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Abstract

We investigate local and global dynamics of certain second-order rational dif-
ference equation with six nonnegative parameters and nonnegative initial condi-
tions. Second order rational difference equations with quadratic terms in their
numerators and denominators exhibit a rich variety of dynamic behaviors which
depends on the parameters and initial conditions.
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1 Introduction and Preliminaries

In this paper, we investigate local and global dynamics of difference equation

Bz,r, 1+ Cx2 |+ F
by 1 +cx: |+ f

Tpi1 = n=01,... (1.1)

with positive parameters and nonnegative initial conditions x_1, xy. Equation (1.1) is
the special case of a general second-order quadratic fractional equation of the form

Ax? + Bryv, 1 +C22 |+ Dx, + Ex, 1+ F
ar2 + br, T, 1 +cx? | +dr, +ex, 1+ f

Tpi1 = ., n=0,1,2,... (12
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with 12 positive parameters and nonnegative initial conditions. Some special cases of
(1.2) have been considered in the series of papers [3,4, 10,11, 19], but systematic study
of rational equations containing quadratic terms has not been conducted. Some spe-
cial second order quadratic fractional difference equations have appeared in analysis of
competitive and anti-competitive systems of linear fractional difference equations in the
plane, see [7, 8, 18]. Since (1.2) contains as a special cases many equations with com-
plicated dynamics, determining the global dynamics of (1.2) is a formidable task. For
example, even the linear fractional difference equation

Dz, + Fx,_1+ F
il = , =0,1,2,... 1.3
Tnt dr, +ex, 1+ f " (1)

which dynamics was investigated in great details in [12] and in many papers which
solved some conjectures and open problems posed in [12], until today has some un-
solved cases.

In this paper, we will determine the local stability analysis of all three equilibrium
points of (1.1) and we will give the necessary and sufficient conditions for the equilib-
rium to be locally asymptotically stable, a saddle point, a repeller, or a nonhyperbolic
equilibrium. All analysis which will be done in order to determine a number of equi-
librium points and their local stability when F' > 0 will be implemented in the (f, F')
plane. The local stability analysis indicates that some possible dynamics scenarios for
(1.1) include Naimark—Sacker bifurcations, as in the case of equation

F

brpTy 1 +cx? |+ f’

Tpi1 = n=0,1,2...

considered in [16]. Another possible behavior, which is a consequence of the presence
of quadratic terms in (1.1), is appearance of very interesting phenomena, known as Allee
effect, and coexistence of three minimal period solutions as in the case of equation

2

n—1
, n=0,1,2,...
by +cx: |+ f

X

Tnt1 =

considered in [15].

The paper is organized as follows. The rest of this section contains some global
attractivity results which will be used in Section 4 to obtain global asymptotic stability
results for some special cases of (1.1). Section 2 gives local stability analysis of all
three equilibrium points when /' > 0 and Section 3 gives local stability analysis of all
equilibrium points when F' = 0. Finally, Section 4 gives some global attractivity results
in some special cases.

The global attractivity results obtained specifically for complicated cases of (1.2),
when many terms in numerator and denominator are present, are the following theorems
[20].
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Theorem 1.1. Assume that (1.2) has the unique equilibrium T. If the condition

(|A—az| +|B —bz| + |C — cz|)(U +7) + |D — dx| + |E — €T 1
(a+b+c)L>+(d+e)L+ f ’

(1.4)
holds, where L and U are lower and upper bounds of all solutions of (1.2), then T is
globally asymptotically stable.

Theorem 1.2. Assume that (1.2) has the unique equilibrium T € [m, M| where m =
min{T,x_q,x0} and M = max{T,x_1,x¢} are lower and upper bounds of specific
solution of (1.2). If the condition

(|JA—az|+|B —bz|+|C —cz|)(M +7)+|D —dz| + |E — e7| <
(a+b+c)m?+ (d+e)m+ f,
holds, then T is globally asymptotically stable on the interval [m, M]|.
In the case of (1.1), Theorems 1.1 and 1.2 give the following special results.
Corollary 1.3. If the condition

(|B —bz| + |C —cz|) (U +7)
(b+c) L2+ f

<1, (1.5)

holds, where L and U are lower and upper bounds of all solutions of (1.1), then T is
globally asymptotically stable.

Corollary 1.4. If the condition
(|1B —bz| +|C —cx]) (M +7) < (b+c)m* + f, (1.6)

holds, where m = min{Z,x_y1,z0} and M = max{Z,x_1,x0} are lower and upper
bounds of specific solution of (1.1) which depends of initial condition, then the unique
equilibrium T is globally asymptotically stable on the interval [m, M].

2 Local Stability Analysis

First we will determine the number of equilibrium points. The equilibrium point =
satisfies the following equation
(B+C)w*+ F

(b+c)z* + f

T =

i.e.,
(b+c)7 — (B+C)T*+ fz — F=0. 2.1)
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If we denote the left side of previous relation by
G(r)=(b+c)z*— (B+C)az*+ fx — F, (2.2)
it is easy to see
G(—o0) = —00,G(0) = 00, G(0) = —F (2.3)
and
G'(z)=30b+c)x* —=2(B+C)x+ f.

Let xglg denote the roots of the first derivative and D, the discriminant of first derivative.
Hence,

G’(x)zO@x&%%:%)ﬂj, Dy=(B+C)=3f(b+c).

We can see that G’ (z) > 0 for < 0, so for those z function G(z) is obviously
increasing. Furthermore, it holds

Gpax = G(:L‘gl)), Grin = G(xgl)) and :vgl) < xél).

If (B + C’)2 —3f(b+c) <0,ie., f> % = g), then G'(x) > 0 for every z,

which implies that G(x) is increasing function for every x, and considering relations
(2.3) it follows that equilibrium point is unique. If (B + C)* — 3f (b4 ¢) > 0, that is
fF<rf 8 ), then equation G’ (x) = 0 has two real and distinct solutions and the number
of equilibrium points will depend of the sign of product G (xgl))G (x(zl)), Le.,

0 (f, F) = Gai")G(3").
It is easy to see that holds:

Oy (f,F) > 0 < there exists unique equilibrium point,
Qi (f,F) = 0 < there exist two equilibrium points,
Q (f,F) < 0 < there exist three equilibrium points.

After calculation, we get
O =27(b+c)’F2+2(B+C)(2(B+C)*—=9f(b+¢)) F
~f2((B+C)*—4(b+0)f).

Hence, €2 (f, F') = 0 is an implicit function which graph in the first quadrant is repre-

sented by union of graphs of two explicit functions Fl(l) (f) and Fz(l) (f) inside the area
D; > 0, where

FU(f) = ~(B+C) (2B+CY 9] (b)) ~2(1/ (B0 3] (bte))”
! 27(b+c)?

Y (f) = ~(B+C) (2B+C 91 (b)) +2(1/ (B0 3] (bte))”
2 27(btc)?

(2.4)
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we get as a solutions of quadratic equation, if the implicit function ; (f, F') = 0 con-
sider as quadratic equation in variable /', where its discriminant is of the form

Dy = 16Dy,

One can see that Fl(l) (f) and F2(1) (f) are increasing and continuous functions and that
it holds

B+0)? 1
f) = 0e =S =),
f) = 0&f=0,
(@) _ 1 (W) _ B+C)°
B(1) = B (19) = e

1
Y

1
AV

and \
(B+C)2=3{(b+0))
27(b+c)?

