Advances in Dynamical Systems and Applications
ISSN 0973-5321, Volume 11, Number 1, pp. 15-32 (2016)
http://campus.mst.edu/adsa

The Existence of Solutions for Classes of
Even-Order Differential Equations

Daniel Brumley, Britney Hopkins,

Kristi Karber and Thomas Milligan
University of Central Oklahoma
Department of Mathematics and Statistics
Edmond, OK, USA
dbrumleyl@uco.edu, bhopkins3@uco.edu
kkarberl@uco.eduand tmilliganl@uco.edu

Abstract

We establish the existence of multiple positive solutions for an even-order dif-
ferential equation with right focal boundary conditions. Our technique involves
a transformation of the even-order problem into a system of second-order differ-
ential equations satisfying homogeneous boundary conditions, as well as multiple
applications of the Guo—Krasnosel’skii fixed point theorem to guarantee the exis-
tence of at least three positive solutions. We conclude our paper with an existence
result for a broader class of the aforementioned second-order system of differential
equations.

AMS Subject Classifications: 34B18.
Keywords: Even order, differential equations, boundary value problem, multiple solu-
tions, positive solutions.

1 Introduction

In this paper we continue a current and active study of multiple positive solutions for
boundary value problems. Applications of such a study have arisen in beam analy-
sis as shown by Agarwal in [1], which provides an existence and uniqueness result
for the fourth-order problem z® = f (t,z, 2, 2", 13(3)). Moreover, Marcos, Lorca
and Ubilla in [5] provided an existence result to the fourth-order differential equation
u = Xh (t,u(t),u"(t)) for t € (0,1) by transforming the fourth-order problem into a
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system of second-order differential equations and then applying the Guo—Krasnosel skii
fixed point theorem. Hopkins then extended this process in [3] by establishing multiple
solutions to u®® = \h (t, w,u, . ,u2(”_1)) satisfying right focal boundary condi-
tions.

The particular problem we explore is the even-order differential equation

A (. u®Y) (1.1)
<2’“>(0) 0, (1.2)
u (1) = (=1)*ay, (1.3)

fort € (0,1),k =0,1,...,n — 1, and where n > 2; \,ar > 0, with ag + a; + ... +
an_1 > 0,and h : [0,1] x [0,00)* x (—00,0]* X - -+ x (—=1)"7*0, 00)* = (—1)"[0, 00).
In the second section we begin the process of obtaining the existence of multiple pos-
itive solutions of (1.1)—(1.3) by transforming the even-order boundary value problem
into a system of second-order differential equations satisfying homogeneous boundary
conditions. Some preliminaries and conditions that will be needed in order to obtain
the required result are also introduced. In the third section we construct a sequence of
lemmas that will allow the application of the Guo—Krasnosel’skii fixed point theorem
in our main result, Section 4. In Section 5, a corollary will be provided that yields an
existence result for a broader class of the aforementioned system of second-order dif-
ferential equations. This extends the work of Bennett, Brumley, Hopkins, Karber and
Milligan in [2].

2 Preliminaries

As previously mentioned, we need to transform the even-order differential equation to a
second-order system of differential equations. In order to do this, we begin by applying
the substitutions

up = (=) k=0,1,...,n—1,

Uk+1 = gk(t,U07U6>U1aU/17 ce >un71>u;—1)7 k= 07 17 s, = 27
f<t7u07u67u1a U'/17 cooy Unp—1, u;z—l)
= (—1)"h(t, up, up, —uy, —uh, ..., (=1)" Ty, (1)),

where t € (0,1). It follows that the solutions of the even-order differential equation
(1.1)—(1.3) are in one-to-one correspondence with the solutions of the second-order sys-
tem

—tiy_y = Af(t, 10, U, -y U1, W, y), @2.1)

_u'/r;—Q = 97%2(757 U, u67 <oy Un—1, u;’b_l)a (22)
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—ug = go(t, o, Up, - - - Un—1,Up,_1), (2.3)

for t € (0, 1) satisfying boundary conditions
ug(0) =0, (2.4)
up(1) = ax, (2.5)

where £ =0,1,...,n — 1.
Via a simple transformation of (2.1)—(2.5) into a sequence of second-order differen-
tial equations, we obtain

Uy 1 = M (t, ug + tag, ug + ag, . .., Up—1 + tan_1,U, 1+ an_1), (2.6)
—Up_y = Gna(t, ug + tag, uy + ao, . ., Un—1 +tan_1,U,_; + ap_1), 2.7)
—ug = go(t, uo + tag, ug + ag, . . ., Un—1 + tap_1,Uy,_1 + ap_1), (2:8)

satisfying the homogeneous boundary conditions,
ui(0) = uj(1) =0, (2.9)

for k = 0,1,...,n — 1. Again notice that once we establish (2.6)—(2.9) has positive
solutions, we will be able to conclude that those solutions also satisfy (2.1)—(2.5) as one
system is a transformation of the other. Furthermore, in order to obtain our main result,
we place the following requirements on the functions f and g;.

