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Abstract

In this paper, we study the existence of positive solutions of the Hahn difference

equation
L2

_qu,wu(t) = a(qt +w) f(u(qt +w)), t € [wo,d],

with linear boundary conditions. We apply a fixed point theorem in cones to show
the existence of at least one positive solution, in either the superlinear or sublinear
case. Here the Hahn difference operator D, , is defined by

flgt+w) = f(t)
t(g—1) 4w

DQ,wf(t) = 7t 7& wo,

Wherew():leithO<q<1,w>0,andd>w0.

AMS Subject Classifications: 39A13, 39A70.
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1 Preliminaries

The existence of nonnegative solutions is important in studying of mathematical models
in science such as chemical, physical models, population or concentration models in
biology, and economical models. As we know, the cone sets, i.e., closed convex sets
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K of a Banach space X such that \K' C K forall A\ > 0 and K N (—K) = {0} can
describe nonnegativity.

Recently many authors studied positive solutions of different types of boundary
value problems. Most of their results are based on Krasnoselskii’s work [6]. He worked
on nonlinear operator equations by using the theory of cones in Banach spaces.

In [2], the authors studied the existence of positive solutions of the second order
boundary value problem

—u'(t) = a(t)f(u(t)% 0<t<l, (1.1)
au(0) — Bu'(0) = 0,
(1) + 6ul(1) = 0, } (12

with some conditions imposed on f, a and the constants of (1.2). It is shown that there
is a positive solution in both of the superlinear and the sublinear cases. A function f is
said to be superlinear (sublinear) if

fo=0 and fo =00 (fO oo and foo—())
where
fo = llmM, foo := lim M
u—0 U u—oo U

The authors used a fixed point theorem of Krasnoselskii, see [6]. More precisely, they
used a modified version of Krasnoselskii due to Guo [3], it reads as follows.

Theorem 1.1. Let My and M, be two bounded open sets in a Banach space E such that
OEMl,Ml CMQ.Let L
AKQ(MQ\Ml) — K

be completely continuous and let one of the following conditions
(D||Az|| < ||z]|,Vz € KNOM;y,and ||Az|| = ||z||,Vz € K NOMs.
(2)[|Az|| = [|z||,Vx € K NOM;y,and || Az| < ||z||,Vz € K NOMs.
be satisfied. Then A has at least one fixed point in K N (M2 \ Ml).

This paper is devoted to investigating positive solutions of (1.1)—(1.2) in the ¢, w-
difference operator setting. More specifically, we show the existence of positive solu-
tions of the nonlinear Hahn difference equations of the form

1
— g Dawult) = algt +w)f (ulgt +w)), 1 € fwo, )
with boundary conditions

anu(wy) — a1 Dy u(woy) =0,

CL21U(d) + CLQQDqMU(d) =0.

In the following section we state the main concepts of the g, w-calculus which we
use in the subsequent sections.
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2 Introduction

Let N be the set of natural numbers and Ny := N U {0}. For k € Nyand 0 < ¢ < 1, we
define the g-numbers

1-— q’“
[k]q = 1— '
q
Let [ be an interval of R containing wy, where wy := w/(1 — ¢q), and h denote the

transformation
h(t) :=qt +w, t € 1.

One can see that

> t, for t < wy,
h(t) & = t, for t = wy,
< t, for t > wy.

The transformation / has the inverse h~*(t) = (t — w)/q,t € I. The kth order iteration
of h is given by

hR(t) = hoho---oh(t) = ¢t +wlk], tel, (2.1)
k—times
t—wlk
(RF)™ = hRt)=nhto h—lvo o hTYt) = % tel. (22)
k—times

Furthermore, {h*(t)}32, is a decreasing (an increasing) sequence in k when t > wj
(t < wp) with

ek
lgellf\‘lh (1), t > wo,
Wy = (2.3)
sup h*(t), t < wo.
keN

The sequence {h"(t)}2, is increasing (decreasing), t > wy (t < wp) with

sup h™*(t), t > wo,
keN
00 — (2.4)
~inf p
’irellgh (), t < wp.

Let f be a function defined on I. The Hahn difference operator is defined in [4] by

flgt +w) — f(t)

Dol (0= =y =7

if t# wo, (2.5)
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and D, f(wo) = f'(wo), provided that f is differentiable at wy, where ¢ € (0, 1) and
w > 0. In this case, we call D, f, the g, w-derivative of f. Finally, we say that f is
¢, w-differentiable, i.e., throughout I, if D, ,, f (wp) exists.

The right inverse for D, is defined in [1] in terms of Jackson—-Norlund sums as
follows. For a, b € I, the ¢, w-integral of f from a to b is defined to be

/abf(t)dq,wt = /wj f(t)dg .t — /w: f(t)dgut, (2.6)

/ ) FO)dgot == (@(1 = q) =w) > " flag" + wlkly), ze€l, @7

provided that the series converges at + = a and x = b. It is known that if f is
continuous at wy, then the series in (2.7) is uniformly convergent.
We summarize the results of the ¢, w-calculus from [1] in the following theorem.