F () - PO () = 2 0

et €)] represent the union of graphs of functions an as it follows
Let Q9 rep he union of graphs of functions F\") (f) and F{" (f) as it foll
B={(F):fe (o) F=r"(HVF=F (N} @9
Let ] be the area between curve ) and f- axis, i.e.,
or ={(£,F):0<f<f) Fe(mx{o, 5V (N} EV ()} @6
and Q; the complement of the union of sets 2 and ), inside the first quadrant
Q1={(f,F):f>0and F > 0},
ie, Qf =@\ (2 UQ), hence
of = {(1.F) o< f< 0> FD (n)hu
{0 10 <1< (F>E(HvE<F()}u 27
{(7. 73 (15))}-

It is easy to check that

> 0& (f,F) e,
0 (f,F) < 0< (f,F)eQ,
0< (f,F) e

=

-~
E
I
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®:c® |
27 (b2

®:C)° |
54 (b+oy?

4 (b+c) 3(b+0)

Figure 2.1: Visual representation of the number of equilibrium points in the (f, F)
plane: - unique equilibrium point, red - two equilibrium points, green - three equi-
librium points.

One can notice that Q; (f, F') = 0 implies G(xgl)) =0or G(a:él)) = 0, and therefore,
the equation (1.1) has two equilibrium points of the form

_ (B+O) =/ (B+C)*-3(b+e)f (B+C)+24/ (B+C)*=3(b+c)f

T 3(b+c) and 7y = 3(b+c) (2.8)
(fl =2V < Eg) :
or
— _ (B+C)=24/(B+0)*=3(b+o)f —  (B+O)H/ (B+C)2-3(b+o)f
T = 3(b+c) and 7 = 3(b+c) (2.9)
T < Ty = {lfgl)) ,
respectively. Specially, for f = f](\,l) equilibrium points T; = (6?1):? and Ty = 2:55)15))'

With the previous consideration, we have proved the following theorem.
Theorem 2.1. Equation (1.1) has:
(i) unique equilibrium point if (f, F) € Qf,
(ii) two equilibrium points if (f, F) € QY
(iii) three equilibrium points if (f, F) € Qf,
where Q] | Q(l) and )| are given with (2.7), (2.5) and (2.6) respectively.

See Figure 2.1.



Certain Difference Equations with Quadratic Terms 129

3 CaseF >0

In this section, we present the local stability of equilibrium points of (1.1) in the case

F > 0. Set
B Buv + Cv? + F

h(u,v) = .
(u,v) buv + cv? + f
The linearized equation associated with (1.1) about the equilibrium point T is

Zn1 = PZn + QZn—1,

where

oh (—’ —) _ fo—Fb-i-(Bc—C'b)f2

p= ou Z, T (f+(c+b)§2)2 ’

_ Oh (% =\ — (Bf—Fb+2Cf-2Fc)z+(Cb—Be)z?
1= 5 (3.7) (1 (erty)’
For = # 0, we have ¥ = %, SO
_ (B-zb)= _ T(B+2C—(b+20)7)
p= (b4c) T2+ £ - fH(b+c)z?

In order to examine the local stability, it is necessary to determine the sign of the
following expressions:

. _ =3(b+roTH2(B+O)I-f . -G'@) _  G1(@)
ptg—-1 = f+(b+c)z? T f+(+e)z? T fH(b+e)T??
_ (b+30)T2—-20T+f _  Go(®)
p—atl = TEG0E = o
_ —=TH(BR20)THf  G3(@)
¢+l = —Fma = oo
1 — (43T H(B20)T-f _ _ Ga(®)
q - FH b+ = fFlto

Since f+ (b + ¢) T is always positive, the sign of above mentioned expressions depends
only on the functions in the numerator. Set D, Dy, D3 and D, for discriminants,
and :#3, xg xf’g and m§42) for the roots of quadratic functions in the numerator, i.e.,
functions G (), G5 (x), G5 (x) and G4 (x) respectively. Since G’ (z) > 0 for every x
in the case of unique equilibrium point, that means p + ¢ — 1 < 0.

Let us determine the sign of p — ¢ + 1. The zeros of the function G5 (z) =

(b+ 3c)2® — 20z + f are

2 _ C++vVDy

— (2 _
Ti2 b3 Dy =C"— f(b+3c).

If Dy = C? — f (b+3c) <0, then Gy (x) > 0 for every x, and consequently, for every
equilibrium point. The same conclusion holds if B > C'. Indeed, at the equilibrium
point, we have (b +¢)Z° — (B + C) 7 + fT — F = 0, so we get

G (T) = (b+3¢) 7 — 207 — LT BLOFL _ E L (B_ O 4 2F)T > 0

T
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for B > C. In the further work, we will consider that D, > 0 and B < C. Let us
formulate a product

O (f,F) =G <x§2>) G (x;2>> .

After calculation, we get

Q2 _ F2 + 2202(Bb+3Bchb+Cc)(;Jj:él;J)r33c)(BbJrSBchb+SCC)F

F2((B—C)(Bb+3Bc—Cb+Cc)+4c> f )

(b+3¢)® 3.1

Note that

Q0 (f,F)>0&(p-—qg+1)(@) >0
0 (f,F)=0&(p—q+1)(@) =0,
z) <0

Hence, 2 (f, F') = 0 is an implicit function which graph in the first quadrant is repre-

sented by union of graphs of two explicit functions F1(2) (f) and F2(2) (f) inside the area
Dy > 0 where

r® (f) = F(b+3¢)(Bb+3Bc—Cb+3Cc)—2C2(Bb+3Bc—Cb+Cc)—2|C(Bb+3Bc—Cb)+cDo|v/ Dy
| —

(b+3c)3 )
F2(2) (f) = f(b+3c)(Bb+3Bc—Cb+3Cc)—2C2 (Bb+3Bc—Cb+Cc)+2|C(Bb+3Bc—Cb)+cDs|y/Da
)

(b+3c)®
3.2)

we get as a solutions of quadratic equation, if the implicit function Q2 (f, F') = 0 con-
sider as quadratic equation in variable F', where its discriminant is of the form

D _ 16D3(C(Bb+3Bc—Cb)+cDy)?
Fy 22) - (b+3c)6 :

The graph of the functions (3.2) exists in the first quadrant only if f € (O, f l()z )] . Further,

16D, (C (Bb 4 3Bc — Cb) + c¢Dy)?

D =0 —0
g (b+ 30)6
& Dy=0V BCb+3BCc—C?b+cDy =0
2
@_ _C @ C(Bb+3Bc—Cb+Cc)
=V -
L b+ 3c Ir c(b+ 3c)
Since )
2 2 —C2(Bb+3Bc—Cb—Cec
R <f l())> = o307 )
and

?

7@ <f(2)) _ C(Bb+3Bc—Cb+Cc)’
RN c(b+3c)°
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the functions (3.2) are united into the endpoint of the domain fg ) and intersect ie.,
touch themselves at f,(f) if 0 < f](f) < }?). The point (0, 0) lies in Q5 (f, F') = 0 so, at
least one of the functions (3.2) contains that point. Let f ](\? ) denote the zero of the free
term of quadratic function by variable £’ given with (3.1). Then we get

(2) (C— B)(Bb+3Bc—Cb+ Cec)

In = 4c? '

Since B < C, it implies

f](VQ) _ (C=B)(Bb+3Bc—Cb+Cc) >0« Bb+3Bc—Cb+ Ce> 0.

4c?

