) = Fi (ug, v1)| < ([luz = wrl} + loe — wf]) . B.1D)

Similarly, one can find that

T (1 + pia)
(1 —p3) pPT (B +1)

Thus it follows from (3.11) and (3.12), that

12 (ug, v2) — F3 (ug, 01| < (luz = ur]| + [[vz = oaf]) . (3.12)

7% (A + A2) 798 (1 + pio)
T A=Al (a+1) (1= ps)pT (B+1)
X ([[uz = w][ + [lva — v1]) -

A

| F (uz,v2) — F (ug,v1)]|

This implies that by (3.9), F' is a contraction operator. As a consequence of Banach’s
contraction principle, Theorem 2.12, we deduce that F' has a unique fixed point which
is the unique solution of the problem (1.1)—(1.2) on [0, T'|. The proof is complete. [

Theorem 3.5. Assume that hypotheses (H1)—(H3) hold. If

Tre N TrB
N _|_ -
pPT(a+1)"" " pPT(B+1)

Then the problem (1.1)—(1.2) has at least one solution on [0, T).

Ny, < 1. (3.13)

Proof. In the previous theorem, we already transform the problem (1.1)—(1.2) into a
fixed point problem F'(u,v) = (u,v), where the operator F' is defined by (3.8). We
demonstrate that F' satisfies the assumption of Schauder’s fixed point theorem, Theorem
2.13. This could be proved through three steps:
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Step 1. F is a continuous operator. Let (z,,y,)
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neN

lim (z,,y,) = (z,y) in E. Then for each ¢ € [0, T,

n—o0

By (0, yn) (1) = Fi (2,9) ()] <

where

ng+ Tn (t) =

J el

‘ f S, xn S)’y (5)7pD0+xn (8))
z(s),y(s), "Dis (s))

f <t7 Ln (t) Yn ( ) ) ng+[En (t>) ’

be a real sequence such that

ds,

"Dira(t) = f{a(t),y(t), Doz (t)).
As a consequence of (H2), we find easily Dz, — ?Dgix in C[0,T]. In fact we
have
"D an (t) = PDgea (0| = [f (& (£) , yn (1), Dison (1))
— [tz (@), y(t)," Doz (1))
< A (1) = (t)H/\z\yn(t)—y(t)!
+A3 " Dgrn (1) — "Dge (1)
Thus
"Dz () = Doz ()] < 5 _1>\3 (A [2n (1) = 2 ()] + Az lyn (8) — y ()]) -

Since (2, yn) — (z,

y), then we get Dz, (1) —

t € [0, T]. Now let K > 0, be such that for each ¢ € [0, T], we have

"Dgrn ()] < Ko, "D ()] < Ko.

Then, we have

By (0, 90) (1) = B2 (2,9) (D] <

For each ¢t € [0,7], the function

|F1 ($n>yn) (t) -

5 mn( ) yn( ),ng+xn(s))
/G (t,5) —f(sar() y(s), "D (s))

/ Go (t,3) |"Dirxy (s) — PDirx (s) | ds
0

/0 G (1, 5) [P DS 00 ()] + [PDE 2 (5)]) dis

t
/ 2K oG, (t, ) ds.
0

PDyrx (t) as n — oo for each

ds

s — 2KyG, (t,s) is integrable on [0, ¢], then the
Lebesgue dominated convergence theorem imply that

Fi(z,y) (t)] = 0asn — oo,
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(3.14)

(3.15)

and hence

nh_{Iolo HFl (xTH yn) -k ('rv y)” =0.
Similarly, one can find that
Thus it follows from (3.14) and (3.15), that

nh_EIOlo HF (xnayn) —F (ﬂfay)H =0.
Consequently, [’ is continuous.

Step 2. Let
TP TPB
"> O‘F(a+1)M1 + pﬁF(ﬁJrl)]\/[2
— Tpo TrB :
1- par(a+1)N1 - pﬁF(ﬁJrl)N2

We define

B={(uw,v) € E:||(w,v)[| <7}

It is clear that P, is a bounded, closed and convex subset of F.
Let (u,v) € P,, and F' : P, — F be the integral operator defined in (3.8), then

F (P,) C P,. Infact, for each t € [0, T], we have from (H3)

DG ()] = 1 (b (t), v (8) Do ()] < ax (6) + by (8) Ju(6)] + 1 (1) o (1)
dy (1) "D (1),
Do (t)] = g (tut),v ) Dhv®)| < as )+ ba (@) [u(t)] + 2 () o ()
+dy (t) PD{fw(t)‘
Then . e .
"Djen (1)) < T2 + g = Myt Nar
and . " i
pDélv(t)‘ < 1 iQd; + 12:L§§2T = My + Nor.
Thus
A0 @] < [ Galtn)lf (su(s).v0(s), Do ()] ds
<

t
/ Go (t,s) |"Divu(s) | ds
0 v

. (M +N
par(a+1)( 1+ M),

(3.16)
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and
|Fy (u,v) (1) < /Gﬁ (t,s) ‘g s,u( Do+v ))‘ds
< / Gp (t,s)‘ DO+U ‘ds
0
T8 My + N. 3.17

_—— + . .

