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Abstract

In this paper, we consider a planar discrete system with some negative coef-
ficients, then investigate its positive solutions. We characterize boundedness and
persistence of the system. Under certain conditions on the parameters, we show
that the system undergoes a Neimark—Sacker bifurcation and the obtained invariant
curve is supercritical.
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1 Introduction

Discrete-time systems of the form
Tpi1 = Pxxnayn)
Yn+1 = G(l‘na yn)

generate the dynamics obtained by iterating the planar maps F' and GG, which are widely
used throughout literature. The primary motivation for studying such systems stems from
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biological and ecological reasons since they provide a realistic approach toward modeling
the behaviour of species with nonoverlapping generations [2,4,7,15]. In general, the
qualitative features of the maps /' and G are determined by the nature of interaction
among and between the studied species. For instance, there are three main types of
interspecific interactions, namely predator-prey interaction, competition interaction and
the third is mutualism (or symbiosis). In a discrete-time predator-prey model [4, 16],
F and G satisfy F(1,]) while G(, 1), where we use 71 to represent the nondecreasing
property while | represents the nonincreasing property. A classical example of this type
is given by Nicholson-Baily model [4, 17] in which F(z,y) = \xf(z,y) = axe™ ¥
and G(x,y) = prg(z,y) = Bz(l — e ). In a discrete-time competition model, F’
and G can be taken to satisfy F'(1,]) while G({,1) [10, 14, 18]. The Leslie-Gower
model [14] is a well-known prototype of this scenario in which F'(z,y) = xf(z,y) =
ax/(1 4+ apx + apy) and G(z,y) = yf(z,y) = By/(1 + azx + axy). Finally, in
mutualism both species benefit from the interaction [5, 6,20]; however, modeling this
type of interaction is getting little attention in continuous models, and almost no attention
in discrete models. In discrete models of mutualism [6], " and G can be taken to satisfy
F(1,71) while G(1,7), and therefore, the dynamics of such systems can be simple. A
deviation from the aforementioned monotonic maps leads to considering maps £’ and G
that are monotonic for a restricted parameter set and on a subset of the state space. This
change in monotonicity leads to more complicated dynamics. A well-known model is
the discrete-time Lotka—Volterra competition model [9, 15]

(1.1)

Yn+1 — G(Im yn) = ynes(l_mn_yn)-

{:Un+1 = F(n,yp) = zpe"tnbyn)
Planar maps of this type have been given considerable attention by Smith [19]. Observe
that F" in (1.1) changes monotonicity in its first variable while G changes monotonicity
in its second variable (i.e., F'(~, ]) and G({, ~)); however, the positive quadrant is still
forming an obvious invariant domain. In this study, we add another factor of complexity
by considering planar maps F'(~, ]) and G(7,1) that have no obvious invariant domain.
In particular, we consider the discrete-time system

_ o rhr,
"kt (r— Dz, Cmdn (12)

Ynt1 = G<xn7 yn) = BTnYn — UYn,

Tp+1 = F(%,yn)

where the parameters k,a, 3 > 0 and r > 1. Although this system can be connected
to certain continuous predator-prey models, our interest here is limited to its abstract
dynamics, and in particular, the asymptotic behaviour of its positive solutions, which
contributes toward understanding the dynamics of discrete planar systems in general.

To reduce the number of parameters, we let x,, = 1 X, and y,, = —Y,,, then define
r— o
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~ B
B :=pkand B := 1 Thus, we obtain the system

.
X1 = X, -Y,
o (1 + X, >

(1.3)
Yo = Yu(BX,—p).
For our writing convenience, we ignore the upper case symbols and consider
r
= hil = (Bx —
fla) = T while g(a) = (Ba— )

to obtain the system

Tn+1 = F(l’n, yn) = Tn (.f(xn) - yn) (1.4)

Ynt1 = G(xmyn) = yng(xn)a

where r > 1 and B, > 0.

This paper is organized as follows: In section two, we discuss the local stability
of equilibria. In section three, we eliminate x,, and establish an invariant region with
respect to y,,. Furthermore, we show the existence of periodic solutions. In section four,
we discuss the boundedness and persistence of solutions. A rigours analysis is done in
section five to prove the existence of Neimark—Sacker bifurcation.