Hence, €2, (f](vz), F) = ( for

— —Cc Cc— C 2
F1(2) <f1(\/2)> _ min{O, _ (Bb+3Be CbQCC;(?)(f:;bCJ)rg?,B Cb+Cc) }

and

@ (@) _ (Bb4+3Bc—Cb—Cc)(Bb+3Bc—Cb+Ce)?
F2 <fN > = max {07 - 202(b+3c)3 } 9
if 0 < f](VQ) < fg ). Since the position of points f](\,?), fg ) and fl(f) is very important for
the discussion that follows, first we will find the conditions determining their mutual
position.Thus,

(2) (2) _  (C=B)(Bb+3Bc—Cb+Cc) C2 _ (Bb+3Bc—Cb—Cc)?

N fD - 4c? T b+3c 4c?(b+3c) )

@ _ B « 0e Bb+3Bc—Cb—Ce#0,

(2) (2) _ (C—B)(Bb+3Bc—Cb+Cc)  C(Bb+3Bc—Cb+Cc) _  (Bb+3Bc—Cb+Cc)?
N fP - 4c? o c(b+3c) - 4c2(b+3c) ’
@ _f® ~ 0 Bb+3Bc—Cb+Ce#0,

(2 f(2) _ C(Bb+3Bc—Cb+Cc) 2 _ (' Bb+3Bc—Cb

P D c(b+3c) b+3c c(b+3c)

@ _ 9 < 0 Bb+3Bc—Ch<0.
Now we can conclude
QQ(va):Olf (f?F) €P207
QQ(faF) <Olf (f?F) €P277
QQ(faF) > 0if (f?F) €P2+7
where sets
P, Py and Py =@\ (P UR),
are defined as follows:

1. If Bb+ 3Bc — Cb+ Cc = 0, then f) = 0 and £ = 0, which implies

2cC?
R (1) =oana £ (52) = 20 o g
1,2 In 1,2 ID (b—|—30)2
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SO:
Py = Ay U By,
rr={my e (005) ke (2 0, B7 ()} } (3.3)

where
A = {pyire (0] Fr=FY ()},
B, = {(hF):re (0] F=FY (0}
2. It Bb+3Bc—Cb+Ce > 0and Bb+ 3Bc— Cb— Cec > 0, then
0< S <5 < P and FY (1) <0

so we have

={.F):fe(042). F=FE (0}, } »
pr={(.F):re(0.9).Fe (0,57 ()} |

3. f Bb+3Bc—Cb+Cec>0,Bb+3Bc—Cb—Cec < 0and Bb+3Bc—Cb >0,

then
< 1 < 15 < 1 and Y (15)) >0
so it holds
P9 = Ay U By, Py = Cy U Ds, (3.5)

where

4 = {(rF)re (005 F=FP (D},

B, = {(.F):fe (0] r=HY (N},

G = {r.Pire (0] Fe (0.8 ()},

D, = {(.F):fe (015 Fe(FP (). B ()}

4, If Bb+3Bc—Cb+Cc>0,Bb+3Bc—Cb—Cc < 0and Bb+3Bc—Cb < 0,
then
0<fP < f2 < f3) and F3) ( 1()2)) >0,

SO
PY = AyU By, Py = CyU Dy, (3.6)
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where
4 = {(hF):fe (05)] F =P (D)},
B, = {(.F):fe (0] r=EY (N},
¢ = {(r.F):fe(0d) re (0. (n)}.
Dy = {(.F): e (1P 58] . Fe(FP 0. A1)}

5. If Bb+3Bc—Cb+Cec < 0, then Bb+3Bc—Cb—Cc < 0and Bb+3Bc—Cb < 0,
SO
N < <0< £y,

that implies
Py = Ay U By,
Py = {(ﬂF) L fe (O,fl(f)) Fe (Fl(2) (f), F? (f))}) } (3.7)

where

4, = {r.F):pe (048] F=FP (0},
By = {(f.F):fe (0.0 F=FY (N}

All sets denoted by P20, Py and P} in (3.3), (3.4), (3.5), (3.6) and (3.7) can be
unified with 9, Q, and 2 given as:

Q) = Dy U GY, (3.8)
o ={(,F):fe(0.07),
Fe (maX{O,Fl(z) (f)} ,maX{O,FQ(Z) (f)})}, (3.9)

QF =Q1\ (% U, (3.10)

DY = {(f,F):fe(o,fl@},F:max{o,Ff2>(f)},F7Ao},
GY = {(f,F):fe(o,f}j)},F:max{o,F§2>(f)},F7éo}.

This proves the following lemma.
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Lemma 3.1. Let
B>C. (3.11)

Thenp — q+ 1 > 0 for every (f, F) € Q1 in each equilibrium point of equation (1.1)
whether there is one, two or three equilibrium points. In case that holds

B<C and C?— f(b+3c) <0, (3.12)

b+3c
librium point of equation (1.1) whether there is one, two or three equilibrium points. If
any of the following conditions holds:

we have p — q + 1 > 0 for every (f, F) € Qgcz) = {(f,F):f> C—Q} in each equi-

(@ Bb+3Bc—Cb+Cc=0,
(b) C>Band Bb+3Bc—Cb—Cc >0,
(¢c) Bb+3Bc—Cb—Cc< 0and Bb+ 3Bc—Cb >0,
(d) Bb+3Bc—Cb+ Cc > 0and Bb+3Bc— Cb < 0,
(e) Bb+3Bc—Cb+ Cec <0,
then for unique equilibrium point of equation (1.1) holds:
M) p—q+1=0if(f,F) €
() p—qg+1<0if(f, F)€Qy,
(i) p—qg+1>0if(f,F) € Q.
Now, we will determine the sign of ¢ + 1. The zero points of the function
Gs (7)) = —cx® + (B+2C)x + f

are given as

3 B+20+/Djy
1,2 — )
' 2c

It is obviously xg?’) <0, x(23) > 0 for D3 > 0. Let us formulate a product

Oy (f,F) =G (g;f’)) G (x;3>) .

After very complicated calculation, we obtain

Ds = (B +2C)* 4 4fc.

X

Oy = F? — ((B+2C)2(Bb+20b+0c);cf(3Bb+2Bc+60b+6Cc)) r

B ((QB+3C)(Bb+20i3+00)+f(b+2c)2)f2 ‘ (3.13)
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One can note

Q3(f, F) >0 (¢+1)(@) <
Q3(f,F) =0 (¢+1)(7)
Q3 (f, F) <0 (¢+1)(2) >

0,
0,
0.

If Q3 (f, F) consider as quadratic function by parameter F* which discriminant is

D b+2¢)+(B+2C)(Bb+2Cb+Cc))?
DFf32> _ Da(cf(b+20)+( 2 )( ) >0,

then F/ 1(3) (f) < 0and F2(3) (f) > 0 where positive solution is given as

(B+2C)?(Bb+2Cb+Cc)+cf (3Bb+2Be+6Ch+6Cc) )+(cf (b+2¢)+(B+2C) (Bb+2Cb+Cc))v/Ds

2¢3 ’

(3.14)
Function F2(3) (f) separates the first quadrant in the two areas Q3 and Q) in the follow-
ing way:

Y () =L

0 = {(f.F):fe0400),F=F ()},

% = {(f.F): fe0,+00),F e (0.5 (1)},
Qf = i\ (B U).

Now, it holds

Qs (f, F) Olf(f,F)er,

1.e.,
(q + 1) (f) <0& (f, F) IS Q;f, (3.15)
(g+1) (@) =0% (f,F) €y, (3.16)
(g+1) (@) >0< (f,F) € Q3. (3.17)

Intersection with F'-axis is in <0, F ]S;’ )> = (0, (B+2C)2(Bb+20b+cc)).

