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1 Introduction

Let T be an arbitrary time scale (nonempty closed subset of R). As usual, σ : T→ T is
the forward jump operator defined by

σ(t) = inf{s ∈ T : s > t}.

Also xσ(t) = x(σ(t)), and x∆(t) denotes the time scale derivative of x. Higher or-
der jump and derivative are defined inductively by σj(t) = σ(σj−1(t)) and x∆(j)

(t) =

(x∆(j−1)

(t))∆, j ≥ 1. It is assumed that the reader is familiar with the time scale calcu-
lus. Some preliminary definitions and theorems on time scales can be found in [1–4].

In this paper, we discuss the existence of solutions to the complementary Lidstone
boundary value problem (CLBVP) on time scales

(−1)nx∆(2n+1)

(t) + q(t)f(t, xσ(t)) = 0, t ∈ [a, b]T,
x(a) = 0, x∆(2i−1)

(a) = x∆(2i−1)

(σ2n−2i+2(b)) = 0 i = 1, . . . , n,
(1.1)

where n ≥ 1, a, b ∈ T and f : [a, σ(b)]T × R→ R is continuous. Hereafter, we use the
notation [a, b]T to indicate the time scale interval [a, b] ∩ T. The interval [a, b)T, (a, b]T
and (a, b)T are similarly defined.

The complementary Lidstone interpolation and boundary value problems were dis-
cussed in [5–7]. In [6, 7] the authors consider a (2n + 1)th order differential equation
together with boundary data at the odd order derivatives

x(0) = a0, x
(2i−1)(0) = ai, x

(2i−1)(1) = bi, i = 1, 2, . . . , n. (1.2)

The boundary conditions (1.2) are known as complementary Lidstone boundary condi-
tions, which naturally complement the Lidstone boundary conditions [8–11] which in-
volve even order derivatives. The Lidstone boundary value problem comprises a 2mth
order differential equation and the Lidstone boundary conditions

x(2i)(0) = ai, x
(2i)(1) = bi, i = 0, 2, . . . , n− 1.

For the Lidstone boundary value problem, we refer the reader to [12–26] and the ref-
erences cited therein. For the complementary Lidstone boundary value problem, we
refer the reader to [27–31]. In the literature there are only a few papers on Lidstone
boundary value problems on time scales [32, 33] and no paper (to our knowledge) on
complementary Lidstone boundary value problems on time scales.

In Section 2, we develop some inequalities for certain Green’s functions. In Section
3, using a variety of fixed point theorems, we establish of existence of a solution (not
necessary positive), and we also discuss the existence of a nontrivial positive solution,
and two nontrivial positive solutions.
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2 Preliminaries
To obtain a solution for the CLBVP (1.1), we require a mapping whose kernel G1

n(t, s)
is the Green’s function of the Lidstone boundary value problem

(−1)ny∆(2n)

(t) = 0, t ∈ [a, b]T,
y∆(2i)

(a) = y∆(2i)

(σ2n−2i(b)) = 0, i = 0, 1, . . . , n− 1.
(2.1)

The Green’s function can be expressed as

G1
n(t, s) =

∫ σ2n−1(b)

a

Gn(t, r)G1
n−1(r, s)∆r, (2.2)

where

Gn(t, s) =
−1

σ2n(b)− a

{
(t− a)(σ2n(b)− σ(s)), t ≤ s,
(σ(s)− a)(σ2n(b)− t), σ(s) < t, (2.3)

and

G1
1(t, s) = G1(t, s). (2.4)

We remark that Gn is the Green’s function of the problem

y∆∆(t) = 0, y(a) = y(σ2n(b)) = 0.