(HO) f :[0,1] x [0,00)*® — [0,00) is a continuous function which is nondecreasing
in the 2jth variables and nonincreasing in the (2j + 1)th variables, where j =

1,2,...,n.
(H1) There exists o, 3 € (0,1), a < f3, such that given (zg, 71, ..., T2, 1) € [0,00)*"
2n—1
with Z x; # 0, there exists £ > 0 such that for ¢ € [, 3],
i=0
f(t, o, L1, . .- ,l’gn_l) > k.
2n—1
(H2) Letz := » ;. Then
t=0
t e T
llm f(ax()a'rlv y L2 1) —0
z—0t z
and
lim gk(t, 2o, 1, ..., Ton_1) 0
z—0t z

uniformly fort € [0,1) and k =0,1,...,n — 2.
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2n—1

(H3) Letz := » ;. Then
t=0
t L T
hm f( y L0y L1, y T2 1) :0
Z—00 z
and .
lim gr(t, o, 1, .., Top_1) _0
2Z—00 z

uniformly fort € [0,1]and k = 0,1,...,n — 2.

Now, due to the nature of (2.6)—(2.9), we know any solutions are of the form

1
Up_1(t) = )\/ G(t,8)f(s,ug + Sag, uy + g, - - -, Un_1 + SAp_1,Ul, 1 + ay_1)ds,
0

1
Up_o(t) = / G(t,8)gn_2(5,ug + sag, Uy + g, - - -, Up_1 + SAp_1,U, 1 + an_1)ds,
0

1
up(t) = / G(t,5)go(s, up + sag, ug + ag, - - -, Up_1 + SAp_1,u, 1 + ap_1)ds,
0

where G (t, s) represents the Green’s function

t, 0<t<s<l,
G(t’s)_{s, 0<s<t<l

Since G(t, s) is nonnegative and since f and gy where k = 0,1, ..., n — 2 are nonnega-
tive by assumption, it follows that the above solutions must also be nonnegative. Some
other useful properties of G(t, s) are that

1

1

G(t,s)ds = =

f&?ﬁﬁ/ (t,s)ds = 5
0

and

ds = 1.

1
0
e
0

In our main result, we make use of the Guo—Krasnosel’skii fixed point theorem.
Thus, we will need a Banach space, a cone, and an operator 7. Let (X, || - ||) denote the

n—1

Banach space X = H C'([0,1]; R) endowed with the norm
=0

n—1
(w0, w, -yt =Y (Juilloo + 14100
=0
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where ||u|| = sup |u(t)|. Define C' C X to be the cone
t€(0,1]

C ={(ug,u1,...,uy_1) € X |ug,us,...,u,  are concave and
(U’O’ulv s 7un*1)<0) = (u67U/17 s 7u;71)(1) = (07 0,... 70)}

Notice that C'is indeed a cone as it is a nonempty, closed, convex subset of X satisfying
both of the following properties:

1. Ifx € C,and XA > 0, then Az € C.

2. Ifr € Cand —x € C, thenx = 0.
In addition, let 2, denote the open set

Q, = {(uo,ur, ..., up—1) € X : ||(uog, u1, ..., un—1)|| < p}-
Lastly, define 7" : X — X to be the operator
T(ug, ... up_1) = (Ao(uoy .-y Un—1),- -, An_1(Ug, .., Up_1)),

where

Ap_1(ugy -y un—1) (%)

1
= )\/ G(t,s)f(s,ug + sag, uy + ag, - -, Up_1 + SAp_1,U, 1 + Qp_1)ds
0

and

Ak(uo, . ,Un,1>(t)
1
= / G(t, s)gr(s, up + sag, ug + ag, . - ., Up—1 + SAp_1,u, 1 + ap_1)ds
0
fork=0,1,...,n—2.
Notice that the operator " satisfies the following lemma.
Lemma 2.1. T : C — C'is a completely continuous operator.