3

This proves the following lemma.
Lemma 3.2. For unique equilibrium of the equation (1.1) holds:
@ q+1=0if(f,F) €,
() ¢+1<0if(f,F) €,
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(i) ¢ +1>0if (f, F) € Q.
Now, we will determine the sign of ¢ — 1. The zero points of function
Gy(r)=—(2b+3c)2* + (B+2C)x — f

are of the form

4 B+2C++/ (B+2C)?—4f(2b+3c
Ig% = \/(2(;_b+3)c) e Dy = (B+2C)* —4f (2b+3c).

If D, = (B +2C)* —4f (2b+ 3¢) < 0, then G4 () < 0 for every , and consequently,
in every equilibrium point of the equation (1.1). The product

O (f,F) =G (x§4>> G (xg”)

is given as
o, ((B+20)?(Bb+2Be+Ce)— f(2b+3¢) (3Bb+6 Be+2Ch+6Cc) )
Qg =17+ (2b+3c)3 F
2(C(Bb+2Bc+Cc)— f(b+2c)?
- (2b+3¢)° ! ‘ (3.18)
The discriminant of this quadratic equation by F'is of the form
D _ ((B+2C)(Bb4+2Bc+Cc)— f(2b+3c) (b+2¢))? Dy
Y~ (20+3¢)° ’
while its zero points are given as
r-r
4 1 2
FY () = o
2(2b+ 3c¢) (3.19)
F(4) (f) _ I'y+1 .
? 2(2b + 3¢)*’

where

Ty = f(2b+ 3¢) (3Bb + 6Bc + 2Cb + 6Cc) — (B + 2C)° (Bb + 2Bc + Ce)
[y =[(B+2C)(Bb+2Bc+ Cc) — f(2b+ 3c) (b+ 2¢)| v/ Da.

Notice that the sign of the discriminant D & is the same as the sign of the discriminant
1,2
D, as well, and that holds:

Q(f,F)<0e(@-1)(@) >
QU (f,F)=0s (¢—1)(@)
U/, F)>0e(@-1)@) <

0,
0,
0.
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Further,
((B+2C) (Bb+2Bc+ Cc) — f (20 + 3¢) (b+ 2¢))* Dy
DF(4) =0 6 =0
L2 (2b + 3c¢)
& Dy=0V (B+2C)(Bb+2Bc+Cec)— f(2b4+3¢)(b+2c) =0
w  (B+20) @ (B+2C)(Bb+2Bc+ Ce)
4(2b+ 3c) (2b + 3¢) (b+ 2¢)
Since @ (7@ ( )
4 4)\ _ —f(Bb+2Bc-20b-2Cc
Fis <fD ) - 2(2b+3¢)?
and CONErICy ( )( )( )
4 4)\ _ —(B+2C)(Bb+2Bc+Cc)(Bb+2Bc—2Cb—2Cc
F1,2 <fP > = 2(b+2¢)(2b+3¢)3 ’

the endpoint of the domain f 1(74 ) is a common point of the functions (3.19) and they touch
themselves at fl(f) if 0 < fl(f) < fgl). The point (0,0) lies in Q4 (f, F') = 0, so at least
one of the functions (3.19) contains that point. Let f ](\;l ) denote the zero of the free term

of quadratic function by variable F' given with (3.18). We get f ](\;1 ) = CBbt2Beile) o

(b+2¢)?

First, we will find the conditions determining mutual position of the points f (4), 1(74 )
and fgl):

(4) (4) _  (B+20)>  (B+20)(Bb+2Bc+Cc) _ _ (B+2C)(3Bb+6Bc—2Cb)

D f P T 4(2b+3¢) (2b43c) (b+2¢) - 4(2b+3c) (b+2c) )

W _ W < 0o 3Bb+6Bc—20b >0,

(4) f(4) _ CO(Bb+2Bc+Cc)  (B+20)(Bb+2Bc+Cc) _ (Bb+2Bc+Cc)? <0

N P = (b+2¢)2 (26+3¢) (b+2¢) T (2b43¢)(b+2¢)? ’

(4) f(4) _ C(Bb+2Bct+Cc)  (B+20)> _ (Bb+2Bc—20b—2Cc)? 0

N D = (b+2¢)2 4(2b+3c) 4(2b4+3¢)(b+2¢)>  — 7

Now, it is possible to conclude the following

Q4(f7F):Olf (f?F)€P£7
Q4<f7F)<Olf (f?F)€P4_a
Q4(faF)>Olf (f?F)GPAIJra

where the sets
P, Py and P =@\ (P UP))

are defined as follows:
1. If Bb+2Bc — 2Cb — 2Cc = 0, then
P) = A U By,

pr={(r.F):re (0.08) . Fe (0.5 (n)}. (3.20)
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where
A = {umre (0] F=AY (0},
B = {(nF):fe (W15 F=FY (N}
. If Bb+2Bc —2Cb — 2Cc > 0, then
A= {5 fe (0] F=FO ()}, } o)
pr={(F)ire(0.00) . Fe(0.F ()}
. If Bb+2Bc —2Cb—2Cc < 0and 3Bb+ 6Bc — 2Cb > 0, then
P = A,UB,, Py =C,UDy, (3.22)
where
A = P re (008 F =B (0},
By = {(r.F):fe (0.1 F=F (D},
¢ = {(.h):re (o), re(0.m (1)},
Dy = {(.F): e (A 15)) . Fe (BB ()]
. Bb+2Bc—2Cb—2Cc < 0and 3Bb+ 6Bc — 2Ch < 0, then
P) = AyUB,, P,y =C,UDy, (3.23)
where
A = {0 R)ire (050 F=EY (0},
B, = {(rF): fe (W10 F=F (N},
o = {(F):re(0f’). Fe(0B (1)},
Di = {(hF):fe (i 8) . Fe (R0, 5 )}

All sets denoted by P, P, and P4+ in (3.20), (3.21), (3.22) and (3.23) can be
unified with the following marks QY, Q; and Q] given as:

QY = DYuGY, (3.24)
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where
DY = {(f,F):fe (0,f]g4)>,F:max{o,Ff4)(f)},F7éo},
¢t = {rmire(0.48) F=max{o. B (f)},F#0},

o ={(.F): e (0.0),
Fe (max{O,Fl(4) (f)} ,max{O,F2(4) (f)})}, (3.25)
Qf =1\ (U QZ) . (3.26)
This proves the following lemma.
Lemma 3.3. Suppose that the following condition is satisfied

(B+2C)* —4f (20 + 3¢) < 0, (3.27)

then we have ¢ — 1 < 0 for every (f,F) € ngl) = {(f,F) f> B;;igc } in every

equilibrium point of the equation (1.1) whether there is one, two or three equilibrium
points. If any of the following conditions holds:

(@) Bb+2Bc—2Cb—2Cc =0,

(b) Bb+2Bc—2Cb—2Cc >0,

(¢c) Bb+2Bc—2Cb—2Cc < 0and 3Bb+ 6Bc —2Cbh > 0,
(d) Bb+2Bc—2Cb—2Cc < 0and 3Bb+ 6Bc—2Cbh < 0,
then for unique equilibrium point of equation (1.1) holds

M q—1=0if(f F) ey

(i) ¢—1>0if(f, F) € Qy,

(ii)) g — 1< 0if(f, F) € QFf.

Lemma 3.4. Suppose that (f, F) € Q3. Then holds p < 2.

Proof. Let (f, F) € Q3. Then, by using Lemma 3.2, we have ¢ = —1. Inequality p < 2
, (gf;)—;?ff < 2, can be written as — (3b + 2¢) 7> + BT — 2f < 0. Since ¢ = —1, that
implies —cZ? + (B+2C)T+ f=0,ie., BT = cz? — 20T — f, and after substitution,
inequality p < 2 becomes — (3b + ¢) 7> — 20T — 3f < 0 which is always true. O

1.€.