2 Equilibrium Solutions and Local Stability

System (1.4) has a total of three equilibrium points, namely Ey := (0,0), £ := (r—1,0)
and

E.=(@,5) = (g7 (1), flg ' (1) — 1) = <1 +u  Br ) |

—1
B "B4+u+1

We denote E and F; as the boundary equilibria while £, as the interior or positive one.
The local stability of an equilibrium £ = (7, %) can be determined by the eigenvalues \;,
1 = 1, 2 of the following Jacobian matrix evaluated at an equilibrium.

. f'(@)+ f(z) -y -z }
J(x,y) = ~ N
(#.9) By 9(z)
It is obvious that the boundary equilibria are not within the positive solutions that we
are interested in; however, we investigate their local stability to have full understanding

of the dynamics. Observe that we must have x,, > % for all n. Furthermore, if ,, = 0,
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T%n
1+z,
boundary equilibrium F, has the eigenvalues A\; = r > 1 and Ay = —p < 0. Thus, Ej is
a saddle when 0 < ¢ < 1 and a repeller when © > 1. On the other hand, the boundary

then x,, stabilizes at the positive equilibrium of z,, 11 = ,i.e.,z =r —1. Now, the

1 -
equilibrium F has the eigenvalues A\; = — < land Ay = B(r — 1) — u = B — p. Thus,
~ 71 ~

FE, is asaddle if |B — u| > 1 and is locally asymptotically stable if |B — u| < 1.
_ Next, we focus on the positive equilibrium F,. Observe that to have y; > 0, we need
B >+ 1. At E,, the Jacobian matrix becomes

o T f () +1 —7
J(Z1,th) = $1f(896’§1) fl

To analyze the stability of E, = (%1, 1) with some convenience, we define u = BT

T 5+ We obtain Det(J) = 14+u—v, Tr(J) = 2—wv and the characteristic

dy= —"%
and v (N

equation
NM—2-v)A+(1+u—v)=0.
Therefore, the eigenvalues are given by

)\j:%(Z—v—i—(—l)j\/?ﬂ—élu),j:1,2. @.1)

Our next lemma gives a characterization of the eigenvalues.

rry
(14 21)2
unit circle if and only if (u,v) is within the triangle of vertices (0,0), (0,2) and (4,4). If

1
v>2+ JU then |Xo| < 1 while |\;| > 1.

Lemma 2.1. Let u = Bxy, and v = . The eigenvalues are both within the

Proof. The region in which both eigenvalues are within the unit circle can be obtained
from the Jury conditions

|Det(J)| <1, 1—=Tr(J)+ Det(J) >0 and 14 Tr(J)+ Det(J)> 0.

However, the expressions of A; and A\, can be used and manipulated to conclude the
location of each eigenvalue. Fig 2.1 illustrates the computational details. [

To know the impact of our original parameters in (1.4), we manipulate the regions
obtained in Lemma 2.1 and write them in terms of our original parameters. We start
by the case in which one of the eigenvalues is within the unit circle. The condition

v > 2+ Eu translates into

Bp+1)(u+B—1)r<(u—3)(B+u+1)> (2.2)
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Figure 2.1: This figure illustrates the effect of the (u, v) values on the eigenvalues of the
Jacobian matrix at (Z1, 71 ). The shaded R;-region gives both eigenvalues nonreal with
magnitude less than one, while the R»-region gives both eigenvalues real with magnitude
less than one. The line segment in blue between (0, 0) and (4, 4) is the place where both
eigenvalues are nonreal of magnitude one.

However, since B depends on r, we rather consider our parameters B, r and . In this
case, (2.2) becomes

~ {r—l—B
(

Py(B) = ) +u} B>+ (1+pm)[A+(1—p)(2=r)]B+(B—p)(1+u)?*(r—1) < 0.

r—1
(2.3)
Now, we focus on our parameters to obtain both eigenvalues within the unit circle.
The triangular region obtained in Lemma 2.1, which is determined by 0 < u < 4 and

u<v<2+4 oW translates into a region determined by the inequalities

B > 1+, (u > 0)

[u(r = 1)+ (r=5)] B < (n+5)(p+1)(r 1), (u<4)

B? 4 (ur—2u—2)B < (r—1)(u+1)>2 (u <) (2.4)
P(B) > 0, (v<2+ %u)

Notice that it is possible to solve the inequalitie§ in (2.4) but the work is tedious; instead,
it can be more convenient to consider r and B as our major parameters while u as a
constant, then write  and B in terms of « and v, i.e,

. (+u+1)2 and B_(u%—i—,uu—l—2,uv+u2+u+v)

(41D (u—=(p+1)(v—-1)) (n+1v
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To have r > 1, we need v > (u + 1)(v — 1), which means the shaded region of Fig. 2.1
is not completely utilized. However, the triangular region obtained in Lemma 2.1 can be
traced to obtain the stability region with respect to  and B. We summarize the obtained
results in the following Lemma.