One can use a standard Arzela—Ascoli argument to show that 7" is completely con-
tinuous.
We now present the following lemma which will be used in the next section.

Lemma 2.2. Let u(t) be a nonnegative concave function which is continuous on |0, 1].
Then for all o, 5 € (0,1), with o < [3, we have

inf u(t) > a(l - o0
Jnf ult) = a(1 = B)u]
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This section concludes with the statement of the Guo—Krasnosel’skii fixed point
theorem (see [4]) as it will be utilized multiple times to acquire our main result.

Theorem 2.3. Let (X, || - ||) be a Banach space and let C' C X be a cone. Suppose
Q1, )y are open subsets of X satisfying 0 € 0y C Q; C Q. If T . C'N (Qg \ Ql) —C
is a completely continuous operator such that either

i ||Tu|| < ||ul foru € CNOQy and ||Tu|| > ||ul| for u € C' N 00y, or
ii. [|[Tu|l > ||u|| foru € C'NOQ and ||Tu| < ||ul| for u € C N O,

then T has a fixed point in C N (Qy \ ).

3 Technical Results

Lemma 3.1. Suppose (HO) and (H1) hold and let p* > 0. Then there exists A > 0 such
that for all A\ > A and (ag, ay, ..., a,-1) € [0,00)",

HT(U(), Ugs - 7un71)” > H(u07u17 cee 7un71>H
for each (ug, s, ..., uy—1) € C'NOQs.

Proof. Let p* > 0 and let (ug,uq,...,u,—1) € C' N OS)y-. Assume « and [ are as
in (H1) and set r = «a(1 — ). Note that » € (0,1). Furthermore, choose ¢ > 1
where uj, + ar < c||u}||o holds for all k = 0,1,...,n — 1, and t € [a,3]. For
ag, a1, ..., Q9,2 > 0,a9,1 > 0,and ag + a; + - -+ + as,_1 = p*, define

. f(ta rap, cay, raz, €Az, . .., T0ap—2, Ca’2nfl)
M = inf
r(ag+ag + -+ ag,_2) +clay +az + -+ + agp_1)

:te[a,ﬁ]}.

The existence of a positive M follows from assumption (HI). Set

1

A > 3 .
Mr/ G(1,s)ds

Since (ug, U1, ..., u,—1) € C, we can utilize (HO) and Lemma 2.2 to obtain
HT('U,(], U,y ... ,'Ll,nfl)H
Z ||An—1(u07u17 cee aun—l)Hoo

1
> )\/ G(1,8)f(s,ug + sag,ug + agy - -, Up—1 + SAp_1,u,_1 + ap_1)ds
0

B
> A/ G(1,5)f (s, rlluolloo, clltglloos - - Tlltm—1lloo, clltr, 1 [loc)ds
[e%
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> A[r (lwollss + llualloo + -+ + Ntn-1lloo) + ¢ (uplloo + 1t lloo + -+ + flug, 1 lloo) |

'/ﬁaa,s) f(S,T||u0Hoo,C||u6||oo,...,T||un/_1||oo,c||u;%1“(jo) .
o r (uolloo + -+ llun-allso) + ¢ (lploo + -+ Il 1]loc)
> M [r (Juollos + =+ luncallao) + € (et oo+~ 4 [ 1) |

B
/ G(1,s)ds
" B

> MM (Jluolloe + lluglloo + - + [tn-1lloo + [luf—1 [ls0) / G(1,s)ds

«

B
2)\Mr||(u0,u1,...,un_1)||/ G(1,s)ds

B
zAMrH(uo,ul,...,unl)H/ G(1, 5)ds
> |[(uo, ua, - - un—1)|l-
This concludes the proof. O

Lemma 3.2. Fix A > 0. Suppose (HO) and (H1) hold. Then for all A > A and for
all (ag,a,...,a,_1) € [0,00)" with ag + a1 + -+ + a,_1 > 0, there exists p; =
p1(A, ag,ay, ..., a, 1) such that for every p € (0, p1], we have

HT(U(), Uty - - 7un—1)|| Z H(u07u17 s 7un—1)H
forall (ug,uy, ..., up—1) € C'NOQ,.

