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Abstract

The present article deals with a particular class of standard two-point Riemann—
Liouville type nabla fractional boundary value problems associated with Dirichlet
boundary conditions. First, we construct the corresponding Green’s function using
the nabla Laplace transform and obtain its key properties. Next, by applying a suit-
able fixed point theorem, we establish sufficient conditions on the existence of so-
lutions. Finally, we deduce the uniqueness of solutions by assuming the Lipschitz
condition. We close with two examples to illustrate the applicability of established
results.

AMS Subject Classifications: 34A08, 39A10, 39A12, 34B15.
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1 Introduction

In 2009, Atici & Eloe [7] initiated the study of two-point boundary value problems for
delta fractional difference equations. They obtained sufficient conditions on the exis-
tence of positive solutions for the following two-point boundary value problem using
Guo—Krasnoselskii fixed point theorem.

—(A*u)(t) = F(t+v—1ult+v-1)), teN*t, (L.D)
ulv—2)=0, u(lv+b+1)=0. '
Here 1 < v < 21is areal number, b > 2 an integer and F' : [v,v + b]y,_, X R = Riis

continuous.
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Following their work, Goodrich [13] introduced several existence theorems for (1.1)
using cone theoretic techniques. In 2014, Chen et al. [10] improved and generalized the
results in [7, 13].

On the other hand, in 2014, Brackins [9] derived Green’s function for a nonhomoge-
neous nabla fractional boundary value problem with homogeneous boundary conditions
and obtained a few of its properties.

Theorem 1.1 (See [9]). Leta, b € Rwithb—a € N, 1 <a < 2andh : NZ+1 — R.
The nabla fractional boundary value problem

o o — b
(Vou)(t) = h(t), te Nz, (12)
u(a) = u(b) =0,
has the unique solution
b
u(t)= Y G(t,s)h(s), teN, (1.3)
s=a+1
where
_ a1 -
R ESTEPPLS -~
! —a)e-
Gt s) = (b-a)™ (1.4)

B (O = b
T(a) | (b—a)* L (t—a) t—s+1)1, teN,

Remark 1.2. (1.2) is the problem of solving a system of (b—a+2) equations in (b—a+1)
unknowns. So, (1.2) is an over-determined boundary value problem. For example, take
b=a+ 3sothat b —a = 3 € Ny. Then, (1.2) reduces to the problem of solving a
system of 5 equations in 4 unknowns as follows:

1 0 0 0 0
0o -1 0 0 u(a) hlat 1
0 a -1 0 |jularl)y hEZH . (15)
o 2l=a) | | Het2) h(a+ 3)
2 @ u(a + 3) 0
0 0 0 1

Recently, Gholami et al. [11] have also derived Green’s function for a nonhomoge-
neous nabla fractional boundary value problem with homogeneous boundary conditions
and obtained a few of its properties.

Theorem 1.3 (See [11]). Leta € Np, b e N3, 1 <a < 2andh : Ngié — R. The nabla
fractional boundary value problem

{—(vgu) (t) = h(t), teN'TL,

u(a+1) =u(b+1) =0, (1.6)
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has the unique solution

b+1
u(t)= > G(t,s)h(s), teNii, (1.7)

s=a+2

where Green'’s function G(t, s) is obtained by replacing a by a + 1 and b by b + 1 in
(1.4).

Remark 1.4. (1.6) is also the problem of solving a system of (b — a + 2) equations in
(b — a + 1) unknowns. So, (1.6) is also an over-determined boundary value problem.
For example, take ¢ = 0 and b = 3 so that (1.6) reduces to the problem of solving a
system of 5 equations in 4 unknowns as follows:

1 0 0 0 .
a ~1 00| fu)
% a 1 0 “g; _ Zg; K )
a(l—a)2—a) a(l—a) " h(4
; 5 a -1 u(4) % )
0 0 0 1

Remark 1.5. Brackins [9] and Gholami et al. [11] chose two different approaches to
solve the respective boundary value problems. From (1.5) and (1.8), we observe that
both the boundary value problems (1.2) and (1.6) are same, and of course, the corre-
sponding Green’s functions as well as the solutions are same.

Theorem 1.6 (See [9]). The Green’s function G(t, s) defined in (1.4) satisfies the fol-
lowing properties:

1. G(a,s) = G(b,s) =0forall s € N’_,.
2. G(t,a+1)=0forallt € N,
3. G(t,s) > 0forall (t,s) € No 7T x N2 _,.

4. max G(t,s) = G(s—1,s) forall s € N’ .

b—1
teNi

b
5. Z G(t,s) <\ (t,s) € NL x N2, |, where

s=a+1

)\—<b_a_1><(04—1)(b—a)-|—1)a—1.

al'(a+ 1) a
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Based on the Remarks 1.2 and 1.4, we introduce a standard nonhomogeneous nabla
fractional boundary value problem with homogeneous boundary conditions as follows:

—(Vou) () = h(t), teN,,,
{u(a) — u(b) =0, (19)

where a,b € Rwithb —a € Ng, 1 < < 2and h: N), — R.