Specially, in the following lemma, local stability analysis of unique equilibrium
point which is also stationary and inflection point of the function G(z) has been done.
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Lemma 3.5. Set [ = fg) = (f(;fc); and F1(12) (f,g”) = 2(5;;2; Then equation (1.1)
(B+C)

has unique equilibrium point T, = Ty = T3 = S0t which is nonhyperbolic point.

Proof. For [ = f/(j1 ) and F1(12) — BEOP e have

27(b4¢)?’
G(@) = b+ = (B+C) 7 + (G )7 — Li0, — Besbgnr
@T =5
Further,
G (B9) =30+ (B9) +2(5+0) () - & ~o,

hence p+¢q—1 = 0 so the statement follows, i.e., the equilibrium point is nonhyperbolic
point. 0

Now, it is easy to formulate the theorem for local stability of the unique equilibrium
point.
Theorem 3.6. Suppose (f, F) € Qf. Then the equation (1.1) has unique equilibrium
point which is:
(i) locally asymptotically stable if (f, F) € QF N Q5 NQY,

(i) repellerif (f, F) € Q3 N (QF UQ),

(iii) a saddle point if (f, F') € Q5

(iv) anonhyperbolic pointif (f, F) € Q5 U Q§ U {f,(jl), F1(12) (fg)) }
Proof. The proof follows by using Lemmas 3.1-3.5. [

In order to determine the local stability in the case when two or three equilibrium
points exist, we need the following lemma.

Lemma 3.7. Let (f, F) € Q)UQ; . Then the equation (1.1) has two or three equilibrium
points for which holds ¢ + 1 > 0.

Proof. It is enough to show that Fz(l) (f) < F2(3) (f) holds for every f € (O, fg)).
Before we do that, notice the following

3 (B+2C)?(Bb+2Cb+Cc)+cf (3Bb+2Bc+6Ch+6Cc)
F. 2( ) (f ) = ( 3 )

(cf (b+20)(B+2C) (Bb+2Cb+Cc)) [ ((B+2C)*+4fc)
c3

- ((B+2C)?(Bb+2Cb+Cc)+cf (3Bb+2Bc+6Ch+6Cc) )
3
C

y (ef (b420)(B+20) (Bb+20b+Cc))(B+20)
CS

2(B+2C)?(Bb4+2Cb+Cc)
3
C

2f(2Bb+2Bc+4Cb+5C¢)
+ < ,
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and
(1) —(B+C)(2(B+C)*=9f (b+c) ) +2((B+C)2 =3 (b+c) )1/ (B+C)2—3f (b+c)
() = 27(b+c)?
—(B+C)(2(B+C)*—9f(b+¢) ) +2((B+C)?=3f(b+¢) )(B+C) _ (B4C)f
27(b+c)? — 9(bte) ?
as well, 1.e.,
3 36Bb%+35Bc?+720b24-89Cc?+72Bbc+162Chbc ) f
(1) - B (1) > | v 1o,
so the statement follows. ]

Now we can formulate the theorem in the case, we have two equilibrium points.

Theorem 3.8. Let (f, F) € QY. Then the equation (1.1) has two equilibrium points of
the form (2.8) where the equilibrium point ©, = :cgl)
equilibrium point T is:

is nonhyperbolic point, and the

(i) locally asymptotically stable if (f, F) € Q3 N Q3 N QY

(ii) repellerif (f,F) e Q5 NQy,

(iii) a saddle point if (f, F') € Q5

(iv) a nonhyperbolic point if (f, F) € Q3 U QJ,

i.e., two equilibrium points of the form (2.9) where now the equilibrium point To = xél)

is nonhyperbolic point, and the equilibrium point T, has the same character as the
equilibrium point T had in the previous case.

Proof. 1f the equilibrium points are of the form (2.8), then, T; = xgl) so G (7;) = 0,

and since :cgl) is stationary point also, that is G’ <a:§1)) =0« G, (x&”) = 0, 1.e.,
p+q— 1 = 0. Hence, |p| = |1 — ¢| which means Z; is nonhyperbolic point. Local
stability analysis of the second equilibrium point follows from the proof of the Theorem
3.6 and Lemma 3.7. Similarly, if the equilibrium points are of the form (2.9), the same

conclusion follows, only the equilibrium points Z; and T, will switch their roles. 0

Now we will demonstrate how the conditions for local stability looks like for specif-
ically chosen the value of parameters f and F' (see Figure 2.1).

Theorem 3.9. Assume that f = B’ nd F = B Then the equation (1.1)

4(b+c) 54(b4-c)?
has two equilibrium points T, = (6?;;%) which is nonhyperbolic point and T = %

which is:

a) locally asymptotically stable if 25Bb + 57Bc — 23Cb + 9C'c > 0,
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b) a saddle point if 25Bb + 57Bc — 23Cb + 9Cc < 0,

¢) a nonhyperbolic point if 25Bb + 57Bc — 23Cb + 9C'¢c = 0.

Proof. For f = % and F' = %, we have
B+0)? B+0)®
Gr) = (b+c)a®— (B+C)a + Grde — G
__ (2(B+C)=3(b+c)z)(B+C—6(b+c)x)>
- 108(b+-c)? ’
_ B+C — _ 2(B+C
Gz) = 01 = %(bic)) and 7o = ?E(bic)).

Since G (7;) = 0, the equilibrium point 7; is nonhyperbolic point. For equilibrium
point 75 holds

2
G1 (fg) = —% < 0,

which implies
(P+q—1) (@) <0.
Further,

— \ _ (B+0C)(25Bb+57Bc—23Cb+9Cc)
Gy (T3) = 36(b+c)? ’

so it holds

(p—q+1)(T) < 0&25Bb+57Bc—23Ch+ 9Ce < 0,
(p—q+1)(T2) = 0 25Bb+ 57Bc—23Ch+9Cc =0,
(p—q+1)(T2) > 0 25Bb+57Bc—23Ch+ 9Cc > 0.

Moreover, we have

_ B+C)(33Bb+17Bc+57Cb+41Cc
G () = L+ ot P> 0,
SO
(g+1)(z2) > 0.
For the function G4
_ B+C)(17Bb+33Bc—7Ch+9Cc
Gy (562):—( ek 36+(b+c)2 - ),

SO

(q—1)(T) < 0« 17Bb+33Bc—T7Cb+9Cec > 0,
2) = 0& 17Bb+33Bc—7Cb+9Cc =0,
9) > 0< 17Bb+33Bc—7Cb+9Cc < 0.
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One can see that if Dy < 0i.e., if B?b + 2B%c — 2C?%b — C?c + 2BCec > 0, then is
(g —1)(T3) < 0soitmustbe 17Bb+ 33Bc — 7Cb + 9Cc > 0. Indeed

17Bb + 33Bc — 7TCb+9Cc > 17Bb+ 33Bc — TCb — 9E-b+28°e=2C0b=C et Ce

25B2b+48 B2c+18C%b+9C%c—14BCbhb—18BCc
2B

18 B2b+39B2c+11C2b+(7b(B—C)*+9¢(B—C)?)

= o > 0.

25Bb B
Further, if 25Bb + 57Bc¢ — 23Cb + 9Cc¢ > 0, then —Cb > — oBb+ 5273 ¢t 900, S0

17Bb + 33Bc — 7Ch + 9C¢ > 17Bb + 33Be — 7 (BBL51Bet9Ce) 4 (.