Proof. Fix A > 0. By (H1) and the nonincreasing/nondecreasing properties of f, there
exists £ > 0 such that

[t ug + tag,ug + ao, . .. Un—1 + tan_y + up,_y + ap_1)
2 f(tv Qao, ||u6Hoo + ag, ..., &Ap_1, Huéleoo + an—l)
>k

B
forall ¢ € («, ) where a and 3 are as in (H1). Take p; = Ak:/ G/(1, s)ds. Then, for

[0}

(ug, U1, ..., up—1) € C'NOKY, where p < py,
1T (uos ury -+ s un—1)|| > [|Ag(uo, u, - - tn—1) oo

1
> )\/ G(1,8)f(s,up + sag,ug + agy - - ., Up—1 + SAp_1,u,_1 + ap_1)ds
0

B
> )\/ G(1, 8)f(s, aag, ||uglle + @0y - - -, an_1, ||t} _1||lco + @n_1)ds
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B
> )\k/ G(1,s)ds

g G(1,s)
:)\k”(uo,ul,...,un_l)”/ e ds

; Un-1)]|
> Ak||(ug, s - .oy Un—1)| /a e Ucli(l’-i)un_l)|| ds
= 2w, ua, - )|
> |(ug, u, oty 1)
giving our desired result. 0

Lemma 3.3. Suppose (HO) and (H2) hold, and let p* > 0 be fixed. Then given \ > 0,
there exists py € (0,p") and § > 0 such that for every (ag, a1, ...,a,_1) € [0,00)",

n—1

with 0 < Z a; < 0, we have
i=0
‘Vr<u07ul7"'7un41)” S;H(u07ula"'7unfl)H

for (ug,uy, ..., up—1) € C'NOQ,.

n—1

Proof. Let A > 0, t € [0,1], and (ag, ay,...,a,-1) € [0,00)" such that Zai > 0.
i=0
1
Pick v € (0, m) . Then, by (H2), we can find py € (0, p*) such that for all
2n—1 n—1
(20,71, ..., T2n—1) € [0,00)*" with Z x; = po and Z a; < po, we have
i=0 i=0

2n—1 n—1
J(t,xo + ag, x1, 02 + ay, T3, ..., Ton_g + An_1, Ton—1) < 7Y (Z Zi + Zai>
i=0

1=0

and

2n—1 n—1
gr(t, xo + ag, 1, T2 + a1, 23, . .., Top—2 + Qpn_1, Tap—1) < 7Y E T; + E a;
i=0 0

fork=0,1,...,n— 2.
Take (ug, u1,. .., U,—1) € C'N0OQ,,, and pick 6 > 0 so that § < p,. Let

c=min{c;, € (0,1] | uj, + ar > ci||uplloo, K =0,1,...,n —1}.
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n—1

Then, for Z a; < ¢ and by (HO), we have
i=0

An71<u07 Uy, ... 7un71)(t>

1
= )\/ G(t,s) f(s,ug + sag,uy + ag, .., Up_1 + SAp_1,U,_1 + Ap_1) ds
0

1
S )\/ G(t7 S) f(su HUOHOO + ao, C||U6||Oo, ceey Hun—lHoo -+ Ap—1, CHU’;@fl”oo) ds
0
n—1 1
<2 3 [(lilloo + a2) + el ] / Gt s)ds
=0 0

n—1

1
< S (il + f1floo + a2) / G(t.5) ds
=0

/0 1 G(t,s)ds

1
<2>\’Y||(U07U17---,Un—1)||/ G(t,s)ds
0

S )\’}/”(U()? Upy e 7un—1)H‘

n—1
= )‘ry [H(U(],Ul, cee 7un—1)|| + Za’i
=0

Using a similar argument to the one above, we see that

A;.L_l(lbg, U,y - .. ,Un_1>(t)

1
0
= /\/0 5 [G(t, s) f(s,ug + sag,ug + ag, . -, Up—1 + SAp_1,u,_ 1 + an_l)] ds

1
0
< 20| (uo, ut, . .y Un—1) | / aG(t, s)ds
0
< 2)\7”('&0,/&1, cee 7unfl)H-
In other words,

[ An—1(uo, us -+ oy tn1)loo + [ A7y (w0, un, -+ Un1) loo < 3MY|[ (20, uss - oo s una)]]-

Due to their construction, each g, for k = 0,1, ..., n — 2, shares the same nondecreas-
ing and nonincreasing properties as f. Therefore, using an argument similar to the one
applied above we have that for i € {0,1,...,n — 2},