Remark 1.7. (1.9) is the problem of solving a system of (b—a+1) equations in (b—a+1)
unknowns. So, (1.9) is a standard boundary value problem. For example, take b = a + 3
so that b — a = 3 € Ny. Then, (1.9) reduces to the problem of solving a system of 4
equations in 4 unknowns as follows:

1
a(l —a) Lo u(a) 0
@ - ula+1)| | h(a+2)
a(l —oz%(Q—oz) a(l — a) 0 1 wa+2) | = [ na+3) (1.10)
6 2 u(a + 3) 0
0 0 0 1

Since the determinant of the coefficient matrix is nonzero, the system (1.10) has a unique
solution and so is true for (1.9).

Motivated by the Remark 1.7, in this article, we establish sufficient conditions on
existence and uniqueness of solutions of the following standard two-point boundary
value problem for a nonlinear nabla fractional difference equation:

{—(V;a)u) (t) = f(t,u(t)), teNt,,

u(a) = A, u(b) = B, (L1

wherea,bERwithb—aeNg;A,BeR;l<a<2andf:NZ+2XR—>R.

2 Preliminaries

Throughout, we shall use the following notations, definitions and known results of nabla
fractional calculus [12]. Denote the set of all real numbers by R. Define

N, :={a,a+1,a+2,..}and N’ := {a,a +1,a+2,...,b}

for any a, b € R such that b — a € N;. Assume that empty sums and products are taken
to be 0 and 1, respectively.

Definition 2.1 (See [8]). The backward jump operator p : N, — N, is defined by

p(t) = max{a, (t — 1)}, teN,.
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Definition 2.2 (See [15,17]). The Euler gamma function is defined by

['(2) ::/ t=le7tdt, R(z) > 0.

0

Using the reduction formula
I'(z+1)=2I'(2), R(z) >0,

the Euler gamma function can be extended to the half-plane $(z) < 0 except for z #
0,—-1,-2,...

Definition 2.3 (See [12]). Fort € R\ {...,—2,—1,0} and r € R such that (t + r) €
R\ {...,—2,—1,0}, the generalized rising function is defined by

R Uik N Y
I'(t)

Definition 2.4 (See [8]). Letu : N, — R and N € Nj. The first order backward (nabla)
difference of w is defined by

(Vu)(t) == wu(t) —u(t — 1), t€ Ny,
and the N'"-order nabla difference of u is defined recursively by
(VYu)(t) = (V(V¥'0) ) (@), ¢ € Noyw.

Definition 2.5 (See [12]). Letw : N,;; — Rand N € Ny. The N *_order nabla sum of
u based at a is given by

(V")) = ey 2 (0= ()™ Tuls). 1€ N,

s=a+1
We define (V,%u)(t) = u(t) forall ¢t € N, ;.

Definition 2.6 (See [12]). Let v : N,;; — Rand v > 0. The v"-order nabla sum of u
based at a is given by

(Vau) (1) = Fg 3 (¢ = pls)uls). 1€ N,

Definition 2.7 (See [12]). Let v : N,y; — R, v > 0 and choose N € N; such that
N — 1 < v < N. The Riemann-Liouville type »"-order nabla difference of v is given
by

(VZu) (1) = (vN(v;W—”)u))(t), t € Noyn.
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Theorem 2.8 (See [4]). Assume u : N, 1 — R, v > 0, v € Ny, and choose N € N;
suchthat N — 1 < v < N. Then,

t

(Von) (1) = gy D (= o)™ uls), 1 € Nowa

Theorem 2.9 (See [14]). We observe the following properties of gamma and generalized
rising functions.

1. T'(t) > 0 forallt > 0.
2. 1%(t + ) = to+P,

3. Ift <r, thent™ < r°.

4. Ifa<t<r thenr = <t “.

Theorem 2.10 (See [2]). Let v € R and pu € R such that pi, . + v and . — v are
nonnegative integers. Then,

_ - I'(p+1) —
Vi (it—a)f'=—"—"_(t—a)"™, teN,,
« (t—a) F(,LL+V+1)( )
_ T 1
VY(t—a)t = (t1) t—a)*™, teN,

D(p—v+1)

Definition 2.11 (See [12]). Assume v : N,;; — R. Then, the nabla Laplace transform
of u is defined by

Laful®)] =3 (1 - ) ufa + k),

k=1

oo

for those values of s such that this infinite series converges.

Definition 2.12 (See [12]). For u, v : N,y; — R, we define the nabla convolution
product of v and v by

t

(u*v)(t) := Z u(t — p(s) +a)v(s), t€ Nyp.

s=a+1

Theorem 2.13 (See [12]). We observe the following properties of the nabla Laplace
transform.