Lemma 2.2. Each of the following holds true for (1.4):

(i) If the parameters B, r and w satisfy (2.4), then (T1, 1) is locally asymptotically
stable. Fig. 2.2 illustrates the stability region.

(ii) If the parameters B, r and w satisfy (2.3), then (T1, 1) is a saddle. Again, Fig. 2.2
illustrates the feasible region.

(iii) Both eigenvalues of the Jacobian matrix are nonreal of modulus one when

(w+t+1)2
(b +1)(1 = p(t—1))°

By :=[r,B] =

t
P42+ ——|,
(+1)
1
where either 0 < t < 4, p < — which is illustrated by the blue solid-curve in

1 1
Fig. 22 (a),or0 <t <1+ —, p > 3 which is illustrated again by the blue
solid-curve in Fig. 2.2 (b).

We give a numerical example, which together with Fig 2.2 illustrate the various cases
of Lemma 2.2.

1 1 ~
Example 2.3. (i) Consider 4 = — < —. We fix r and let B change along a vertical

. 10 3
fiber in Fig. 2.2(a)
e Fixr =20:
F=[n~n~] M= b~
12
0 17.417 | 0.086 0.075 0.898
3 6.967 | 1.510 | —0.098 — 0.6767 | —0.098 + 0.6767
6 3.483 | 3.461 | —0.733 — 0.8977 | —0.733 + 0.8971¢
e Fixr =28:
(=] n~n~] M= b~
12
0 24.750 | 0.087 0.058 0.898
3 9.900 | 1.569 | —0.167 — 0.6042 | —0.167 + 0.6042
6 4.076 | 3.915 | —0.957 — 0.495¢ | —0.957 + 0.495¢
10 2.970 | 6.053 —2.188 —1.089
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e Fixr =50:
G- o~ [o~] =~ =
12
0 44.917 | 0.089 0.036 0.898
3 17.967 | 1.636 | —0.249 — 0.4912 | —0.249 + 0.4912¢
6 8.983 | 4.008 —2.071 —0.436
10 5.390 | 6.825 —4.140 -0.461

2 1 .
(11) Consider 1 = 5 > 3 We fix » = 70 and let B change along a vertical fiber in Fig.
2.2(b)

F-[a~n~] %= o~

64.400 | 0.070 0.050 0.896

—0.022 — 0.712¢ | —0.022 + 0.712¢
16.100 | 3.094 | —0.927 — 0.786: | —0.927 + 0.786¢

O | WO W
w0
b
[\
)
e}
=
—_
)
(0.0)

10.733 | 4.966 —2.431 —1.026
15 6.440 | 8.409 —5.265 —0.879
40 2.415 | 19.498 —11.271 —1.225

3 The y, Equation

In this section, we eliminate z,, from our system and focus on the dynamics of y,,. This
notion has the advantage of simplifying the mathematical analysis in finding an invariant
region. The second equation of (1.4) gives us

Tn=g (y;l) : (3.1)

then we obtain from the first equation

o ()= (5 U (52)) )

We simplify to obtain

rB%x
2 = Ynt1 F (Un, Yns1), where F(z,y)=|rB— ——"—— —y — px —
Ynt2 = Yt 15 (Yns Ynt1) (z,9) ( Bigeiy VHH
(3.2)
and x,y > 0. We must have F'(z,y) > 0, i.e.,
B
rB—pu>rB - (y + px). (3.3)

_|_
(y + px) + Bx
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r

(a)ﬂ<§ (b)ﬂ>§

r

Figure 2.2: The shaded regions in both figures show the solution of (2.3). Fig. (a) has

been captured at 4 = 0 while Fig (b) at u = £ The red curve is the transformation of

1
the line v = 2 + FU under the constraints of our parameters. The intersection between
(n+5)

(1 +1)(1—3p) .
the first quadrant represents © = v, which is the place where both eigenvalues are on the
unit circle. At the green curve, eigenvalues change from complex to real or vice versa.
The regions R; U R, correspond to the shaded regions in Fig. 2.1. The region R3 gives
nonreal eigenvalues which are located out of the unit circle.

