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Abstract

We investigate the closed form solutions of a certain system of nonlinear mixed
max-type difference equations. Under certain conditions, we show that the solu-
tions to the system are periodic. Furthermore, we give graphical evidence that
verifies the periodicity of the system being analyzed.
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1 Introduction

Difference equations are pervasive in mathematics and understanding the behavior of
such equations gives insight to many interesting problems, see [4,7, 11, 16]. Studying
the periodic nature of certain difference equations has attracted many authors, see [1-3,
5,6,8-10,12-14].

In 2015, Nouressadat Touafek and Nabila Haddad studied the closed form periodic
solutions in [15] to the following mixed max-type rational system of difference equa-
tions

Tpp1l = —, Ynt1 = MAX —, Yn1 ¢ -
Yn—1 T
We study the periodic solutions of the system of difference equations
n A
Tpa1 = M,ynﬂ = max {xil, } forn € Ny, (1.1)
Tp—1 Tp—1

where x_1 = «, y_1 = 3, x9 = A, and yo = 4 are positive numbers.
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2 Assumptions

The function f will have one of the following forms:

f(z) =1,

B, ifz>0
f(z)_{o, if 2 <0,

B, ifz>0
J(2) = {CZ, if z <0,

where B, C' € R such that B> + C? #£ 0.

3 Main Results
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2.1

(2.2)

(2.3)

Theorem 3.1. Assume that (2.1) holds with 0 < x_1,y_1,%0,yo < A < 1. Also, let
{Zn,yn} be a solution of the system of equations (1.1) withx_1 = o, y_1 = 5, Tg = A,

and yo = p. Then all solutions of (1.1) are of the following:

1 A
Tin—-3 = — Yan—-3 = —
(6% a
1 A
Tan—2 = 7, n—2 — 1
4n—2 b\ Yan—2 h\
1
Topn—1 = &,  Yan—1 = )
(6%
1
Tan = )\; Yan = ﬁ

Proof. Forn = 1, we have

. f (o) 1 _ { , A } _ { 2
T = = —, Yy =max e ,;,— p =maxsa’,
Tr_1 « Tr_1 «
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Figure 3.1:

Plot of x(n) Plot of y(n) x(n) vs y(n)
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So the result holds for n = 1. Now suppose the result is true for some k € N, that is,

1 A
Tak—3 = — Yak—-3 = —
a a

1
Tak—2 = X’ Yak—2 =

Tagp—1 = &, Yap—1 =

- >

1
T = A, Yap = 5vh

Then, for k£ + 1 we have the following:

Lak+1 = = = Yak+1 = MaX | Ty g, =maxqas, — = —
Tak—1 o Tak—1 « o
x = I Wan1) _ ! Y = max<{ & A = max q \? 4 = 4
o J (Yars2) _ 1
Tp+3 = = =«
Tqpt1 1/
9 A 1 A 1
=max{ T —— = Mmax4§ —,A0 . = —
Yak+3 4k+1> Tajort a2’ 2
f (Yart3) 1
pu— pu— pu— A
Lak4+4 Tahr 1 / b\
A 1 1
2
= — = —, AN = —.
Yak+a = MaX {$4k+27 Tahra } max { 2 } \2
Therefore the result is true for every k£ € N. This concludes the proof. 0

To see the periodic behavior of {z,,y,}, observe the three diagrams in Figure 3.1
withxy =1/2, 20 =1/3,y1 = 1/4,y» = 1/5, and A = 3/4.
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Theorem 3.2. Assume that (2.2) holds with B,C < 0 and 0 < x_1,y_1,%0,yo <
A < 1. Also, let {x,,y,} be a solution of the system of equations (1.1) with x_1 = «,
y_1 =0, xog = A, and yo = p. Then all solutions of (1.1) are of the following:

Tan—3 =

Tr_q 1
B A A A
To = fx(yf) :X, yzzmax{xg,x—o} :max{)\z,x} :X
T f<y2) —B (6% ma X A ma Bz AO[ B 2
= = = = X = X —_—, — —_—
3 71 B/Oé ) Y3 1 ) o ) B o
A

flys) B A B2 B\?
Ty = x23 :B—/)\:)\ 14 = max x%,x—Q = max ﬁ’ﬁ/\ = X .