23

_ 216Bb+36§)3Bc+144Cc > O,

hence, if we assume that 25Bb+ 57Bc¢ — 23Cb+9Cc > 0, then 17TBb+ 33Bc—T7Cb+
9C'c¢ < 0 is not possible, so we get the conclusion that equilibrium point is locally
asymptotically stable, a saddle point or a nonhyperbolic point. 0

Local stability analysis is the most complicated in the case when three equilibrium
points exist. From the previous consideration, we know the following: since the function
G(z) is increasing as it passes through the first equilibrium point 7;, decreasing as it
passes through the second equilibrium point 7, and increasing as it passes through the
third equilibrium point 73, it holds

(p+q—1)(71) <0,(p+q—1)(T2) >0,(p+q—1)(T3) <0.

Furthermore, by using Lemma 3.7, we obtain (¢ + 1) (Z;) > 0 for every i € {1, 2, 3}.
Next, if B > C or (B <Candf > fg)>, then (p — ¢+ 1) (z;) > 0 for every ¢ €

{1,2,3}, and if f > [, then (¢ — 1) (%;) < 0 forevery i € {1,2,3}. The detailed
analysis implemented in the manner as was done in the case of the unique equilibrium
point could be done, in a similar way, here also, but it would be extremely compli-
cated due to the large number of parameters. Therefore, we will below to formulate the
theorem in the case of specially selected values of the parameters f and F'.

Theorem 3.10. Let [ = B+C) and F = (BLC)° 5 < (B£C)’ . Then holds:

4(b+c) 108(b+-c) 54(b+c)?
(a) equilibrium point ¥, = % is locally asymptotically stable,
(b) equilibrium point x5 = (ﬁbfg is:

i) repeller if 13Bb+ 21Bc — 11Cb — 3Cc < 0,
ii) nonhyperbolic if 13Bb+ 21Bc — 11Cb — 3Cc =0,
iii) a saddle pointif B> C or Dy < 00r13Bb+ 21Bc — 11Cb — 3C¢c¢ > 0,
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(2+V3)(B+C) »

(¢c) equilibrium point T3 = ~—z >

i) locally asymptotically stable if
B> CorDy <0or
Cc— b (2\/§+2) +Bc(3\/§+ %) + Bb (\/§+4> =0,
ii) nonhyperbolic if
3 15
~Ce—Cb (2\/§+2> + Be (3\/§+5> + Bb <\/§+4> _0,
iii) a saddle point if

gC’c—Cb(2\/§+2)+Bc(3\/§+1—25>+Bb<\/§+4> <0.

Proof. a) For equilibrium 7, is (p +¢ — 1) (71) < 0 and (¢ + 1) (z1) > 0. More,

(B+C)(5Cct+Cb(2v/3-2)+Be(2-3V3)+Bb(4-v/3))
9(b+c)?

>0

Go (T1) =

for every values of parameters so it holds also (p — ¢ + 1) (Z1) > 0.
Since (¢ — 1) (1) < 0 is a consequence of

(p+q—1)(T) <0and (p—q+1)(71) >0,

the conclusion follows.
b) For equilibrium 7, holds ! < 7, <
(¢ + 1) (T2) > 0. Further,

Z?E(Bbicc)) = xgl) so(p+q—1)(z2) >0and

— \ _ (B+C)(13Bb+21Bc—11Cb—3C¢)
G (T2) = 36(b+c)2

which is positive for B > C or if

2 ___ B?b+3B?%c—3C%*v—C?c+2BCb+6BC
Dy=C?—f(b+3c)=— S (e ¢ <0,

and that is certainly true if B*b + 3B%c — 3C%b — C%c + 2BCb + 6BCc > 0. If
B?b+ 3B% — 3C*h — C%c+2BCb + 6BCc <0,
then

(p—q+1)(T2) < 0< 13Bb+21Bc—11Cb —3Cc < 0,
) = 0« 13Bb+21Bc—11Cb—3Cc =0,
(p—q+1)(T2) > 0< 13Bb+21Bc—11Cb—3Cc > 0.
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Next,

Gy (@) = Gu <(£+C)> _ (B+C)(—5§g(—bs—)£’)c;706+30c)7

which means G (T2) < 0 if

Dy = (B+2C)* — Af (2b+ 3c) = — Z042B7e=2C7b=CPesdBCe

1.e., if
B?b+ 2B%c — 2C?*b — C%*c+2BC¢c > 0.

If B%b + 2B%c — 20?%h — C?c + 2BC¢ < 0, then holds

(g—1)(T2) <0< —5Bb—9Bc+ 7TCb+ 3Cc < 0,
(g—1)(T2) =0« —5Bb—9Bc+ 7Cb+ 3Cc = 0,
)

(¢g—1)(T2) >0« —5Bb—9Bc+ 7Cb+ 3Cc > 0.
¢) For third equilibrium point holds 9351) < T3 < Q?Efliig), so we obtain

(p+q—1)(75) <Oand (¢ +1)(T3) >0
and (¢ + 1) (Z3) > 0. Beside that,

(B+C) (%Ccfcb(2\/§+2)+Bc(3\/§+12—5)+Bb(\/§+4)>
9(b+c)? ’

Gy (T3) =

so for B > C, we have G (Z3) > 0, or if

2 ___ B2%b+3B2¢—3C?*b—C?c+2BCbh+6BCc
Dy =C"— f(b+3c) = — 4(b+c) <0,

which is surely true if B?b + 3B%c — 3C*b — C%c + 2BCb + 6BCc > 0. If

B?b+3B?%c —3C?b — C?*c+2BCb+ 6BCc < 0,

then
<0
(p—q+1)(T2)] =0 =
>0
<0
sCc— b (2v3+2) + Be(3v3+ ) + B (VB+4) 4 =
>0
Next,

_ (B+C)(—6Cc+Cb(4v/3+1)—Bb(2v3+11)—Be(6V/3+18))
Gy (T3) = 36(b+c)° ’
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Figure 3.1: The position of the function G(z) (in the case of the unique equilibrium
point when the equilibrium point is smaller, equal or bigger then the positive zero of
the function G3(z)) relative to the functions G (z), Ga(x), G3(z) and G4(z) for the
following values of the parameters:

_ _ _ _ _ __ 313537 | 2399
B—l,C—3,b—1,c—2,f—g,FNH—T—i—T.

so it holds G4 (T3) < 0 if
Dy = (B + 20)2 — 4f (2b+ 3¢) = _BQb+2Bch2bCfé;fC2chQBCc <0
ie., if B2b+2B%*c—2C?*b—C?c+2BCc > 0. If B?b+2B?*c—2C*b—C?c+2BCc < 0,

then
<0
(-1 @) ] =0 =
)
<0
- V341) - Bb (234 11) - Be (6v3 -
6(Jc+(Jb(4 3+1) Bb(Q 3+11) Bc<6 3+18> -0

and this concludes the proof.

4 Case F'=0

This section gives complete local stability analysis for all equilibrium points (up to
three) of (1.1) when F' = 0. In this case (1.1) has always the zero equilibrium.
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— G(¥) — three equilibrium points
— G(X) — two equilibrium points
-=-- G(X) — one equilibrium point
x = G p+q-1
G0 & p-q+1
G o g+l
— G(®eog-1

Figure 3.2: The position of the function G(z) (in the case when we have one, two or
three equilibrium points) relative to the functions G (), Ga(z), G3(x) and G4(x) for
B=1,C=3,b=1,c=2,and f and F in a specifically way calculated.