Theorem 2.1. Let f,g be functions defined on 1. The following statements are satisfied
on every compact subinterval of I which contains wy.
(1) If f,g are q, w-differentiable at t € I, then

Dyo(f9)(t) = Dqu(f(£))g(t) + f(gt + w) Dgug(t).

(i) If f is continuous at wy, then the function
Fla)i= [ Cf()dget, €T,
wo
is continuous at wy. Furthermore, D, ,F(x) exists for every x € I and
D, F(x) = f(z).

Conversely,

b
/ Dyt (t)dyut = f(b) — f(a) forall abe .
Also, it is not difficult to see that the following statements hold.

(1) For kq, ks € N, we have

a h*2 (a)
/ FO) oot > / F@Odyot, k> ko, 2.8)
wo h

"1 (a)

(2) If t # wy, then
(Dgf)(hH(1)) = D1 = f(1). (2.9)
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3)

h(t)
D = ( f($)dq7w$) =qf(t). (2.10)

wo

Qi

D;’—w</w:f(:c)dq,wx> _ FLe). @.11)

q

Our purpose here is to give an existence result for positive solutions to the nonlinear
second order ¢, w-difference equation of the form

—DEu(t) = alh(O)Sw(bE). €T = e, h7 )] @12

with certain linear boundary conditions. The following lemma indicates that equation
(2.12) is equivalent to the equation

"oDi —o Dyou(t) = alt)f(u(t)), tel=l|w,b (2.13)

Lemma 2.2. v is a solution of equation (2.13), if and only if u is a solution of equation
(2.12).

Proof. Let u be a solution of equation (2.13). Set G = D, ,u. Simple calculations,
using (2.9), show that

—éD;,;}DWu(t) - —%D;;G(t)
_1G(hH(t) - G()
T g hUt)—t
_ Dgu(h™(t)) — Dyeult)
o t(l—¢q) —w
Da%wu(t) — D%quu h(t))
T t(l—¢q) —w

On the other hand, we have

1 5 B _1
_5Dq,wu(t) - qu#fJG(t)
_1G(@E) - G(h())
g t—h()
1Dy —eulh(0) = Dy —eulh2(0)

q t — h(t)
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This implies that

Ly iy = L2zt~ Dyuh®)
¢ q h(t) — ¢
~ Dizsu(t) = D —eu(h(?))
- t(l—q) —w

from which we obtain

1 _
— Diauult) = ah®) f(u(h(®)). 1 € o, b7 O]
It is not difficult to see the converse is true. ]

So, we establish the existence of a positive solution of (2.13), under the boundary

conditions
au(wy) — fD1 —wu(wy) =0, }

yu(b) + 6D

(b = 0. (2.14)

1 —w
a’ q
where p := v8 + ad + ayb — yawy > 0, «,B,7,0 = 0. The functions a and f are
assumed to be nonnegative continuous functions for ¢ € [wy, b], and a(t) # 0, on any

subinterval of [wy, b]. We also assume that f is either superlinear or sublinear.

3 Green’s Function

In this section, we write the solution of (2.13)—(2.14) in a form of ¢, w-integral involving
the Green’s function. This Green’s function takes the same form of the classical case if
qg— 1l,and w — 0.

Lemma 3.1. Any solution of (2.13)—(2.14) satisfies the integral equation

u(t) = / G(t, 5)a(s) f(u(s))dys, 3.1)

where G(t, s) is giving by
((yb+0) — ) (B — awp + as), wy < s <t <D,
G(t,s) = - (3.2)
Pl (Wb +0) —v8)(B — awg + at), wy <t <s<b.

G(t, s) is called the Green’s function.
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Proof. The solution of (2.13) takes the form

t
u(t) = cit + co + / [s — tla(s) f(u(s))dyws, (3.3)
wo
where ¢; and ¢, are arbitrary constants. For a solution u that satisfies (2.14), we get
o [
o = =5 [ (5= b+ 8l )y 34
wo
=0+ aw b
o = L0 [ s (3 8)ale) s 6.5
wo
Substituting in (3.3) we obtain the form (3.1). ]

In the following we give some estimates for the Green’s function which will be the
main tools in getting the positive solution of (2.13)—(2.14). Clearly G(¢, s) > 0.

Lemma 3.2. Let ky > ko, where ki, ky € N, and let

U: min{y(b— hk2(b)) + 6 B—awo—i—ahkl(b)}.

by +9d " B —awy+ab
Then
G(t,s) = 0G(s,s), h*(b) <t <h*2(b), wy<s<b (3.6)
and
G(t,s) < G(s,s), wo<t,s<b. (3.7)

Proof. If h* (b) < t < h*(b), then

by + 6 —~t - v(b — h*2 (b)) + 6

= 9 S < ta
Glt,s) by 4+ — s by + 90 G58)
G(s,5) B —awy+at _ B — awy+ ahki(b)
> ; t<s
B — awy + as B — awy + ab
Also (3.7) follows from
b _
byto-at 1 s«
Glt,s) by 4+ — s 39
G(s,s) ﬂ—aw0+at<1 P< s

B —awy+as

The proof is complete. ]
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4 Existence of Positive Solutions

In this section, we establish the existence of a positive solution of (2.13)—(2.14) by
applying Theorem 1.1.