HAz‘(Uo,Uh cee 7un71)Hoo + HAE(U(bUb e 7“71*1)”00 < 37“(“07 Uy ... ;Un71)H-
n—1

Thus, for Z a; < 0, we have
i=0

n—1
HT(Uo, U, ... >un71)H = Z |iHA'L(u07 U, .- 7un71)Hoo + HA;<u07 U, ... 7un71)”oo
=0
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n—2
< |3y + Z?ry] | (wo, wpy .oy up_1)]|-
i=0
It follows that ||T"(ug, w1, - .., Un—1)|| < |[(uo, w1, ... un—1)]- O
n—1
Lemma 3.4. Let 6 > 0. Suppose 0 < Zai < 0 and (HO) and (H3) hold. Then, for
i=0

every \ > 0, there exists p3 = p3(d, \) such that for all p > ps,

HT(u(h Uys - 7un71)H < H(Uo, Ugy - 7un71)“7

where (ug, Uy, ..., Up—1) € CNOQ,.

n—1

Proof. Let 0 < Y a; < 0, (z0,21,...,22,-1) € [0,00)°", and t € [0,1]. Pick
i=0
1
n € (0, m) By (HO) and (H3), there exists ¢; > 0 such that for all
2n—1
(20,71, ..., T2n1) € [0,00)*" with Z x; > q1, we have
i=0

2n—1 n—

1
f(t, o+ ap, x1, 22 + a1, T3, ..., Top—o + Qp_1,Top—1) <1 (Z T; + Z%‘)
i=0

=0

and

2n—1 n—1
gi(t, 2o + ap, 1,2 + a1, X3, . . ., Tap—2 + Qp_1, Tap—1) <N 5 x; + E a;
1=0 1=0

n—1
fork =0,1,...,n—2. Let p3 = max{d, ¢ }. Since Z a; < 6, for (xg, 1, ...,Toy_1) €
i=0
2n—1
[0, 00)?™ with Z x; > ps, we have
i=0
2n—1
f(t,zo + ag,x1, 22 + a1, 23, ..., Top—2 + 1, Top—1) <N [Z T; + p3
i=0
2n—1
< 2” jg: Ty,
i=0
and
2n—1

g(t, w0 + ag, 1, T2 + a1, T3, . .., Tap_2 + An_1, Tap—1) < 21 E x;
i—0
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fork=0,1,...,n—2.
Letting (ug, w1, ..., u,—1) € C' NN, we can apply a similar argument to the one
used in the previous proof to see that

||An—1(u07 Uty - 7un—1)||oo + ||A;L_1(u07u17 s 7un—1)||oo < 3)\77||(U0,U1, s aun—l)H
and for: € {0,1,...,n — 2},
| As(uo, ur, - oy 1) [loo + |47 (0, ur, - - o tUn—1) oo < 30| (o, ur, - .y tn—1)-

Thus, for p > ps and given (ug, u1, . .., u,—1) € C N 0N, we see that

n—1
1T (uo, us - - oy up—1)|| = Z {HAi(Uo, Uty .o Un-1) ||oo + [ AT (U0, U, - Un—1) ||so
i=0

n—2
< 3\ + 2377] (o, tr, - - - tns)]|
i=0
< |[(uo, v, - -, un-1)];
as desired. O]

4 The Main Result

Theorem 4.1. Let continuous functions f, gy, : [0,1] x [0,00)*" — [0, 00) satisfy hy-
potheses (HO) — (H3). Then there exists A > 0 such that given X > A, there exists

n—1

0 > 0 such that for every ag,ay,...,a,_1 > 0 satisfying 0 < Z a; < 0, the system
i=0

(2.6)—(2.9) has at least three positive solutions.

Proof. Suppose f, g satisfy hypotheses (HO)—(H3). Let p* > 0 be fixed. By Lemma
3.1, there is A > 0 such that, for every A\ > A and ag, aq,...,a, 1 >0,

T (wg, i, ..oy Uup—1)|| > |[(wo, w1, ..., up—1)|| for (ug, us, ..., up—1) € C'NOQ,-.
Now, fix A > A. Lemmas 3.2 through 3.4 give that there exists 0 > 0 and p1, p2, p3 > 0

satisfying p; < ps < p* < ps3 such that for (ag,aq,...,a,_1) € [0,00)" with 0 <

n—1

Zai <5,

=0

||T(u0,u1,...,un_1)|] > ||(U0,U1,...,Un_1)|| for (uo,ul,...,un_l) S Cman,
HT(Uo,ul,...,un,1)|’ S |‘(UO,U1,...,un,1)’| for (uo,ul,...,un,l) < CﬂanQ,
||T(u0,u1,...,un_1)|| < ||(U0,U1,...,Un_1)|| for (UO,U,l,...,Un_l) S Cﬂang.