B 2
Tok—1 = @, Ysp—1 — (-)

B 2
Tap = A, y4k=(x) .

Then, for k£ + 1 we have the following:

~ flyw) B B 2 AN » Al _A
Thk+1 = = E, Ygk+1 = MaAX § Typ_15 —1 = max < « ,E = E

T4k—1
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Figure 3.2:

Plot of x(n) Plot of y(n)

x(n) vs y(n)
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I f War) _ B Yibra = MaX { 22 Al max { A2 4
hr2 Tk PR R A
Tag+3 = S Waxsa) - 0 -«
M Tak+1 B/a
= ma xQ A = ma B : Aa =
Yak43 = MaX  Typyq, vt | * a) B B
/ (y4/€+3) B
— g = >\
Tt HVES)) B/ A

) A B\’ A
Yak+4 = Max x41<;+2var2 —maxs iy ’EA -

(3

Therefore the result is true for every £ € N. This concludes the proof.

55

]

To see the periodic behavior of {z,,y,}, observe the three diagrams in Figure 3.2

withwy = 1/2, 09 = 1/3,y1 = 1/4,y = 1/5, A=3/4, B= —2,and C = —1.

Theorem 3.3. Assume that (2.2) holds with A, B,C > 0 and x_1,y_1, Zo, Yo
Also, let {x,,,y,} be a solution of the system of equations (1.1) with x_1 = o, y_1

xo = A, and yy = p. Then all solutions of (1.1) are of the following:

Forn € N,

<

0.
B,
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Proof. First,

A A
Y1 = max {1721, —} = max {042, —} = Oé2.
Tr_q «

Next, we shall proceed by induction on n. For n = 1, we have

A
T = / (o) = 9, Yo = max{ A2, — ¢t = \?
o A2

2
m:fg(cyol) :g’ y3:max{(g> ,ga}:(

x :f(yz)zizga = max (E)Q é)\ :(
° T Cla  C7 v AN 'B

! To B/ » C ) ' Ba
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;

)

So the result holds for n = 1. Now suppose the result is true for some k£ > 0, that is,

C

9

Typ—3 = —, Yak—2 = A
o

C 2
y o Yak—1 = (—)

o

B 2
Q,  Ysk = <X>

BA\?
Ty = N, Yaks1 = C .

Then, for k£ + 1 we have the following:

Tp—2 =

Thk—1 =

Qlw >®

e _S(B) B _c
Fakt1 = T4  Ba/C — Ba/C «

A A

flywn) 7 <(BA)2> B
A

<
T4k A

Tk4+2 =
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Figure 3.3:

Plot of x(n) Plot of y(n) x(n) vs y(n)
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/(n)
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f(ans2) — f (V) B B

s T Clo :O/aZEO‘

) A B\* A
Yak+4 = mMax x4k+27m = max Y ’E)\ =

f Warys) / <(%)2> _ b

Takte = L4k+2 N B/)\ N B/)\
9 A Ba\®> AC Ba\®
= maxq —— ¢ =max< | — —=— .
Yak+5 4k+3> Tarrs C ' Bar C
Therefore the result is true for every k£ € N. This concludes the proof. U

To see the periodic behavior of {z,,y,}, observe the three diagrams in Figure 3.3
withx) = =2, 20 = =3, y1 = 4,y = -5, A=3/4,B=2,and C = 1.

Theorem 3.4. Assume that (2.3) holds with A,B > 0 and v_1,y_1, g, Yo, C < O.
Also, let {x,,, y,} be a solution of the system of equations (1.1) withx_, = o, y_1 = [3,
xo = A, and yy = p. Then all solutions of (1.1) are of the following:

y1 = o’

Forn € N,
Cu

2
Tan—3 = s Yqn—2 = A
(6%

B Cu 2
Tan—2 = X’ Yan—1 = ?