Furthermore, it is easily seen that from (2.3), we have

Gn(t, s) ≤ 0, (t, s) ∈ [a, σ2n(b)]T × [a, σ2n−2(b)]T, (2.5)

and from (2.5) and (2.2), we have

(−1)nG1
n(t, s) ≥ 0, (t, s) ∈ [a, σ2n(b)]T × [a, b]T. (2.6)

Lemma 2.1. For (t, s) ∈ [a, σ2n(b)]T × [a, b]T, we have

(−1)nG1
n(t, s) = |G1

n(t, s)| ≤ θn(σ(s)− a)(σ2(b)− σ(s)), (2.7)

where

θn =

[ n∏
i=1

(σ2i(b)− a)

]−1 n−1∏
i=1

s2i,

sj =
1

6

{
(σj+2(b)− a)3 +

∑
t∈Aj

µ(t)2[3(σj+2(b) + a)− 2(t+ 2σ(t))]
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−
∑
t∈Bj

µ(t)2[2(t+ 2σ(t))− 3(σj+2(b) + a)]

}
, j ≥ 2 (2.8)

and

Aj =

[
a,
σj+1(b) + a

2

]
T
\
{

max
{
t : t ∈

[
a,
σj+1(b) + a

2

]
T

}}
,

Bj =

(
σj+1(b) + a

2
, σj+1(b)

]
T
∪
{

max{t : t ∈
[
a,
σj+1(b) + a

2

]
T}
}
.

(2.9)

Proof. From (2.3), we obtain for n ≥ 1 and (t, s) ∈ [a, σ2n(b)]T × [a, σ2n−2(b)]T that

|Gn(t, s)| ≤ 1

σ2n(b)− a

{
(s− a)(σ2n(b)− σ(s)), t ≤ s,
(σ(s)− a)(σ2n(b)− σ(s)), σ(s) < t

≤ 1

σ2n(b)− a
(σ(s)− a)(σ2n(b)− σ(s)). (2.10)

In view of (2.4) and (2.10) |n=1, we see that (2.7) is true for n = 1. Assume that (2.7)
holds for n = k(≥ 1). Then for (t, s) ∈ [a, σ2k+2(b)]T × [a, b]T, it follows from (2.2),
(2.5), (2.6), (2.10)|n=k+1 and (2.7)|n=k that

|G1
k+1(t, s)| =

∫ σ2k+1(b)

a

|Gk+1(t, r)||G1
k(r, s)|∆r

≤
∫ σ2k+1(b)

a

1

σ2k+2(b)− a
(σ(r)− a)(σ2k+2(b)− σ(r))θk(σ(s)− a)(σ2(b)− σ(s))∆r

=
1

σ2k+2(b)− a
θk(σ(s)− a)(σ2(b)− σ(s))

∫ σ2k+1(b)

a

(σ(r)− a)(σ2k+2(b)− σ(r))∆r

=
1

σ2k+2(b)− a
θk(σ(s)− a)(σ2(b)− σ(s))

{∫ σ2k+2(b)

a

(r − a)(σ2k+2(b)− r)dr

+
∑
t∈A2k

∫ σ(t)

t

[(σ(t)− a)(σ2k+2(b)− σ(t))− (r − a)(σ2k+2(b)− r)]dr

−
∑
t∈B2k

∫ σ(t)

t

[(r − a)(σ2k+2(b)− r)− (σ(t)− a)(σ2k+2(b)− σ(t))]dr

}
=

θk(σ(s)− a)(σ2(b)− σ(s))

6(σ2k+2(b)− a)

{
(σ2k+2(b)− a)3

+
∑
t∈A2k

µ(t)2[3(σ2k+2(b) + a)− 2(t+ 2σ(t))]

−
∑
t∈B2k

µ(t)2[2(t+ 2σ(t))− 3(σ2k+2(b) + a)]

}
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=
θks2k

σ2k+2(b)− a
(σ(s)− a)(σ2(b)− σ(s))

= θk+1(σ(s)− a)(σ2(b)− σ(s)).

Thus the inequality (2.7) is true for n = k + 1. This concludes the proof.