1. For v not an integer, we have that
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2. Assume u, v : Ny 1 — R and their nabla Laplace transforms converge for |s —
1| < r for some r > 0. Then,

Lo[(uxv)(t)] = Lo[u@®)] Lafo®)], |s—1] <
3. Assume v > 0 and the nabla Laplace transform of u : N, 1 — R converges for

|s — 1| < r for some r > 0. Then,

L [(V"u) )] = s"La[u®)], |s—1] <min{l,r}.

a
4. Givenu : N, 1 — Randn € Ny, we have that

funlit0] = (155) 2] - 2 25

5. Letu: Ny = Rand 1 < v < 2 be given. Then, we have
Lo[(Viu) ()] = s"La]u(t)].

Theorem 2.14 (See [12]). Assume v > 0 and choose N € Ny such that N—1 < v < N.
Then, a general solution of

(VZ(a)u) (t) =0, te Na+N7

is given by

ut) =Cit—a+ 1)+ Cyt—a+1)" 2+ ... +Cn(t—a+1)"N, teN,
where C1,C5,....Cy € R.

3 Construction of Green’s Function
Let 1 < o < 2. First, we consider an a'™-order nabla fractional initial value problem
and give a formula for its solution using Theorem 2.13.

Lemma 3.1. Assume Ay, A1 € Rand g : N,,o — R. Then, the unique solution of the
fractional initial value problem

{(vaa)u)(t) = g(t). t€Nups, .
u(a) = Ao, ula+1) = Ay,

is given by

uft) = [ éi‘a_) 1>A°} (t—a+1)* T+ [%] (t—a+1)"2 4 (Vafio) (2),
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Proof. Applying the nabla Laplace transform £, on both sides of (3.1), we have that

Lo [(Viu) ()] = Lasr[g(t)]. (3.3)

Now, we use Theorem 2.13 to rewrite the left and right hand parts of (3.3) in terms of
L) [u(t)] and L, [g(t)], respectively. Consider

Lo [(Viwu) (0)] = ﬁﬁpw) [(Viww)®)] = ﬁ[(vﬁ(a)“) (0] =
- u—is)[( g(a)u) (t)]t:aﬂ
s¢ « 1
= ol ] + [(1 s 8)2]A0
_ (1{13)' (3.4
Also, consider
Lan[g(t)] = (1—;3)25’)(“) [9(t)] — (1g£ai)2 - g((lajsl)>. (3.5)

Using (3.4) and (3.5) in (3.3) and then multiplying by (1 — s)? on both sides, we get that

sLoay [u(®)] = [1 = a(l — )] Ag + (1 — 8) Ay + L@ [g(1)]
—g(a) — (1 —s)g(a+1). (3.6)

Multiplying by s~ on both sides of (3.6), it follows that

Lo [u(t)] = [O o)y |40+ | - - |4+ 57 L0 [90)]

s« S_a B 80171

—M—[i— 1 ]g(a+1). (3.7)

e Sa—l

Applying the inverse nabla Laplace transform [,;(2) on both sides of (3.7) and then using
Theorem 2.13, we have that

(1—04)(t—a+1)ﬁ O((t_a_i_l)m
u(t) = [ T(a) + Mo 1) }Ao
(t—a—i—l)o‘j (t—a—i—l)ﬁ B
[ L) Tla—1) ]Al + (Vo9 (®)
(t—a+1)! (t—a+1)*T (t—a+1)°72

T (o) g(a)_[ T(@)  T(a—1) }g(a“)

- [P e T [ e e
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+ (Vo9 (©)
(t—a+1)"t

- Tg(a) - ﬁg(a +1)
[ e 07 [ e
+ (V.49)@).
Thus, we have (3.2). L]

Next, we use Lemma 3.1 to deduce the unique solution of the nabla fractional bound-
ary value problem (1.9).

Theorem 3.2. The nabla fractional boundary value problem (1.9) has the unique solu-

tion
b

u(t)= Y G(t,s)h(s), teN, (3.8)

s=a-+2

where Green’s function G(t, s) is as in (1.4).

Proof. Comparing (1.9) and (3.1), we have that Ag = 0 and ¢ = —h. Then, from (3.2),
it follows that

_ (t—a+1)>t (t—a+1)? e
u(t) = Ay [ - Fm_1>]-¢vﬁmxw
_ et Zt 1T
=TT T &) G2

Using u(b) = 0 in (3.9), we obtain the value of A; as

b
A=t > (b—s+1)""h(s). (3.10)

(b - CL)a_l s=a-+2

Substituting the value of A; from (3.10) in (3.9), we get that

- 1oy 2, [ - s
1 = [(b—s+1)°T —
+f@5§:[L@t%?}—a—@a}m@
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b

= > G(t,s)h(s).

s=a+2
Thus, we have (3.8). ]

Now, we wish to obtain an expression for the unique solution of the following two-
point nabla fractional boundary value problem associated with nonhomogeneous bound-
ary conditions:

—(VSau)(t) = h(t), teN,,
{u(a) = A, u(b) = B. (3.11)

For this purpose, we need the following Lemma.