1
the curves takes place when r = and i < 3 The blue solid curve in

Also, it is obvious that a solution must oscillate about the curve F'(z,y) = 1, i.e.,

Bz
(y + px) + Bx

rB—u—1=rB + (y + px). (3.4)
We illustrate (3.3) and (3.4) in Figure 3.1.

Denote the region in the positive quadrant that satisfies F'(x,y) > 0 (the axes are
not included) by R, and consider the two-dimensional map 7" : (¢»—1, Yn) — (Yn, Ynt1)-
In general, and as Fig 3.1 illustrates, The region R is not invariant under 7. However,
we are interested in establishing an invariant region that can be used to ensure positive
solutions in our original system. We start by forcing the first obvious constraint

Br
=Br—u< —1=: 0. 3.5
0= Brop< g =0 (35)

Consider D to be the interior of the triangular region of vertices (0,0), (5,0) and
(0, ). Tt is a simple computation to show that the upper boundary of this region satisfies
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Figure 3.1: This figure illustrates the curve F'(z,y) = 1 and the region given by
F(z,y) > 0. The grid unit is taken to be 5 and the parameters’ values are taken

1 .
uzﬁ,r:51andB:5.

F(z,y) > 0. Hence, we have D C R. Now, we give the following result in the next
lemma.

Br
B+
alf + 1)? < 482, then the region D is invariant under the map T defined by T(x,y) =
(v, yF(z,y)).

Proof. The condition B > 1 + w ensures that ; > 0, and consequently «, 8 > 0. Also,
note that the condition o3 + 1)? < 47 is stronger than the condition of Inequality 3.
Now, let (s,t) € D. We have

Lemma 3.1. Consider « = Br — pand =

— 1, and assume that B > 1 + . If
1

0<s<p and O<t<%(6—s).

Since T'(s,t) = (t,tF(s,t)), all we need is to show that

a
<—=(B-1).

8
However, since F' is decreasing in its first argument, i.e., F'(s,t) < F(0,t), itis sufficient
to show that

tF(s,t)

tF(0,t) = t(a —t) < %(5—@.

This is equivalent to 8t — oS + 1)t + a3 > 0, which is valid due to the condition
o B+ 1)% < 432 O
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It is worth mentioning that we obtained an invariant region in Lemma 3.1 using
relatively simple constraints on the parameters. However, it is possible to expand the
region D, but that will be on the expense of the constraints. Next, we explore the
condition (8 + 1)? < 43%, which is in fact

B3 — (r — 1) (ur® + 4r® — 8r + 4)B* + 8u(r — 1)°B — 4p*(r — 1)* < 0.
The asymptotic behavior for large r is given by
B® 4+ (—p—4)B* +8Bu — 44® = (B — ) (B* — 4B + 4p).

In Fig 3.2, we plot the region on the parameter space that satisfies the constraints in
Lemma 3.1.

A..
5|5

Figure 3.2: The shaded region in this figure illustrates the region that satisfies the

1
constraints of Lemma 3.1. This figure has been captured at y = 10

Example 3.2. Equation (3.2) is capable of having persistent periodic solutions. For
instance, if we fix y = 10 r=>5land B = 5, then we obtain the 2 — periodic solution

{0, 91}, where

1 :
T; = {% (5275 + V765865 — (—1) \/19090990 — 19750V 765865) } ,

for j = 0, 1, which can be rounded to {yo, 1} = {2.452, 3.824}. Another approximate
case is when we fix ¢ = 0.100, r = 9.942 and B = 3.999. We obtain a 4 — periodic
solution, namely

[yo’ Y1, Y2, y3] ~ [2928, 1144., 0903, 1663]
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4 Persistence and Boundedness

Persistence is a convenient biological term that can be used to replace our usage of
positive solutions, i.e., a solution {(z,, yn) }re of (1.4) is called persistent if x,,, y,, > 0

foralln = 0,1, .... The solution is called strongly persistent or permanent if x,,, y,, >
0 >0foralln =0,1,....Recall that when g, = 0, we obtain
krx
el = T, 4.1
ot k+ (r—1)x, @D

which is in fact the Beverton—Holt model [1, 3]. The positive equilibrium z = k is a
global attractor with respect to the interval (0, co). Thus, in this case, x,, is permanent and
bounded, while the persistent set is unbounded. We start by showing the boundedness of
persistent solutions. From the first equation of (1.4), we obtain

Ty

Tpt1 < <r forall n>0.