Remark 2.2. If T = R, then from Lemma 2.1, we obtain for (t, s) ∈ [a, b]× [a, b]

(−1)nG1
n(t, s) = |G1

n(t, s)| ≤
(

(b− a)2

6

)n−1
(s− a)(b− s)

b− a
. (2.11)

Lemma 2.3. Let δ ∈
(

0,
1

2

)
be a given constant. For (t, s) ∈ [α, βn]T × [a, b]T, we

have

(−1)nG1
n(t, s) = |G1

n(t, s)| ≥ ψn(δ)(σ(s)− a)(σ2(b)− σ(s)), (2.12)

where
α = min

{
t ∈ [a, σ2n(b)]T : a+ δ ≤ t

}
,

βj = max
{
t ∈ [a, σ2j(b)]T : t ≤ σ2j(b)− δ

}
,

ψn(δ) = δn
n∏
i=1

(σ2i(b)− a)
n−1∏
i=1

Si+1

and

Sj =
1

6

{
(βj − α)(3σ2j(b)(βj + α) + 3a(βj + α− 2σ2j(b))− 2(β2

j + βjα + α2)

+
∑

t∈Aj\[a,α)T

µ(t)2[3(σ2j(b) + a)− 2(t+ 2σ(t))]

−
∑

t∈Bj\(βj ,σ2j(b)]T

µ(t)2[2(t+ 2σ(t))− 3(σ2j(b) + a)]

}
, j ≥ 2.

Here the sets Aj and Bj are defined as in (2.9).

Proof. For n ≥ 1 and (t, s) ∈ [α, βn]T × [a, σ2n−2(b)]T, from (2.3), we have∣∣∣∣ Gn(t, s)

Gn(σ(s), s)

∣∣∣∣ =
t− a

σ(s)− a
≥ α− a
σ(s)− a

≥ a+ δ − a
σ(b)− a

≥ δ

σ2n(b)− a
, if t ≤ s

and ∣∣∣∣ Gn(t, s)

Gn(σ(s), s)

∣∣∣∣ =
σ2n(b)− t

σ2n(b)− σ(s)
≥ σ2n(b)− βn
σ2n(b)− σ(s)a
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≥ σ2n(b)− σ2n(b) + δ

σ2n(b)− a
=

δ

σ2n(b)− a
, if t > σ(s).

Hence, we obtain

|Gn(t, s)| ≥ δ

σ2n(b)− a
(σ(s)− a)(σ2n(b)− σ(s)). (2.13)

Noting (2.4) and (2.13)|n=1, we see that (2.12) is true for n = 1. Now suppose that
(2.12) holds for n = k(≥ 1). Then using (2.2), (2.5), (2.6), (2.13)|n=k+1 and (2.12)|n=k,
we get for (t, s) ∈ [α, βn]T × [a, b]T,

|G1
k+1(t, s)| =

∫ σ2k+1(b)

a

|Gk+1(t, r)||G1
k(r, s)|∆r

≥
∫ σ2k+1(b)

a

δ

σ2k+2(b)− a
(σ(r)− a)(σ2k+2(b)− σ(r))G1

k(r, s)∆r

≥
∫ βk+1

α

δ

σ2k+2(b)− a
(σ(r)− a)(σ2k+2(b)− σ(r))ψk(δ)(σ(s)− a)(σ2(b)− σ(s))∆r

≥ δψk(δ)

σ2k+2(b)− a
(σ(s)− a)(σ2(b)− σ(s))

∫ βk+1

α

(σ(r)− a)(σ2k+2(b)− σ(r))∆r

≥ δψk(δ)

σ2k+2(b)− a
(σ(s)− a)(σ2(b)− σ(s))

{∫ βk+1

α

(r − a)(σ2k+2(b)− r)dr

+
∑

t∈A2k\[a,α)T

∫ σ(t)

t

[(σ(t)− a)(σk+1(b)− σ(t))− (r − a)(σ2k+2(b)− r)]dr

−
∑

t∈B2k\(βk+1,σ2k+2(b)]T

∫ σ(t)

t

[(r − a)(σ2k+2(b)− r)− (σ(t)− a)(σ2k+2(b)− σ(t))]dr

}

=
δψk(δ)

σ2k+2(b)− a
(σ(s)− a)(σ2(b)− σ(s))Sk+1

= ψk+1(δ)(σ(s)− a)(σ2(b)− σ(s)).