Lemma 3.3. The solution of the nabla fractional boundary value problem

—(Viww) () =0, t €Ngyo,
{w(a) = A, w(b) =B, (3.12)
is _ 1
(b=t —a+ 1) (t —a)* X
w<t)_A<b—a> Tla—n ' Pooaer (€N (3.13)

Proof. Using Theorem 2.14, the general solution of the equation — (Vg(a)w) (t) =0is
given by o o

wt) =0t —a+1)*"+Colt —a+1)*2 teN, (3.14)
where C and Cs are arbitrary constants. Using w(a) = A and w(b) = B in (3.14), we
have that

A
INa—1)
Ci(b—a+1)"1+Cy(b—a+1)"2%=B.

(a— 1)01 +CQ =

Solving the above system of equations for C'; and (5, we get that

1

A
= (b—a)O‘—l[B_F(a—l)(

b—a—i—l)m},

and
A (—1) A
CQ_F(oz—l) a (b—a)al[ CT(a—1)

Substituting the values of C'; and (5 in (3.14), it follows that

(b—a+1)ﬁ]

_mar V)T, A e
w(t) = oo B ¢ +1) }
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At —a+1)*2 (a—1)(t—a+1)2 A —3
Ma=1)  ~ G-arr [B_r(a—m(b_“H) ]
_ A . oz (- a)* ! (t—a)* 1
Tla—1) [(t—a+) b—a) |+ b o
b=t (t—at+1) (t—a)t
_A<b—a> (o —1) +B(b—a)ﬁ'
Thus, we have (3.13). L]

Theorem 3.4. Let h : NZ 1o — R. The nabla fractional boundary value problem (3.11)
has the unique solution

b
u(t) =w(t)+ > G(t,s)h(s), teN, (3.15)
s=a+2

where Green’s function G(t, s) is as in (1.4) and w is given by (3.13).

In order to derive sufficient conditions on the existence of solutions for (1.11), we
use the following Lemma.

Lemma 3.5. |w(t)| < 2max{|A|, |B|} for eacht € N°.
Proof. From Theorem 2.9, it follows that
I't—a+a-1)

t—a+1)"2=

(t=a+1) I'(t—a+1) >0,

t— alz >

(t-a) i—a) ="
and o(h .

(h—apr=L0—atazD

['(b—a)

fort € N°. Since (& —2) <1< (t—a+1)and (t —a) < (b— a), using Theorem 2.9,
we have

(t—a+1)2<1°%and (t —a)* ' < (b—a)* ),

implying that
|A] b—t P (t—a)!
WO < g (=)~ o+ DT 1Bl s
Al 5=
< M a2 yB
STa-pb TP
= [A] + | B

< 2max{|A[,[Bl}.

Hence the proof is complete. ]
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4 Existence of Positive Solutions

In this section, we establish sufficient conditions on the existence of at least one and two
positive solutions for the following standard nonlinear nabla fractional boundary value
problem using Guo—Krasnoselskii fixed point theorem for cones:

—(Vﬁ‘(a)u) (t) = f(t,u(t)), S NZ+2’ “4.1)
u(a) =0, u(b) =0, |

where a, b € Rwithb —a € Ny, 1 <04<2andf:NZJr2 x R — R is continuous.

Theorem 4.1 (See [3]). [Guo—Krasnoselskii fixed point theorem] Let B be a Banach
space and IKC C B be a cone. Assume that ()y and )y are open sets contained in B such
that 0 € Q0 and Q; C Q. Further, assume that A : KN (Qa\ Q1) — K is a completely
continuous operator. If, either

L. ||Au|| < ||lu|| for uw € K N 0Qy and || Aul| > ||u|| for u € K N 0Qy; or
2. || Aul| > ||u|| for u € KK N 0Qy and ||Aul| < ||ul| for u € K N 0Qy;
holds, then A has at least one fixed point in I N (2 \ Q).

In addition to Theorem 1.6, we shall also need the following property of Green’s
function.

Theorem 4.2. There exists a number v € (0, 1) such that

min G(t,s) >~ max G(t,s) =vG(s —1,5), se N,

teNb ] teNtT ]

Proof. Brackins [9] showed that for fixed s € N”_ ,, G(t, s) increases from G(a, s) = 0
to a positive value at t = s — 1 and then decreases to G (b, s) = 0. Now, for s € N’_
consider

(t — a)ﬁ

S— te Np(S),
G(t,s) _ ) (s—a—1)1 - o atl
Ge-L19) | (-0 (st )T-a™
(s—a—1)91 (b—s+1)*I(s—a—1)>1 s
Fort € N°*) and s € N’ ,, we have
gyt =3 r
Glts) _ (o ) .