,OBF(B-l—l)( 2 QT) ( )
In consequence, we have

| F (u,0)[| <.

Then F (P,) C P,.
Step 3. F (P,) is relatively compact. Let t1,t2 € [0,7T], t; < tp and (u,v) € P,.
Then

|Fy (u,0) (t2) — Fy (u,0) ()] = /OzGa (t2,8) f (s,u(s),v (s),” Dgru(s)) ds

_/Olga(tl,s)f(s,u(s) v (s),f Dgvu(s)) ds

< / (G (t2,5) — Ga (11, 5)]
x f(s,u(s),v(s), " Dgru(s))|ds
+ t Go (ta,8) |f (s,u(s),v(s), " Dyru(s))|ds
< (My+ Nyr) UO (G (ta 5) — G (11, )] ds
+ /tQ G (t2, s) ds] . (3.18)
We have
G (t2,8) — Gu (t1,5) = £<— [ )t g sp)a—l]
—1 d P _gP P gP)
= ap T (a) ds [(t5 )" = (] )T,
then
G ) = G 11,90 s < —rs 65— )" 4 857 =47

we have also

to pl—a to 1 1 —]_ t
G (ta,8)ds = / s (th — M) ds = ————[(th — ")
| Guttasras = fs (15— ) (45 - )

t1 Oépo‘r (Oé)
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1

—_— (th — )™
pO‘F(oz—i-l)(2 )

Then (3.18) gives

By (u,0) () — Fi (u,0) (1)) <~ M7

< D) ) )

As ty — to, the right-hand side of the above inequality tends to zero.
In the same way, we can obtain
MQ + N- 2T
s (0,0) (t2) = Fy (w,0) (0)] < S22 (2068 =)+ (17— 47) |
As ty — to, the right-hand side of the above inequality tends to zero.

Therefore, the operator F (u,v) is equicontinuous, and by means of the Arzela—
Ascoli theorem 2.9, we deduce that /' : P. — P, is continuous, relatively compact
and satisfies the assumption of Schauder’s fixed point theorem 2.13. Then F' has a fixed
point which is a solution of the problem (1.1)—(1.2) on [0, T'|. The proof is complete. [

Our next existence result is based on the nonlinear alternative of Leray—Schauder
type.

Theorem 3.6. Assume (H1)—(H3) holds. Then the problem (1.1)—(1.2) has at least one
solution on [0, T).

Proof. We shall show that the operator F' defined in (3.8) satisfies the assumption of
Leray—Schauder fixed point theorem 2.14. The proof will be given in several steps.

Step 1. Clearly F' is continuous.

Step 2. F' maps bounded sets into bounded sets in E. Indeed, it is enough to show
that for any w > 0, there exist a positive constant ¢ such that for each (u,v) € B, =
{(u,v) € E: |[(u,v)]| < w}, we have || F (u,v)|| < ¢.

For (u,v) € B, we have, for each ¢t € [0, 7]

|mwmwslaxwwww@w@wmw@mm

ug(UJg(w|gLAtGB@wg‘g(&u(@,v(@7ppgv<@>‘d&

By (H3), similarly of (3.16) and (3.17), for each t € [0, T, we have

oo

[Fy (u,0) ()] < m(MHrNM), (3.19)
B

By (u,0) (8)] < —— (M + Now). (3.20)

- T (B4 1)
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Thus (3.19) and (3.20), implies that

Tra \ N TrB
AT arn) M TN G

Step 3. Clearly, /" maps bounded sets into equicontinuous sets of £/. We conclude
that /' : I/ — FE is continuous and completely continuous.

Step 4. A priori bounds. We now show there exists an open set U C FE with
(u,v) # pF (u,v) for € (0,1) and (u,v) € OU.

Let (u,v) € E and (u,v) = puF (u,v) forsome 0 < p < 1. Thus foreach t € [0, 7],
we have

£ (u, )] < (My + Now) = L.

u(t) < /G (t, )11 (5,1 (), v (5), Do (5))] ds,
v(t) < /G’g (t,5) ‘g(s u(s),v(s), pDO+v ))‘ds.

By (H3), for all solutions (u,v) € E of the problem (1.1)—(1.2), we have

) = || Gat:s) (5. 0(5) £ D)) s
< / G (L, ) I"DGsu (s)] ds,
w0l = | [ Gat9)]o (500 2P0 (s)) s

< /tGg (t,s) ng+v(3) ds.
Then for each ¢ € [0, T, we have
D] = If (), () Dieu ()] < ar () + b () [u (1) + 2 (B0 (1)
+dy ()P Dgu (1)),
Do @] = o (bu®), 0@ DL ®)| < at)+ b @@ + e @) 0)
+da (1) Dl v (1)

Then

DRt < T+ o O]+ T ()

< M1+K1|U(75)|+H1|U()|a

and

Do) < TR gl g )
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Hence
MlTpa t
|u (t)] m+/o Go (t,5) (K1 |u(s)] + Hi v (s)]) ds,
M2Tp6 t
v (t)] PTG+ / G (t,5) (K2 |u(s)| + Hz[v (s)]) ds.