Ba B\?
Tan—1 = C_l/ Yan = X

Ba\?
Tin =N, Yint1 = (-) .
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A A
Y1 = max{xz_l, —} = max{aQ, —} = o’
Tr_1 «

Next, we shall proceed by induction on n. For n = 1, we have

Proof. First,

f(f%)_i_
i) _B/)\_

= max xzé—mx @Q—Acu—&Q
Y5 = e Vg e Cu) ' Ba [ \Cu/) -

So the result holds for n = 1. Now suppose the result is true for some k € N, that is,

A

Ty =

C
Tak—3 = FM’ Yak—2 = A
B Cu\’
Tak—2 = X’ Yak—1 = ?

Ba B\
Tak—1 = O_M’ Yar = X

Ba\?
Tak = N, Yagy1 = C_/l .

Then, for k£ + 1 we have the following:

f (Yar) _ / (<§)2> _ B _ %
Tg1  Ba/Cp  Ba/Cu  «

A A

Tap+1 =
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Figure 3.4:

Plot of x(n) Plot of y(n) x(n) vs y(n)
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f (Yar+1) / ((2—5)2)
A

B
k2 = L4k B B X
2 A Cp\’ Cu\’
Yak+3 = MaX  Typq, — v i = max F ,— =
f(yae2) — f () Ba

ks = L4k+1 C’,u/a C’u/a CM

) A B\® A
Yk s = MAX | gy o = Max g | ’E)\ =

f (Yar+3) f<(%)2) B

= = = = )\
Tak+4 Lak+2 B//\ B/)\
9 A Ba\® AC ACp Ba\”
=max{ T —— p =max\< | — .
Yak+5 4k+3» Tanes Cp ) Ba CM
Therefore the result is true for every k£ € N. This concludes the proof. O

To see the periodic behavior of {z,,y,}, observe the three diagrams in Figure 3.4
withzy = —1/2, 29 = —1/3,y1 = —1/4,yo = —1/5, A=3/4, B=1,and C = —1.

Theorem 3.5. Assume that (2.2) holds with B,C > 0 and let {x.,,y,} be a solution of
the system of equations (1.1) with x_1 = o, y_1 = B, zo = A, and yy = p all positive.
Furthermore, assume

A<a®, A< )

and
B? > Aa®, B3> AN,

Then all solutions of (1.1) are of the following:
B

2
Tin—-3 = —H Yan-3 = &
o
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)

xr3 = (?/2) = —_— = = max 1‘2 — ¢ = max — 2 — ¢ =\ — 2
3 = - B/ =, Y3 = 15 ) - )
] (yg) B A\ 2 A B 2 AN B 2
1 T B/)\ ’ Ya z A ’ B A .

So the result holds for n = 1. Now suppose the result is true for some k € N, that is,

Sy

2
Tagp—3 = —, Yak—3 =«

a
B
Tak—2 = X’ Yak—2 = 22

B\?2
Typ—1 = @,  Ysp—1 = E

Ba)\?
Ty = N, Yap = (T) .

Then, for k£ + 1 we have the following:

f(y4k:)_B _ {2 A}_ {2A}_2
—,  Utk41 = MAX Ty, —— ¢ =Max o, — =«
« 1 «

€T =
e Tak—1 Tak—
B A A
Tak+2 = M = 75 VYak42 = Max Iik, — ¢ = Inax >\2, — = )\2
LAk A LAk A

f(?/4k+2) - f()\z) B —a

Tak+3 = Tgi1  Bla B/a
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Figure 3.5:

Plot of x(n) Plot of y(n) x(n) vs y(n)
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n n x(n) 3
2 2
9 A B Aa B
Yapr3 = MAX § T —— = max< [ — — = | —
4k+1> Tapi1 o ) B o

/ (y4k+3) / ((§)2> B

pu— pu— = pum— A
Tk T e B/ B/
) A B\® A\ B\’
Yak44 = MAX § Ty o, P max 3 "B X
Therefore the result is true for every k € N. This concludes the proof. [

To see the periodic behavior of {z,,y,}, observe the three diagrams in Figure 3.5
withzy =1, 20 =2,y =3, 92 =4, A=1/2,and B = 4.
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