26 D. Brumley, B. Hopkins, K. Karber and T. Milligan

Applying the Guo—Krasnosel’skii fixed point theorem three times, we get the existence

of three positive solutions, (U, @1, - - -, Un—1), (Vo, U1, - - -, Un_1), (Wo, W1, . .., Wy_1) €
C such that
p1 < |[(Wo, W1, - .., Wn—1)|| < p2 <|[(Wo, V1, ..., Vnt)
< p* < ||(@0,w1, . ,wn_l)H < p3.
Thus we see we have at least three positive solutions. 0

Recall that solutions to the system (2.6)—(2.9) are in one-to-one correspondence
with those of the system (2.1)—(2.5). And the solutions of (2.1)—(2.5) are in one-to-
one correspondence with those of our original problem (1.1)—(1.3). Thus we have our
desired result.

S Corollary

We now provide an existence result for a broader class of second-order systems of dif-
ferential equations of the form (2.1)—(2.5) by considering the following modifications
to the hypotheses. Note that this system is not derived from an even-order differential
equation, thus there is no underlying implicit relationship between v, . . ., u,,—1 and the
corresponding functions, gx. As a result, the hypothesis (HO*) has been amended to
incorporate these needed conditions on each g;. We also modify hypotheses (H2) and
(H3) by removing conditions related to the functions g;, and replacing those conditions
with the looser hypotheses (H4) and (HS).

(HO*) f, g : [0,1] x[0,00)*® — [0, 00) for k = 0, 1,...,n— 2 are continuous functions
which are nondecreasing in the 2jth variables and nonincreasing in the (25 + 1)th
variables, where j = 1,2,...,n.

2n—1
(H2") Letz := » ;. Then
t=0
lim f(t, 0, 21,..., 20, 1) _0
z—0t y4

uniformly fort € [0,1]and k =0,1,...,n — 2.

2n—1
(H3") Letz := » ;. Then

t=0

lim f(t,xo, 1, .., Ton_1)

2Z—00 z

=0

uniformly fort € [0,1) and k =0,1,...,n — 2.



Solutions for Classes of Even-Order DEs 27

n—2
2
(H4) There exists Yo, V1, - - -, Yn—2 > 0 such that Z’yk < 3 and ¢ > 0 such that for
k=0
2n—1
(20, 1, - - - Tan_1) € [0,00)*" with Z x; < g,
i=0
2n—1
gr(t, o, 1, . .., Top_1) < sz x;fort € [0,1],k=0,1,...,n—2.
=0

n—2

2
(HS) There exists 19,71, - - ., Np—2 > 0 such that Z e < 3 and p > 0 such that for
k=0

2n—1
(20, T1, ..., Ton_1) € [0,00)*" with Z x; > P,
i=0

2n—1

gr(t, o, T1, ..., Top_1) §nkz zifort € [0,1],k=0,1,...,n—2.
i=0

Just as in the previous problem, we transform the system (2.1)—(2.5) to the problem
(2.6)—(2.9) and show the existence of multiple solutions to the transformed system. Note
that Lemma 3.1 and Lemma 3.2 still apply, however, we will need to modify the proofs
of Lemma 3.3 and Lemma 3.4 to accommodate the new problem.

Lemma 5.1. Suppose (HO*), (H2*) and (H4) hold, and let p* > 0 be fixed. Then given
A > 0, there exists py € (0,p") and 6 > 0 such that for every (ag,ay,...,a,_1) €

n—1

[0,00)", with 0 < Z a; < 0, we have
i=0

1T (o, uay -y un—1) || < [[(uo, way -y 1),

for (ug, uy, ..., up—1) € C'NOQ,.

1
Proof. Let A > 0. Pick € > 0 so that \e < 3 Then, by (H2), we can find a p; € (0, p*)

2n—1 n—1
such that, for all (zg, 21, ..., 72, 1) € [0,00)*" such that Z x; = po and Z a; < ps
i=0 =0

1
with py < Eq where ¢ > 0 is as in (H4), we have

2n—1 n—1
f(t, w0+ ao, x1, 02 + a1, %3, ..., Top—2 + 1, Ton—1) < € E HUH—E a;
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fort € [0, 1].

n—1
Take (ug, w1, ..., up—1) € C' N0, and suppose Z a; < pg. Set
i=0

c=min{c;, € (0,1] | u}, + ar > c||uilloo, K =0,1,...,n —1}.