G(s—1,5) (s—a—1)21" (b—a—1)1 (b—a—1)>T1
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Fort € N°"'and s € NZ;IQ, we know that G(t, s) is a decreasing function of ¢. Then,
we have
G(t,s)
G(s—1,s)

)

)

)

)7 - -
b—a— 1)t b— )t b—a)* !

i_l[l_(( ) )}

)

)

(
(
(
( _
=Ei:z:1a1{1 (o) (e ]
(b
(s
(

—a)*2\b—s+a—1
—a)* 2 ( a—1 >
a—2 b—a+a—
- (b —a) (4.3)
S (b—a+ta—-3)T(a—-1) '
It follows from (4.2) and (4.3) that
min G(t,s) > vG(s —1,s), seN,,
teNg 1
where o
, { I(a) (b—a)*? }
~v = min —, )
b—a—-1)>1T (b—a+a-3)I'(a-1)
Clearly, 0 < v < 1. [

We observe that, by Theorem 3.2, u is a solution of (4.1) if and only if « is a solution
of the summation equation

b

u(ty= > G(t,s)f(s,u(s)), teN. (4.4)
s=a+2
Define the operator
b
(Au)(t) == Y G(t,s)f(s,u(s)), teN, (4.5)
s=a+2

It is evident from (4.4) and (4.5) that u is a fixed point of A if and only if u is a solution
of (4.1). Denote by

B={u:N - R|u(a)=u() =0} C R
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Clearly, B is a Banach space equipped with the maximum norm

= t
Jull = mae (o).

and also, A : B — B. Define the cone

K= {u € B:u(t) >0forallt € N’ and min u(t) > 7||u||}
teNv ]

a+1

We shall obtain sufficient conditions for the existence of a fixed point of A. First, note
that A is a summation operator on a discrete finite set. Hence, A is trivially completely
continuous. We state the following hypotheses which will be used later. Take

0= 1 _ T(a) p—a™ "
ZZZa—i—Q G(s—1,5) TI'(2a) (b—a)!

Let ty € N°2 ] such that

min G(t,s) = G(ty, s), forall s € N°_,.

teNo 11

Then, it follows from Theorem 4.2 that

G(to,s) > vG(s — 1,s), seN’ . (4.6)
(H1) f(t,€) 2 0. (t,€) € N, x [0, 00);
(H2) There exists a number 7, > 0 such that f(¢,u) < nry, whenever 0 < u < ry;

(H3) There exists a number 75 > 0 such that f (¢, u) > @, whenever yry < u < 19;
Y

(H4) Assume that

) flta)
lim min =00, lim min = 00.
u—0t teNd U u—00 teNb U
(H5) Assume that
ta u . . t, u
lim min f(t,v) =0, lim min f(t,v) = 0.
u—0t teNd () u—00 teNb ()

Lemma 4.3. Assume (HI) holds. Then, A : K — K.
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Proof. Letu € K. Clearly, (Au) (t) >0fort e NZ. Now, consider
b

min (Au)(f) = min G(t,s)f(s,u(s))

b—1 b—1
teNt ) teNa+1 )

>72 (s —1,8)f(s,u(s))

s=a+2

= v max G(t,s)f(s,u(s))

b—1
teNg 1y = at2

implying that Au € K. O

Theorem 4.4. Assume f satisfies (HI), (H2) and (H3). Then, (4.1) has at least one
positive solution.

Proof. We know that A : K — K is completely continuous. Define the set
O i={uek:||u| <rm}.

Clearly, ©; C B is an open set with 0 € €. Since ||u|| = r; for u € 9, (H2) holds
for all v € 0€2;. So, it follows that

|| Aul| = max Z u(s)) < Y Gls—1,9)f(s,u(s))

N s=a+2 s=a+2

implying that || Au|| < ||u|| whenever u € K N 9€2;. On the other hand, define the set
Qyi={ue K ||lul| <r}.

Clearly, Q, C Bis an open set and ; C Q. Since ||u|| = 7, for u € 9y, (H3) holds
for all u € 0€2,. Using (4.6), we have

b

a2 [Autto)l = 3 Gltoss)(su(s) 2 7 32 Glo = L) lssu(s)

s=a+2 s=a+2
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b
> nry Z G(s—1,s)

s=a+2
=12 = [Jul],

implying that || Au|| > [[ul| whenever u € K N 0. Hence, by Theorem 4.1, A has at
least one fixed point in K N (22 \ 1), say uo, satisfying r; < [[ug|| < ra. O

Theorem 4.5. Assume f satisfies (HI), (H2) and (H4). Then, (4.1) has at least two
positive solutions.