Throughout the rest of the paper, we denote by X = C'wy, b] the space of all con-
tinuous complex valued functions with maximum norm || - ||o. Let A : X — X, be
defined by

Au(t) = / G(t, 5)a(s) f (u(s))dys.

Define the cone K in X by

K = {u eX:u>=0, min u(t) > a||u||oo} , 4.1)

hF1(b)<t<hP2 (b)
where k; > ko suchthat ki, k; € N, and o be as in Lemma 3.2.

Lemma 4.1. A is a positive operator in K, that is,
A(K) C K. 4.2)

Proof. Clearly A(u) > 0 for u € K. Using Lemma 3.2, we get

b
min A(u(t)) = min / G(t,s)a(s)f(u(s))dgws

1 (b)<t<hk2 (b) hEL(b)<t<hF2(b) J o
b
>0 [ G(s,5)a(s)f(u(s))dgs

wo

> O'/ G(t,s)a(s)f(u(s))dgws Vt € wo,b

0
min Au(t)) = ol|Aul| .
K1 (b)<t<hF2 (b) (u(t)) || Al
The proof is complete. ]

Theorem 4.2. The problem (2.13)—(2.14) has at least one positive solution in the su-
perlinear and sublinear cases.

Proof. First we consider the superlinear case. Since fy = 0, for € satisfying

b
0< 6/ G(s,s)a(s)dyws < 1,
wo

we can choose d; > 0 such that f(u) < eu, for 0 < u < ;. Define the set

My = {ue X : ||ulle < 81} 4.3)
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Assume u € K and ||u||o, = d1. Then from Lemma 3.2, we have

Au(t) = [ Glt.5)afs) (u(s))dys

< [ G(s,s)a(s)eu(s)dy s

wo

Hence
| AU o < |Jtt|loo.  uw € K NOM,. (4.4)

In view of f,, = oo, there exists 0™ such that f(u) > pu, u > §*. where y satisfies
h¥*2(b)
,ua/ G(h*(b), s)a(s)dy.s > 1. 4.5)
h¥*1(b)
Here ko € N, is such that k; < ko < ko. Let 62 = max{26;,6"/o}, and let
My :={u € X : ||u||lo < d2}. (4.6)
For v € K and ||ul|o = J2, we have

min = u(t) > o||ulje = 5"
h*1(b)<t<hk2 (b)

We deduce that

Au(hko(b))—/ G(hko(b),s)a(s)f(u(s))dq,ws

0

WV

h¥2 (b)
[ G0, s)asu(s)dys

*1(b)

h¥2(b)
> u/ G(h*(b), s)a(s)u(s)dyws
h¥1(b)

h*2 (b
> poljulso /hk " G(hko(b),s)a(s)dws
1

2 [ullco-

This means || Au|| o = ||u]|s for u € KNOM,. Therefore, by the fixed point Theorem1.1,
there exists a fixed point u of A,
where u € K N (My \ M), ie., 6 < ||ul| < do.

For the sublinear case (fy = 00, fo = 0), we can choose &’ > 0 such that f(u) >
p'ufor 0 < u < &', where

h¥*2(b)
//a/ G(h*(b), s)a(s)dy.s > 1. 4.7)
h¥1(b)
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Set
M ={u€e X :||ulle <}

In a similar way to the first case, if u € K and |Ju| = ¢', we get

b
Au(h* (b)) = /G(h’“"(b%S)a(S)f(U(S))dq,wS

0

h¥2 (b)
> 1ollulle / G (b), 5)al(s)dyes
Rk1(b)

2 [ullco-

Thus
|Aulloo = |Jtullo, ©w € K NOM,. (4.8)

Since f,, = 0, there is a 5, such that f(u) < €'u, for u > 5, where

b
0< e'/ G(s,s)a(s)dyws < 1. 4.9)

Set
My = {u € X : |lul| < &},

where & will be specified according to the following cases.
Case (1). f is bounded, say f(u) < N forall u € (0, 00). In this case, choose

b
£:= max{25’,N/ G(s,s)a(s)dq’ws},

so that for u € K with ||u||.. = £, we have

Au(t) = / G(t, s)a(s)f(u(s))dgws < N/ G(s,s)a(s)dgws <&,

0
and consequently || Aul|c < ||t]]oo- 3
Case (2). f is unbounded. Then choose £ > max{2¢’, 4} and such that

flu) < f(§) for 0 <u <.

For u € K and ||ul| = &, we have
b
Au(t) :/ G(t,s)a(s)f(u(s))dgws
b
< [ G(s s)als) f(§)dguws

b
< e’f/ G(s,8)a(s)dyw.s < &

Hence || Aul|oo < ||t]|oo and for u € K NIM,, we have ||Au||s < ||u|s- By the second
part of the fixed point Theorem 1.1, it follows that problem (2.13)—(2.14) has a positive
solution and this completes the proof. [
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