Using the same reasoning seen in Lemma 3.3, we have that for ¢ € [0, 1],

An—l(u()y Uy .- ;Un—l)(t) < AE“(U(), Uy .- 7un—1)||
and
Al (ugy gy .oy un—1)(t) < 2X€l|(uo, Uy - -y Up—1)]|-

Thus,

||An—1(u07 Upy - 7“71—1)”00 + ||A;z—1(u07u17 s 7“%—1)”00 S 3)\€||(U0, Ugy - 7un—1)||-
n—1

By hypothesis (H4), since Z (]l oo + @i) + |Jti]loc] < 2p2 < g, then there is

=0
n—2

2
Y05 V15 - - 5 Yn—2 > 0, such that Z% < 3 and such that
k=0

gk(tv HUOHOO + Qo, Hué)”om KR Hunfluoo + ap—1, H%quo)
n—1
< > [l + i) + lluflloc] -
i=0
n—1
Let 0’ < 1 and set & = ' p,. Then for Zai < 0, (ug,ut, ..., Up—1) € C'NONy,,

i=0
and t € [0, 1], we have

Ak(UO, U,y ... 7Un_1)<t>

1
:/ G(t,8) gr(s,up + sag, uy + ag, . . ., Up_1 + SAp_1,U,_1 + Qp_1)ds
0

1
S/ G(t,5) gr(s, lullo + a0, cllt'lloc; - - Nttn-1lloc + an-1, cll, 1 lloc) ds
0

/01 G(t,s)ds

n—1
< [ ollso + elltlloo + - + ltn-1lloc + cllt,_ylloc + Y a
=0

_ /01 G(t,s)ds

n—1
< | (w0, ury oo un—1)|| + Zai
i=0
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1
< (1 + 8[| (wo, w1, .y U1 / G(t,s)ds
0

1
< §7k(1 + 0" |[(ug, wr, . ., Un—1)|

and

Al (g, ugy ooy tup—q)(t)

1
— / 5 [G(t, s)gr(s,uo + Sag, ug + g, . . ., Un—1 + SAn_1,U,_1 + an_1)] ds
0

1
/ 0
<fyk(1—|—5)|](uo,u1,,unl)H/ EGG?S)dS
0
< (148 [0, ua, - - )|

fork =0,1,...,n — 2 and cis as above. Hence,

3
14k (o, -+ tn1) oo + | Ak (0, - s tn-1)lloo < Z90(1 A+ [ (w0 - -+ un-1)l|

fork=0,1,...,n—2.

n—1
Thus, for Z a; < 0, we have
i=0
n—1
||T(UO, U,y ... ,un,1>H = ["Ak(UO, Ugy ... 7un71)||oo + ||A§€(UQ, U, ... ,un,l)Hoo]
k=0
< 5’)/]@(1"‘5/)"‘3)\6 H(uo,ul,...,un,l)H.
k=0

For small enough € and &', it follows that || T (ug, w1, . . ., un_1)|| < ||(uo, us, .- s Upn_1)]|-

]
n—1
Lemma 5.2. Let § > 0. Suppose 0 < Y a; < & and (HO"), (H3"), and (H5) hold.
i=0
Then, for every A > 0, there exists ps = p3(0, \) such that for all p > ps,
HT(u(h Upy - 7un71)H < H(u07 Ugy - 7un71)“7
where (ug, Uy, ..., Up—1) € C' N OQ,
n—1
Proof. Let0 < » a; < 6 and let (zq, 1, ..., Z2,-1) € [0,00)*". By (HS) and by the
i=0
nondecreasing/nonincreasing properties of g in (HO*) for £ = 0,1,...,n — 2, given

any q; > p, we have

2n—1 n—1
gr(t, xo + ag, 1, T2 + a1, T3, . .., Top—2 + An_1, Ton—1) < Nk E T + E a;
i—0 =0
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2n—1 n—2