031

02r
0,(f,FH=0

— Q,(f,P=0

— Qu(f,P=0

: ‘ ‘ Lo
05 10 // 15 20
—o1t

Figure 3.3: Mutual position of the function Q (f, F'), Qa(f, F'), Q3(f, F') and Q4(f, F)
for B=1,C = 3,b = 11ic = 2. Notice that for specifically chosen values of the
parameters, the function Q3(f, F') is significantly above all other functions.
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4.1 Equilibrium Points

Equilibrium points of (1.1) are the positive solutions of the equation

(B+C)7?
(b+c)Z%+ f’

xr =

or equivalently
(b+0)7 — (B+C)7*+ [T =0.

One can see that for /' = 0, the equation (1.1) has:

1. unique equilibrium point Z = 0 if f > B(:fc)) ,
2. two equilibrium points ¥ = 0 and © = 2](31;%) if f= B;rfc) ,
eqe . . \ - C
3. three equilibrium points x = 0 and 7 = (BHOE (E;:f) A f< (Bb +c)) .
4.2 Local Stability Analysis
Denote as
(1. ) Buv + Cv?
U, V) = ————.
g buv + cv? + f

The linearized equation of (1.1) for /' = 0 is of the form

Zny1 = PZn + Q2n—1,

where

Bf—Fb+(Bc—Cb)z?
(F+(ctb)z2)”
dg (f f) (Bf—Fb+2C f— 2Fc)x+(Cb Be)z3

’ (F+crb)z)’

T

3
|
QalQ:
LI
—~
=
!
S~—
I

Y

Now we have the following result on local stability of the equilibrium points.

Theorem 4.1. (a) The equilibrium point T = 0 is locally asymptotically stable for
every values of parameters.

(b) If f = (f(;f;))z, then the equilibrium point T = (2?;3 is nonhyperbolic point.

(c) If f < B;f) , then the equilibrium point T _

(i) repeller if any of the following condition is satisfied:
1. B=0,
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2. Bb+2Bc—Cb<0and B < C,
3. Bb+2Bc—Cb > 0and 3¢B? +bB?* —2¢BC — 2bBC — ¢C?* + bC? +

4fc? <0,
(ii) a saddle point if any of the following condition is satisfied:
1. B>C,
2. Bb+2Bc—Cb > 0and 3¢B* +bB* — 2cBC — 2bBC — ¢C? 4 bC? +
4fc* >0,

(iii) a nonhyperbolic point if holds
Bb+2Bc—Cb > 0 and 3¢B*+bB?—2¢BC —2bBC —cC*+bC?*+4fc* = 0,
and the equilibrium point T is:
(i) locally asymptotically stable if any of the following condition is satisfied:

1. B>C,
2. Bb+2Bc—Cb >0,
3. Bb+2Bc—Cb < 0and 3¢B*+bB?—2¢BC —2bBC —cC?+bC*+4fc* < 0,

(ii) a saddle point if holds

Bb+2Bc—Cb < 0 and 3¢B* +bB* — 2¢BC — 2bBC — cC? +bC? +4fc* > 0,
(iii) a nonhyperbolic point if holds
Bb+2Bc—Cb < 0and 3¢B* +bB* —2¢BC — 2bBC — cC* +bC? + 4 fc* = 0.

Proof.  a) Forx = 0, we have p = ¢ = 0 so the zero equilibrium is always locally
asymptotically stable.

b) For T # 0, we have T = (é]ij)ggff 1.e., BiC = (b+c)i§2+f’ which implies
_ = =) _ (B=%)T _ B-7b
P = Gu (ZL’,$) - (b+c)§2+f — B1C>
o — —\ _ Z(B+2C—(b+20)z) _ B+2C—(b+2c)T
4= (7,7) ftagz® B+C
Now,
_  B-mb B+2C—(b+20)z __ B+C-2(b+c)T
prta-1 = e+~ —1=—75mc
p—q+ 1 = B-zb _ B+2C—(b+2c)T 41 = B—C+2cz

B+C B+C B+C
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B+2C—(b+20)T 2B+3C—(b+20)T

¢+1 = —Fga— Tl=—F">
_ B420—(b420)7 _ O—(b+20)7
¢—1 = —F 1=
(B+C)
B+C—2(b+c) 5y
Since (p+¢—1) (g?;fg) = o 200) — 0, that is |p| = |1 — ¢| which

means that the equilibrium point is nonhyperbolic.

¢) One can see that the function G(z) is decreasing as it passes through the equilib-
rium point 7_, which impliesp+q¢—1 > 0,andp—¢+1 > 0for B > C. It

holds:

(p+q—1) (7.) = VLA
(p—q+1)(z_)= B”QBC*C(:JCFC)((?LC))Q74(b+c)f’

(q+1) @) = (b+20)\/Wm:jgb+QBc+5Cb+40c >0,
(¢q—1)(z_) = —(Bb+2Bc—Cb;—éb:—;;)(b-i_(cf)B—FC)2—4(b+c) I

i) If B =0, or Bb+2Bc—Cb < 0and B < C, or Bb+2Bc—Cb > 0 and 3cB*+
bB? — 2¢BC — 2bBC — cC? 4+ bC? +4fc* < 0,then (p — g+ 1) (T_) <0
and (¢ — 1) (Z_) > 0, hence |p| < |1 —g| and ¢ > 1 so the equilibrium point
T_ is repeller.

ii) If B> C, or Bb+2Bc—Cb > 0 and 3cB* + bB? — 2¢BC — 2bBC — cC? +
bC? +4fc* > 0,then (p — g+ 1) (Z_) > 0soitholds |p| > |1 — ¢| and the
equilibrium point Z_ in that case is a saddle point.

iii) If Bb+2Bc—Cb > 0and 3¢B?+bB*—2¢BC—20BC —cC?*+bC*+4fc? = 0,
then (p — ¢+ 1) (Z_) = 0 so the equilibrium point is nonhyperbolic.

Notice that the function G(x) is increasing as it passes through the equilibrium
point 7, which implies p + ¢ — 1 < 0, and in this case alsois p — ¢+ 1 > 0 for

B > C'. Indeed,
B+C)2—4(b+c
ptg-1 = —MELLAOI
_ Bb2Bc—Cbtey/ (B4+C)2—4(b+o) f
p—q+1 = (B+0)(6+0) ;
_ =(b+2c)\/(B+C) —4(b+c f+3Bb+2Bc+5Cb+4Cc Bb+2Cb+Ce
q+1 = 2(B+0)(b+0) > B0t > 0
| _ _ Bb2BeCbi(b+20)/(B+C) 2_A(bto)f
¢9—+4 = = 2(B1C) (b+c)

Now,
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i) if one of the conditions holds B > C', or Bb+2Bc— Cb > 0, 0or Bb+ 2Bc —
Cb < 0 and 3¢B? + bB* — 2¢BC — 2bBC — ¢C? + bC* + 4fc? < 0,
then (p —qg+1)(Z4) > 0and (¢ — 1) (Z+) < 0 so the equilibrium point is
locally asymptotically stable,

ii) if Bb+2Bc—Cb < 0and 3¢B*+bB*—2cBC —2bBC —cC*+bC*+4fc* > 0,
then (p — ¢+ 1) (Z4) < 0 which implies |p| > |1 — ¢|, so the equilibrium
point 7 is a saddle point,

iii) if Bb+2Bc—Cb < 0and 3¢B*+bB*—2c¢BC —20BC —cC*+bC*+4 fc? = 0,
then (p — ¢+ 1) (z;) = 0 which means |p| = |1 — ¢|, and the equilibrium
point 7 is nonhyperbolic point.

]

5 Global Asymptotic Stability Results

In this section, we give some global asymptotic stability results for some special cases
of (1.1).

Theorem 5.1. Consider (1.1), where all coefficients are positive, subject to the condi-
tion
(|1B —bz| + |C —cz|) (U +7)

<1, 5.1
(b+c) L2+ f ©-1)
where L = %, U= % and assume the hypotheses of Theorem 2.1 i).