Tn

Now, from the second equation x,, must be larger than %, and from the first equation vy,
must be less than f(z,,). Thus,

n < flzn) < f (%) forall n > 0.

Thus, persistent solutions of (1.4) are bounded. We can strengthen this fact as follows.

Proposition 4.1. Let {(2,, yn)} be a persistent solution of (1.4). We have lim sup x,, <
r — 1 andlimsupy, < B — p.

Proof. From the first equation of (1.4), we obtain

T
14z,

Tnt1 <

and from which we obtain lim sup z,, less than or equal to the fixed point of f(z), i.e.,
limsupz, < r — 1. Next, y, must be less than f(z,), then y,,1 < f(x,)g(z,), and
because f(t)g(t) is increasing, then

limsup y,, =limsup y,+1
<limsup f(2,)g(wn)
<f(limsup x,)g(lim sup x,,)
B
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Figure 4.1: The shaded region in this figure illustrates the set of initial points that need
to be investigated for possible coexistence. The curve y = f(x) — 1 is the nullcline
(or isocline) of the prey equation while the vertical line g(x) = 1 is the nullcline of the
predator equation.

Theorem 4.2. No persistent solutions exist without the existence of a positive equilibrium,
ie,if B< u+1,theny, — 0 for sufficiently large n.

Proof. Consider B < 11 + 1, and assume by contrary that there exists a permanent
solution {(z,,y,)}. If ,, < r — 1 for some n = ng, then we use induction to obtain

Toi1 = To(f(2n) —yn) < xnf(z,) <r—1 forall n >ng.

Now, we use this fact in the second equation to obtain

Ynt1 < yng(r - 1) = yn<B(r - 1) - /~L) < Yn-

Thus, we obtained a decreasing and bounded sequence {y,, }, which must converge to
either ¢ or ;. This contradicts our earlier assumption. Next, we show that x,, cannot

+1 .
stay above r — 1. If z,, stays above r — 1, then because r — 1 < MT’ we obtain

f(x,) — yn < 1, and consequently x,, is decreasing. Thus, x,, must converge to a fixed
point, which again leads to a contradiction. [

Corollary 4.3. Suppose that ij; > 0. Either x,, < r — 1 for all n > nq or vy, is attracted
to gl-
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Proof. As in the proof of Theorem 4.2, if z,,, < r — 1 for some ng > 0, thenz,, <r —1
for all n > ngy. Next, if x,, stays above  — 1, then

Yn+1 > yng(r - 1) > Yn-

Thus, y, is increasing and bounded, and consequently must converge to 4;, which
completes the proof. O

We have shown in Fig. 2.2(a) and Example 2.3 that when

1 (n+5)°
S (R G )

and as we increase B, the coexistence equilibrium (Z1, 71) loses its stability to become a
saddle. This scenario also leads to the existence of periodic solutions. We illustrate this
scenario in the following example and the numerical simulations in Fig 4.2.

Example 4.4. The periodic solution of period two obtained in Example 3.2 gives a
persistent solution of period two, namely {(zo, yo), (z1,v1)}, where yo, y1 as given in
Example 3.2 and

1 ,
T; = 0 (—395 + V765865 — (—1)’ \/795090 — 870V 765865) , =01

A rounded form of this periodic solution is {(2.452,7.413), (3.824,16.594)}.

Next, we focus on the bifurcation that occurs at the upper boundary of the shaded
(1 +5)*

(1 +1)(1 = 3p) i
obtained by 4 + u = 2v. The curve can be written in parametric form as By :=

. This curve is a part of the branch

region in Fig. 2.2(a) when r >

- 20t + 1+ p)? 202+ (n+ 1) (p+ 3)t + 4(n + 1)?
e IS (T G+ D+ )  62)

2(p+1)

I
slightly above this curve. The stability of the equilibrium is inherited by a cycle of length
two.

1
where <t<4and0 < p < 3 Fig 4.2 shows a simulation along a curve taken
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3 t

(a) The prey population x,, (b) The predator population y,,

Figure 4.2: In this figure, © = 0.1, r and B are taken along a curve slightly above
(+0.1) the curve B, in (4.2). Observe that ¢ is ranging over a domain that reverses and
compactifies the domain of r.