Proof. Fix t, € NZ;ll and choose M > 0 such that

b
My Y G(ti,s) > 1. 4.7)

s=a+2

By (H4), there exists an > 0 such that » < p and f(¢,u) > Mu forall 0 < u < r and
t € N°. Define the set
Q. ={uek:|u <r}

Using (4.7), we have

b

[ Aul| > [Au(t)] = Y Gltr,)f(s,uls)) = M Y Gty s)|u(s)|

s=a+2 s=a+2

b
> Myllull Y G(ti.s) > |lull,

s=a+2

implying that || Au|| > ||u|| whenever u € IC N 0f,.. Next, for the same M > 0, we can
find a number R; > 0 such that f(¢,u) > Muforallu > Ry and t € NZ. Choose R so

that R
R > max {p, —1}
g

Define the set
Qp:={uek:|ul| <R}

Clearly, ||Aul| > ||u|| whenever u € K N 0€g. Finally, define the set
Q,:={uek:|ul| <p}

It follows that ||Au|| < ||u| whenever u € IC N 0€Y,,.

Hence, we conclude that A has at least two fixed points say u; € 2, \ (olr and
us € Qg '\ Solp, where ) denotes the interior of the set 2. In particular, (4.1) has at least
two positive solution, say u; and us, satisfying 0 < [Ju1|| < p < [|us]|. O
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Theorem 4.6. Assume f satisfies (HI), (H3) and (H5). Then, (4.1) has at least two
positive solutions.

Proof. By (HS), for any € > 0, there is an M > 0 such that f(t,u) < M 4cuforu € K
and t € N°. Then,

[(Au) ()] = Y G(t.9)f(s,u(s)) < > G(s—1,8)[M + cu(s)].

s=a+2 s=a+2

Since € > 0 is arbitrary,

| (Au)(t)] < M Z G(s—1,5) = %’

s=a-+2 n
implying that
M
[ Aul| < —.
Ui
Pick R > p sufficiently large so that
M
— < R.
Ui

Define the set
Qp :={ue K |u|| <R}

Then, ||Au|| < R = ||u|| whenever u € I N 0€Qg. Again, by (H5), there exists an r > 0
suchthatr < pand f(t,u) <nufor0 <u <r,u € Kandt € NZ. Define the set
Q. ={uelk:||u|<r}

Then, it follows that

b

Al = max 3 Glt,s)f(su(s) £ D7 Gls = 1) (s, u(s)

¢ s=a+2 s=a+2

<n Y G(s—1,9)u(s)|

s=a+2
< ],

implying that || Au|| < ||u|| whenever u € K N 0S2,.. Define the set
Q, :={uek:|u| <p}

Clearly, ||Au|| > ||u|| whenever u € I N OS2,

Hence, we conclude that A has at least two fixed points say u; € 2, \ (olr and
us € Qg '\ Solp, where ) denotes the interior of the set 2. In particular, (4.1) has at least
two positive solution, say u; and us, satisfying 0 < [Ju1|| < p < [|us]|. O
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5 Existence of Solutions

In this section, we present several existence results using various fixed point theorems.
By Theorem 3.4, we observe that w is a solution of (1.11) if and only if u is a solution
of the summation equation

b

u(t) =w(t)+ > G(t,s)f(s,u(s)), teN. (5.1)

s=a-+2
Define the operator

b

(Tu)(t) :== w(t) + Z G(t,s)f(s,u(s)), teN°. (5.2)

s=a+2

It is evident from (5.1) and (5.2) that u is a fixed point of 7" if and only if « is a solution
of (1.11).

Theorem 5.1 (See [3]). [Brouwer fixed point theorem] Let KC be a nonempty compact
convex subset of R" and T be a continuous mapping of K into itself. Then, T' has a fixed
point in K.

Theorem 5.2 (See [3]). [Leray-Schauder fixed point theorem] Let § be an open subset
of R" with 0 € ). Then, every completely continuous mapping T : ) — R" has at least
one of the two following properties:

1. There exists an u €  such that Tu = u.
2. There existav € 02 and p € (0,1) such that v = uT'.
Then, T has a fixed point u in ).

Theorem 5.3 (See [3]). [Krasnoselskii—Zabreiko fixed point theorem] Assume that T :
R"™ — R" is a completely continuous mapping. If L : R" — R" is a bounded linear
mapping such that 1 is not an eigenvalue of L and

Tu— L
o I =l

lul—oo  ||ul|

0,

then T has a fixed point in R".