Then the equilibrium T is globally asymptotically stable.

Proof. In view of Corollary 1.3, we need to find the lower and upper bounds for all
solutions of (1.1), for n > 1. In this case the lower and upper bounds for all solutions
of (1.1) for n > 1 are derived as:

min{B,C, F}(x,Tn_1 + 22 _; + 1) - min{B,C, F'}

= L.
max{b, ¢, f}(xprn1 +22_;+1) — max{b,c, [}

Tnt+1 2

max{B,C, F}(x,x,_1 + 22, +1) < max{B,C, F} I
min{b, ¢, f}(xpnTp_y + 22, +1) — min{b,c, f}

Tn+1 >

]

Theorem 5.2. Consider (1.1), where F' = 0 and all other coefficients are positive,
subject to the condition f > %. Then the unique equilibrium T = 0 is
globally asymptotically stable.
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Proof. For f > maxgi;lc{*g (£+C) > (ﬁ;ﬁ); the equation (1.1) has unique equilibrium
point © = 0. The lower and upper bounds for all solutions of (1.1) for n > 1 are derived

as:

Bz,x, 1+ Cx?_| - Bz, 1+ Cz?_,

L:ngn—f—l:

b1 +cx?  +f 7 brpx,q+cr
max{ B, C}(xn2p_1 + 2, ;) max{B,C} I
min{b, c}(x,zn_1 +22_,)  min{b,c}
an application of Corollary 1.3 completes the proof. U

Theorem 5.3. Consider (1.1), where f = 0 and all other coefficients are positive,
subject to the condition

(|IB —bz|+|C —cx]) (U+7) < (b+c)L? (5.2)

where L = :S;i%% and U = mﬂ?;{{f’cc}} + @ Ji) 73. Then the equilibrium T is globally

asymptotically stable.

Proof. In this case, by using Theorem 2.1 1) equation (1.1) has unique equilibrium point.
The lower and upper bounds for all solutions of (1.1) for n > 1 are derived as

Bx,x, 1+ Cx2 |+ F _ Br,o, +Cz?_,

Tl = by +cx? | T brar,g +cx?
min{B, C}(zptn_1 + 25 ;) min{B,C} I
= max{b,c}(xprp_ + 22 )  max{bc}
_ Bayr, a1+ Cx? |+ F _ Bayr,a+ Cx?%_, F
Tntl = brnTp1 +cx2 | bxpTa_ +cxd | br,a,_ +crd |
max{B,C} F B
min{b, ¢} (b+c)L?
Now, an application of Corollary 1.3 completes the proof. [

Theorem 5.4. Consider the equation (1.1), where B = 0 and all other coefficients are
positive, subject to the condition
(b + |C — cz|) (U +7)
(b+c) L2+ f

<1, (5.3)

where L =0, U = Iiiﬁ{ff}} and one of the conditions holds

CQ
L f> 559
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2. f= 3(§+)
3. f < 5050y and AFCP — f2C2—18FC f (b + ¢) +2TF? (b+c)+4(b+c) f2>0.

Then the equilibrium 7 is globally asymptotically stable.

Proof. The lower and upper bounds for all solutions of (1.1) for n > 1 are derived as:

Ce?_+F - Cx2_ |+ F < max{C, F'}
brpTp_1+cx? |+ f = e 4+ f — min{c f}

L=0< 2 = =T,

and by using Theorem 2.1 and Corollary 1.3 the conclusion follows. 0

Theorem 5.5. Consider the equation (1.1), where C = 0 and all other coefficients are
positive, subject to the condition

(|B —bz| + cx) (U + )

<1, 5.4
b+o) L2+ f 5-4)
where L =0, U = rﬁﬁfﬁ} and one of the conditions holds
L. f > b+c)
2. f= 35
3. f < 5B and AF B~ [PB218F B (b+ )+ 27TF (b + o) +4 (b + o) f* > 0.

Then the equilibrium Z is globally asymptotically stable.

Proof. The lower and upper bounds for all solutions of (1.1) for n > 1 are derived as:

Bxpx,_1+ F < Bxp,x,_1 +F < max{B, F'}

L=0<z,.1 = -
= b, 4 i+ f T bapxay +f — min{b, f}

:U,

and by using Theorem 2.1 and Corollary 1.3 the conclusion follows. [

Theorem 5.6. Consider the equation (1.1), where C = F' = 0 and all other coefficients
2
are positive, subject to the condition f > B=. Then the unique equilibrium T = 0 is

b
globally asymptotically stable.

Proof. The lower and upper bounds for all solutions of (1.1) are derived as:

Bx,x,_1 Br,x,—.1 B
= Entl b Ty 1 +cx: 4+ f 7 bz, b
f> BTQ > (f s and an application of Corollary 1.3 completes the proof. [
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Theorem 5.7. Consider the equation (1.1), where B = F' = 0 and all other coefficients
are positive, subject to the condition f > € Then the unique equilibrium © = 0 is

b
globally asymptotically stable.

Proof. The lower and upper bounds for all solutions of (1.1) are derived as:

Cx? Cz? C
L — 0 S $n+1 — xn—12 S J;n—l _— - U,
brnxn_1+cx,_ 1+ f cr_q c
f> %2 > 3(5—;) and an application of Corollary 1.3 completes the proof. 0

Theorem 5.8. Consider the equation (1.1), where B = C = 0 and all other coefficients
are positive, subject to the condition

b U+7zm)z
(b+c)(U+7)x | 5.5)
(b+c) L2+ f
where L = 0 and U = ? Then the equilibrium T is globally asymptotically stable.
Proof. The lower and upper bounds for all solutions of (1.1) are derived as:
F F
L=0< 2, = 5 <—==U,
brpty 1 +cx:  +f = f
and an application of Corollary 1.3 completes the proof. 0

Theorem 5.9. Consider the equation (1.1), where b = B = 0 and all other coefficients
are positive, subject to the condition

|C — cz|(U + )
<1 5.6
SRR , (5.6)
where L = % U= n;i’;{{fg} and one of the following conditions holds:

C2
1. f > 30
_c?
2. =15,

3. f< S and4FC? — f2C% — 18F fcC + 2TF* + 4cf? > 0.
Then the equilibrium 7 is globally asymptotically stable.

Proof. The lower and upper bounds for all solutions of (1.1) in this case are derived as:
Ci? |+ F S min{C, F'}
crp_y+f T max{c, f}
Cxl +F < max{C, F'}
C‘T%—l + f N min{ca f} a
and by using Theorem 2.1 and Corollary 1.3 the conclusion follows. [

Tpt+1 = L,

Tnt1 = Uv
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Theorem 5.10. Consider the equation (1.1), where c = C' = 0 and all other coefficients
are positive, subject to the condition

|B —bz|(U + )
bLZ+ ] < 1, 5.7
_ min{B,F} _ max{B,F} .
where L = max(b ] U= i b 7] and.
BZ
1. f > T
2. f= g—; or

3. f< B and4FB® — f2B? — 18F fbB + 27TFb* + 4bf* > 0.

Then the equilibrium 7 is globally asymptotically stable.
Proof. In this case, the lower and upper bounds for all solutions of (1.1) are derived as:

Bx,v, 1+ F S min{B, F'}

n+l — - L7
Tntl brprn,_1+ f — max{b, f}
Tpy1 = Bl’nxn—l il d S maX{B7F} - Ua
bxpTp_1+ f min{b, f}
and by using Theorem 2.1 and Corollary 1.3 the conclusion follows. [l
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