5 Neimark-Sacker Bifurcation

In this section, we consider our bifurcation parameter to be B and focus on the positive
equilibrium when the two eigenvalues (\ and \) of the Jacobian are nonreal and located
on the unit circle. From Lemma 2.1, we need v = u, 0 < u < 4, and from Part (iii) of
Lemma 2.2, we obtained a parametric form of r and B.In particular, we need to focus
on the blue solid curve given in Fig. 2.2 (a) and (b), which is given by By in Part (iii) of
Lemma 2.2. Note that we can eliminate ¢ and write B>+ (pr—2pu—2) B—(u+1)(r—1) =
0, where 0 < t < 4 implies r > 1 and (u + 1)(3p — 1)r + (1 + 5) > 0. Observe that
by considering r and B along the curve By, we already avoided A\ = 1 and \> = 1. In
this case, the eigenvalue \ := )\, is given by

A=A, ==p++/1—p?i, where p:%(Q—Bilgl). (5.1)
To avoid A*> = 1 and \* = 1, we need
Briy, #3 and By, # 2, consecutively. (5.2)
Those conditions simplify to

(p+ 1)1 =2u)r # (n+4)* and (1 —p?)r# (p+3)°.
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Up to this end, we tested the nonhyperbolicity and the nonstrong-resonance conditions.
To test the transversality condition of the Naimark—Sacker bifurcation, we need to show
that

d ~ - o~
—~)\B‘ 0 at B=B.
=]AB)| # 1
Indeed, we have
d ~

5 (B)

i =2|A(B)] % AB)|

d
:EDet(J(jl,gl))

d T dfl
— % pet(J(z 1))
A, ¢ <‘] (ml’lml )) B

() ()

We summarize our discussion in the following result then give the main result of this
section.

Lemma 5.1. Consider

- (u+t+1)>2 t
Bl = {(u+1)(1—u(t—1))’u+2+ D)

If (4 1)(1—2u)r # (n+4)? and (1 — p®)r # (u+ 3)?, then \¥ £ 1 fork =1,2,3
and 4. Furthermore,

}, 0<t<4.

%‘A(é)’#o at B-h

Theorem 5.2. Consider (1.4) together with the hypotheses of Lemma 5.1. A Neimark—
Sacker bifurcation occurs and the obtained invariant curve is supercritical.

Proof. Based on Lemma 5.1, all we need is to show that the bifurcation is supercritical
(cf. [8,13]). Denote F'(x,y) = z(f(z) —y) and G(x) = yg(z). We shift the equilibrium
(Z1,71) to the origin by taking the substitution u = x — z; and v = y — ¢;. The (u,v)
system becomes

{un+1 = (un+21) (f(tn +21) =00 — 1) — T (5.3)

Upp1 = (Vp +71)9(un + 1) — 1.

Now, use Taylor expansion about (0, 0) to obtain

2]z 523

Un+1
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where

- 2 T 3 T - (_1)j
Gt T et T (z1+1)z 1+ 7))

J=4

F(u,v) = u!

and G(u,v) = Buw. Next, we transform the system and put the linear part in Jordan
normal form by considering

U L
{UH]ZQ{VZ]’ where (@) := 211 ggl

Un

In this case, we obtain

{ Upti } _ P /1P
Vi 1 —p? P

where
_ 1 q
0 1 F(—=z,U — V,U)
F . 9
Q! [ Gl } = By Bx % Bql
1 - - b & SR B
i q 2q G( 2$1U nglV’U)
i 1
B —5(1+M)U2—§UV
I CLU + CoV2 + C5UV + CLU + C5 V3 + CsUV? + CLVU?
and a )
—p) (2 _ q _
=2 (Z1- 1 - ==
= S (Ca-pm v ra-1), Gt
2 _ 1 (1-p)°
C = - 1 — 1 — —_ 1 =
3 7’( p)(y1+ )+ 2(:“ )7 C14 qr ;
1—9p? 3 3
05::( p)) Cﬁzz—q(l—p), Cr:=~(1—p)>
T T T

Thus, we need to investigate the expression

1—2))\2

~ 1 _
A(T‘, B) = Re <( 1\ 011020) + §|011‘2 + ’002’2 — Re ()\021) (54)

at the shifted equilibrium (0, 0), where

42+

A1) (1 — p(t—1)) ik 0<t<4

) [( (p+t+1)>
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and
1 .
Cay :§ [FUU — Fyy +2Gyy + Z(GUU —Gyy — 2FUV)]
1
8 Y1
1 .
Chy =1 [Fuu + Fyv +i(Guu + Gvv))
1
=1 (-1 =+ 2(Cr+ Gr)i),
1 .
Cog :g [Fuv — Fyyv — 2Gyy + i(Guu — Gyy + 2Fyy )]
1 q ..
=-— (—203 e 1+ 2(01 — CQ — —)Z) >
8 Y1
1 .