We shall use the fact that R®™! is a Banach space equipped with the maximum
norm defined by

= t)|.
[l gggg\U( )|
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Theorem 5.4. Assume f(t,u) is continuous with respect to u for each t € N°. Assume
there exist positive constants L and M such that

max{|A[, |B[} < L, (5.3)
t =M 5.4
(t,u)eNIglf[)ESL,?:L} ()l ’ (5-4)

and

(5.5)

L
< —.
)\_M

Then, (1.11) has a solution.

Proof. Define the set
K= {u :N? — Rand |jul| < 3L}.

Clearly, C is a nonempty compact convex subset of R®~"1. Now, we claim that T :
IC — K. Tosee this, letuw € K and ¢ € NZ. Consider

b

()] = [w(®) + 3 Glt.)f(s,u(s))

s=a+2

b
<lw(®)|+ Y Gt 8)|f(s,u(s))l
s=a+2
b
< 2max{|A[,|B]} + M ) Glt,s)
s=a+2
< 2L+ M) < 3L,

implying that Tu € K and hence 7' : K — K. Since 7' is a summation operator on
a discrete finite set, 7" is trivially continuous on K. So, it follows by Theorem 5.1 that
the operator 7" has a fixed point. This means that (1.11) has a solution, say ug, with
[Juol| < 3L. O

Theorem 5.5. Assume f(t,u) is continuous with respect to u for each t € N° and is
bounded on N’ x R. Then, (1.11) has a solution.

Proof. Choose
P> sup  |f(tu)l.

(t,u)ENL xR

Pick L large enough so that

L
max{|A[,|B|} < Land \ < U
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For the M defined in Theorem 5.4, M < P, so that

A

IN

L
M b
and, by Theorem 5.4, (1.11) has a solution. O]

Theorem 5.6. Assume f(t,u) is continuous with respect to u for each t € N, As-
sume there exists a continuous function o : N? — R™ and a continuous nondecreasing
function 1 : RT — R such that

[f(tw)l < o(y(lul),  (t,u) € Ny xR. (5.6)

Moreover, assume there exists a positive constant v such that

N
2max{|Al,|B[} + Allolld(v)

Then, (1.11) has a solution.

> 1. (5.7)

Proof. Define the set
Q:={u:N, —» Rand |Ju|| <~}

Clearly, € is an open subset of R*™*™ with 0 € Qand T : Q — R*"**!. Since T is a
summation operator on a discrete finite set, 7' is trivially completely continuous on (2.
Now, suppose there exist a v € 2 and p € (0, 1) such that

v=plv. (5.8)

Using the definition of 7" and Lemma 3.5 in (5.8), we obtain

O] < fw(®)] + Y Gt s)|f(s,0(s))]

< 2max{|A[,|B[} + > G(t,s)o(s)(|v(s)])

< 2max{[AL, B} + o e(lo]) 3 Gt s)

s=a+2

< 2max{[A[, [B|} + Allo][¥(v),

implying that
[o]] < 2max{[A],[B|} + Allo]|¥(y).

Hence,

i <1.
2max{|Al, |B|} + Ao||(y) ~

This is a contradiction to (5.7). So, it follows by Theorem 5.2 that the operator 7" has a
fixed point in ). This means that (1.11) has a solution, say u, with |u|| < . O
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Theorem 5.7. Assume f(t,u) is continuous with respect to u for each t € N°. Assume
there exists a continuous function ¢ : N° — R such that

lim f(t,u)

||| —o00 u

=¢(t), teN, (5.9)

and )
19l < % (5.10)
Then, (1.11) has a solution.
Proof. Clearly, T : R"~*"! — R*~*1  Since T is a summation operator on a discrete
finite set, we have T is trivially completely continuous on R°~*"!. Consider a linear
bounded mapping L : R®7%" — R*=%*! defined by
b

(Lu)(t) := Z G(t,s)o(s)u(s), teN°. (5.11)

s=a+2

Obviously, || Lu|| < ||u||. To see this, let « € R™ and ¢t € N”. Consider

[(Lu) ()| < > Gt 5)lg(s)]|u(s)]

b
<llgllllull > G(t,5) < Algllllull < [lul,

s=a+2
implying that || Lu|| < ||u|| and hence 1 is not an eigenvalue of L. From (5.9), we know
that for every € > 0 there exists a number /N such that, for every ¢ € NZ,
|f(t,u(t)) — ¢(t)u(t)| < € whenever ||ul| > N. (5.12)

Forevery t € NZ, we have

|[(Tw) (t) = (Lu)(6)] < [w(®)|+ > Glt,s)|f(s,uls)) — ¢(s)u(s)]
s=a+2
b
< 2max{|A[,|B[} +& > G(t,s)
< 2max{|Al,|B|} + A,

implying that
I Tu — Lu|l|  2max{|Al|,|B|} + e
< .
[l N
Consequently, we obtain
. [Tu = Lu|l
lim ———— =
lull=oo |l

So, it follows by Theorem 5.3 that the operator 7" has a fixed point in R*~**!. This
means that (1.11) has a solution. ]
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6 Uniqueness of Solutions

In this section, we deduce the existence of a unique solution to (1.11) by assuming the
Lipschitz condition on f.