Choosing K, Ky, H;, H, < 1, we find that

M, TP n M,T*P
pel(a+1) - pT(B+1)
X (lu(s)] +[v (s)]) ds.

After the Gronwall lemma, Lemma 2.11, we have

[u (O + o @) <

—i—/o (Go (t,s)+Gs(t,9))

\u(t)!+!v(t)!<{ MT™ M, T } ( MI™ | MyT?? >
ST a+ D) T T B TP\ T a1 pPT(B+ D)

Thus

I >u<[ M | M } ( M MT )
u,v)|| < =
pT(a+l)  pPT@E+D] P\peTlar1)  pPr(B+1)

Let
U={(u,v) € E:|(u,v)] <L+1}.

By choosing of U, there is no (u,v) € OU, such that (u,v) = pF (u,v), for p € (0, 1).
As a consequence of Leray—Schauder’s theorem, Theorem 2.14, F" has a fixed point u
in U which is a solution to (1.1)—(1.2). The proof is finished. L]

4 Illustrative Examples

In this section, we present some examples to illustrate the usefulness of our main results.

Example 4.1. Consider the following coupled system of Katugampola type fractional
differential equations

) 1D0+u( N arctan(t) ’
Lt L ul®)] + 2 [o(0)] + 1% [1Dg, ut )H
D3, u(t) = ot L D), e A
o+ 10+ [u(t)] 50+ |u(t)] 100+ 70"
u(0) =0, v(0) =0,

\
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Let
tan(t
f(tuv 1D0+u) _ 1 1eurc an(t) ’
[1+g|u<t>|+@|v<>|+mlbmu()]
1 1 Ip3 v (t)
tu,v, D) = 02\
g( U For? 0+ e@®)] 50+ w@)] 100+ 2

Clearly f,g: [0,1] x R* — R are continuous functions and we have

m -
‘f(tulemu)—f(tuv D0+u>’ < 10\ |—|—m|v—v|
+% 1D0+U — 117&11‘,
D t,u,v ID;’ < 1 1
g t,u,v 0+U —9g , U, U, 0+U = 10|U—U|+%|U—U|
1
+m 1D3+v — 1D0+'U‘
Thus the hypothesis (H2) is satisfied with \; = A VA P =
yp L= 90 ™ T 1007 3—200,,“1—
1 1 1 d
— = — = — an
10072 750" 7 100
TP (A + A Tr8
(A1 + Ao) Un i) sg18 < 1.

(1=As)pT (a+1) (1 —p3)p’T'(B+1)

Therefore, (3.9) is satisfied. Hence, all conditions of theorem 3.4 hold. thus the coupled
system (4.1) has a unique solution on [0, 1].

Example 4.2. Consider the following coupled system of Katugampola type fractional
differential equations

( 1D§+u(t) _ 14 ul(é)—i_—:g (1) N arctzn( ) ( D0+u( )) |

D (t )D telo,1].
8 + t2 ’

1D0+v( ) = L+ <€/|U(tl|t2+ i’/!v (0])3 . mln (

u(0) = 0, v(0) = 0,

\

“4.2)
Let

f (t,uﬂh 1D§+u) _ 1 +\1/Ll(é)7—:—t;1 (t) N arctz;n (t) ( D0+u( )) 7
1 Lt (Y@ + o))« (]'DF o)
g(“”’ DO*”) - ( 2 ) + <8+t2 D
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Clearly f,g : [0,1] x R* — R are continuous functions and we have

1 1
t,u,v, lD u)’ = +
’f< o V16 + 12 \/16+t2| Ol F \/16+t2| v
arctan
T() 1D0+“
’ (tuv D> v)’ = 1e*t2+167t2\u(t)]—l—leﬂg v ()] + ‘11) v()‘
g ") T 4 1 1 8+t2 0*
Thus the hypothesis (H3) is satisfied with
() = by (1) t) 1 dy (1) arctan (t)
a - = C = — =
1 1 1 1 e - 5 )
) =by(t) = co(t) = e "' / T
az (t) = b2 (t) = c2 () = e ’1 2 () 8+t2’
afzb’{:c{:azzbgzc;:Z, d—d*——<1,
2 4
1 2= g 1 2= g
and the condition (3.13),
Tre TPIB

Ny + Ny 2 0.8753 < 1.

pT(a+1) 7 pT(B+1)
It follows from Theorem 3.5 and Theorem 3.6, that the problem (4.2) has at least one
solution on [0, 1].

5 Conclusion

In this paper, the existence and uniqueness of solution for a new coupled system of
nonlinear fractional differential equations involving Katugampola fractional derivative
in bounded domain have been discussed. For our discussion, we have used the Banach
contraction principle, Schauder, nonlinear alternative Leray—Schauder fixed point theo-
rems. From the above discussion, it is expected that this may provide a new direction to
the study of coupled systems of nonlinear fractional differential equations.
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