2
for Z x; > g and t € [0, 1], where an < 3
=0 k=0 5
Let ¢ > 0 and n = max{no, ..., ,—2}. Pick ¢; > p large enough so that ¢ > ne.
2n—1 n
Let Z x; > ¢1. Then
i=0
2n—1 n—1
gr(t, w0 + ag, 1, T2 + a1, T3, . .., Top_2 + An_1, Tap—1) < Mk (Z x; + ai)
i=0 i=0
2n—1
< (. +¢) Z ;.
i=0
Let (UO,Ul, . ,Unfl) eCn aqu. Let
c=min{c;, € (0,1] | u}, + ar > c||uilloo, K =0,1,...,n —1}.
Then fort € [0,1] and k =0,1,...,n — 2,
Ak(Uo, Uy .- 7un—1)(t)
1
= / G(t,3) ge(s,ug + sag, ug + ag, - - ., Up—1 + SAp_1,U, 1 + Qp_1)ds
0
1
< / G(t, ) gi(s, [[uollco + ao, clltglloos - - - [[tn—1loc + an—1, cllus,_1[loc) ds
0

1
< (mx +€) ||(u0,u1,...,un_1)||/ G(t,s)ds
0
and

A;(UQ, Uty ... ,un_1>(t)

1
0
— / % [G(t, ) g (8, ug + sag, uy + g, - -+, Up_1 + SAp_1,u,_| + an,l)} ds
0

1
0
< (Mg + €) || (up, u, ...y Up_1)| / a—G(t, s)ds.
g Ot
Combining these inequalities, we see that

3(mk + €)

g, )

| Ak (uo, u, .., un—1)|loc + HA;C(UO, Uty .y Un—1) oo <

fork=0,1,...,n— 2.
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Now consider A,,_1(ug, uy,...,u,_1)(t). Let & > 0. Then, by (HO*) and (H3*),

2n—1

there is a ¢, > 0 such that for all (xg, 21, ..., 72,_1) € [0,00)*" with Z T; > o, WE
i=0

have

2n—1 n—1
!
f(t,xo + ag, x1, 02 + a1, x3, ..., Ton—2 + 1, Ton—1) < 0 E i+ E a;
i=0 0

1=

n—1
for every t € [0,1]. Let g3 = max{J, ¢»}. Note that Zai < 0, for (zg,...,Tp_1) €
i=0
2n—1
[0, 00)?™ with Z x; > g3, we see that
i=0
2n—1
ft, w0+ ag, x1, 22+ a1, x5, ..., Top—o + Gy, Top—1) < 0 [Z T + g3
=0
2n—1

i=0
Then for ¢ € [0,1] and any (ug, u1, ..., Up—1) € C' N OQy,,
Anfl(u(]? Uty - 7un71>(t)

1
= )\/ G(t,s) f(s,ug+ sag,uy + ag, - -, Up_1 + SAp_1,U, 1 + A1) ds
0
1
< )\/ G(t,8) f(s, [ulloo + ao, cllt[los - s Nun—1lloo + @n-1, cllug,_;lloc) ds
0

1
< A28 |[(ugyugy -y )| / G(t,s)ds
0
S A(S/ ||(u07u17 s 7un—1)||7
where c is as above. And similarly,
A;_I(U,O, U,y ... ,U,n_l)(t)

1
0
= )\/0 5 [G(t,s) f(s,uo + Sag, ug + o, - .., Up—1 + SAp_1,U,_1 + ap_1)] ds

1
0
< A28 |[(ugyugy -y )| / —G(t,s)ds
o Ot
S 2)\5/ ||(U0, U,y ... ,un_1)||.
Combining these inequalities, we have

||An_1(U0,U1, ce aun—l)Hoo + ||A;_1(U0, Upyow ,Un_1)||oo < 3)\5/||(U0, Upy oo ,Un_1)||.
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Take p; = max{qi,q3} and let p > p3. Then given (ug, uy, ..., u,—1) € C N OLY,, it
follows that

n—1
1T (uo, urs - oo s up—1) || = Z AR (o, wrs - ooy 1)l + [ AL (w0, w1, - - s 1) o]
k=0
n—2 3
< [ 5(77k+€)+3)‘5, ||(U’07u17"'aun—1)||-
k=0
n—2 9
Recall by (HS) that an < 3 Picking ¢ and ¢’ small enough yields the desired
k=0
result. 0

Corollary 5.3. Let continuous functions f, g, : [0,1] x [0,00)*" — [0,00) for k =
0,1,...,n — 2 satisfy hypotheses (HO*) — (HS5). Then there exists A > 0 such that

given X > A, there exists 6 > 0 such that for every ag,ay,...,a,—1 > 0 satisfying
n—1

0< Z a; < 0, the system (2.6)—(2.9) has at least three positive solutions.
i=0
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