Theorem 6.1 (See [3]). [Contraction Mapping Theorem] Let S be a closed subset of
R". Assume T' : S — S is a contraction mapping, that is, there exists a p, 0 < p < 1,
such that

[Tu = To|| < pllu— o,

forall u, v € S. Then, T has a unique fixed point w in S.

Theorem 6.2. Assume f(t,u) satisfies the Lipschitz condition with respect to u with
Lipschitz constant K. That is,

£t u) = f(t0)] < Kllu =], (6.1)
forall (t,u), (t,v) € N’ x R. If
0<KA<1, (6.2)

then (1.11) has a unique solution.

Proof. Letu,v € R and t € N°. Consider

b

|[(Tu)(t) = (To) (1) < D G(t,9)|f(s,u(s)) — f(s,0(s)]

=a

b
< Kllu—vl| Y G(t,s)

s=a+2

< KM\ Ju — |

implying that
||Tu —To|| < KM|u— vl

Thus, T is a contraction on R*~%*! due to (6.2). So, it follows by Theorem 6.1 that
the operator 7" has a unique fixed point in R®~*"!. This means that (1.11) has a unique
solution. 0

Theorem 6.3. Assume there exist positive constants n and (3 such that

||f(t>u)_f(tvv)|| SﬁHU—UH» (63)
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forall (t,u), (t,v) € Nl x [—n,n]. Take

my = max | f(¢,0)] (6.4)
teNd
and
= t . 6.5
Mo = e Gl (02)
Assume
0<pBA< 1. (6.6)
If
> mi + 2max{|A|, |B|} ©6.7)
1— 68X
or
2max{|Al|, |B|} +maA <, (6.8)

then (1.11) has a unique solution.

Proof. Clearly, T' is a contraction on R~ due to (6.6). Define the set
A= {u 'N? — Rand |Jul| < n}.

Clearly, A C R* ™' Now, we claim that T : A — A. To see this, let u € A and
t € N°. Suppose that (6.7) holds. Consider

b

TO)®)] = [w)+ > Glt.5)f(s,0)

s=a+2

< lw(®)]+ Y G(t,s)|f(s,0)

s=a+2

b
< 2max{|A[,|B[} +m1 > G(t,s)
s=a+2

< 2max{|Al,|B|} + mi\,
implying that
|7(0)|| < 2max{|Al, B[} + miA.

Consequently, we have

[Tul = [[Tw—"T(0) + T(0)]|
< | Tw—=TO)[+ T)]
< BA||lu — 0| + 2max{|A|, |B|} + miA
< BAn + 2max{|A[, | B[} + miA <7,
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implying that 7" : A — A. On the other hand, suppose that (6.8) holds. Let u € A and
t € N2, Consider

[(Tu) ()] = [wn) + Y Glt.s)f(su(s))

<lw(t)| + Y Glt,s)|f(s,u(s))]
s=a-+2
b
< 2max{|A|, |B’} +me Z G(t7 S)
s=a-+2
< 2max{|A|, |B|} + maA <,

implying that
|Tul <n.

and hence 7" : A — A. So, it follows by Theorem 6.1 that the operator 7" has a
unique fixed point in R®~%*1, This means that (1.11) has a unique solution, say u,, with
[uz]| <. O

7 Examples

Example 7.1. Consider the boundary value problem

1.5 _ 10
_(vp(O)u)(t> - u2 +t2 + 97 te NQ )

u(0) =1, u(10) = 2.

(7.1)

1
Here oo = 15, f(t,U) = m, a = O,b: 10,A = 1, B=2and L Z 2. AlSO,
9 __
A= ———(12)%% = 15.4738
(1.5)r(2.5)( ) !
and 1
M = t = —.
(t,u)eNEI(}Sf(—?,L,?,L] £t w)] 9

L
Since A < A by Theorem 5.4, the boundary value problem (7.1) has at least one
solution, g, satisfying |ug(t)| < 3L for every t € Ni°.

Example 7.2. Consider the boundary value problem

{—(Vfl)'(%)u) (t) =t +(0.05)sinu, t €N, 72)

u(0) =1, u(10) = 2.
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Here a = 1.5, f(t,u) = t + (0.05)sinu, a = 0, b = 10, A = 1 and B = 2. Clearly,
f satisfies Lipschitz condition with respect to the second argument on NJ” x R with
Lipschitz constant ' = 0.05. Also,

9 J—
A= ————(12)% = 15.4738.
(1.5)F(2.5)( )
Since 0 < KX < 1, by Theorem 6.2, the boundary value problem (7.1) has a unique
solution on N3 x R.
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