1
=3 (C7 4 3C5 + (3C, + Cg)i) .

Now, we have

(1 —2)\)\2 :2p2_p_§+q(1—6p+4p2).

1—A 2 2(1—p)
By substituting in the expression of A given in (5.4), we obtain a gigantic expression in
which handling by hand is a formidable task. But, we manipulate the expression using
Computer Algebra System such as MAPLE! to obtain a simple expression written in
terms of ¥, 1« and . Here, we give the main steps. Substitute the expressions of C, j =
1,...,71in Cy, Ci1, Cye and Cyy, then together with the expression of (5.5), we substitute
in the expression of (5.4) to obtain the A-expression in terms of (p, ¢, y1, 4, 7). Multiply
the expression by the positive quantity 64(1 — p)¢®r*y? to get rid of the denominator,
then substitute ¢ = /1 — p2. Factor out the positive quantity (1 + p)(1 — p)? and ignore

(5.5)

1
it to obtain an expression in terms of (p, ¥i, pt, ). Next, substitute p = 3 (2—(p+ D)),

then factor out the positive quantity 8z and ignore it to obtain the following expression
in terms of (g, p, r):

[2y1+(3w“+4)](u+1)yf+[u2<ﬂ+1)r2+(3u2+2ﬂ—2)7“+2(ﬂ+1)]y1—T(u(T—Q)—5 16)-
(5.6)

'"The MAPLE commands used to manipulate the expression are available at www.alsharawi.info
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From the condition that puts the eigenvalues on the unit circle, i.e., BZ171 = (u+1)j1 =
T .
——  , we obtain
(1+7)?
Ji=r—1—(2+ ).

Now, substitute 7 — 1 — (2 4 ur)7; for 77 in the A-expression, then again isolate ¢/ and
substitute to obtain

sign(A) = sign (r(u(p +2)i + p(pr +1) +1 = p2)) = +.

(a) The prey population x,, (b) The predator population ¥,

Figure 5.1: Those figures illustrate the bifurcation that takes place when the equilibrium
(Z1,71) loses its stability. To be more specific, the plot is taken for orbits near the
(p+t+1)2

(b4 1)(1 = p(t = 1))
+ 0.1. In other words, the horizontal axis represents a

1
equilibrium when 1 = 0.6, 1 < t < min {4, 1+ —}, r(t) =
i

dBt) =p+2+ ——
and B(t) = p )

perturbation (from above) of the blue-solid curve in Fig. 2.2 (b).

The densely shaded regions in figures 5.1a and 5.1b are representing the invariant
curve obtained through the Neimark—Sacker bifurcation. To illustrate that, we consider
1 =0.6, B=4.0,r = 35.0 and plot the curve in Fig 5.2.
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Figure 5.2: This figure shows the invariant curve obtained through a Neimark—Sacker
bifurcation. The red orbit is taken for an orbit starting outside of the curve while
the blue one is taken for an orbit inside the curve. The values of the parameters are
=006, B=4.0andr = 35.0.

Remark 5.3. Based on the local stability result in Lemma 2.2 and the Neimark—Sacker
1

bifurcation obtained in this section, we summarize the following: If p > 3 then

increasing the parameter B through B leads to (Z1,71) losing its stability and to the

creation of a stable invariant curve around (Z1, 7, ). However, if u < 3 then increasing B
(n+5)

(1 +1)(1 = 3p) ~
and to the creation of a stable invariant curve around (71, 7, ), while increasing B through
(n+5)

. oo ek D=3 .
a Neimark—Sacker bifurcation. Finally, it is possible to depend on some recent results in

the literature [11, 12, 16] and investigate the characteristics of the invariant curve assured
by Theorem 5.2.

through B under the condition 1 < leads to (Z1, §1) losing its stability

El under the condition r >

leads to (71, 91 ) losing its stability without
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