Hence, (2.12) is true for n = k + 1. This concludes the proof.

Remark 2.4. If T = R, then from Lemma 2.3, we obtain for (t, s) ∈ [a+δ, b−δ]× [a, b]

(−1)nG1
n(t, s) = |G1

n(t, s)| ≥ ψn(δ)
(s− a)(b− s)

b− a
, (2.14)

where ψn(δ) =
1

6n−1

(
δ

b− a

)n(
(b− a)2 − 6δ2 +

4δ3

b− a

)n−1

.
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Remark 2.5. From Lemma 2.1 and Lemma 2.3, for δ =
1

4
∈
(

0,
1

2

)
, we have

min
t∈[α,βn]T

|G1
n(t, s)| ≥ ψn(1/4)G1(σ(s), s) ≥

ψn(1
4
)

θn
max

t∈[a,σ2n(b)]T
|G1

n(t, s)|

≥ γn max
t∈[a,σ2n(b)]T

|G1
n(t, s)|,

where

γn =

∏n−1
i=1 Si+1

4n
∏n−1

i=1 s2i

.

It is clear that s2i > Si+1, 1 ≤ i ≤ n− 1. Thus, we have 0 < γn < 1.

Finally in this section, we state Krasnosel’skii’s fixed point theorem in a cone [34,
35].

Theorem 2.6. Let B = (B, ‖ · ‖) be a Banach space, and let P ⊂ B be a cone in B.
Suppose that Ω1 and Ω2 are open subsets of B with 0 ∈ Ω1 and Ω1 ⊂ Ω2. Suppose
further that T : P ∩ (Ω2 \ Ω1) → P is a continuous and compact operator such that
either

i ‖Tu‖ ≤ ‖u‖ for u ∈ P ∩ ∂Ω1, ‖Tu‖ ≥ ‖u‖ for u ∈ P ∩ ∂Ω2, or

ii ‖Tu‖ ≥ ‖u‖ for u ∈ P ∩ ∂Ω1, ‖Tu‖ ≤ ‖u‖ for u ∈ P ∩ ∂Ω2

holds. Then T has a fixed point in P ∩ (Ω2 \ Ω1).

3 Existence of Positive Solutions
To discuss (1.1), we first consider the initial value problem

x∆(t) = y(t), t ∈ [a, σ2n(b)]T (3.1)
x(a) = 0 (3.2)

whose solution is

x(t) =

∫ t

a

y(s)∆s, t ∈ [a, σ2n+1(b)]T. (3.3)

Taking into account (3.1) and (3.3), the complementary Lidstone boundary value prob-
lem (1.1) reduces to the Lidstone boundary value problem

(−1)ny∆(2n)

(t) + q(t)f

(
t,

∫ σ(t)

a

y(s)∆s

)
= 0, t ∈ [a, b]T,

y∆(2i)

(a) = y∆(2i)

(σ2n−2i(b)) = 0, i = 0, 1, . . . , n− 1.

(3.4)
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If (3.4) has a solution y∗, then from (3.3),

x∗(t) =

∫ t

a

y∗(s)∆s (3.5)

is a solution of (1.1). Hence, the existence of a solution of the complementary Lidstone
boundary value problem (1.1) follows from the existence of a solution of the Lidstone
boundary value problem (3.4). It is clear from (3.5) that

max
t∈[a,σ2n+1(b)]T

|x∗(t)| ≤ (σ2n(b)− a) max
t∈[a,σ2n(b)]T

|y∗(t)|,

and moreover if y∗ is positive, so also is x∗.
Let the Banach space B = C[a, σ2n(b)]T be equipped with the norm

‖y‖ = max
t∈[a,σ2n(b)]T

|y(t)|

for y ∈ B. We now define a mapping T : C[a, σ2n(b)]T → C[a, σ2n(b)]T by

Ty(t) =

∫ σ(b)

a

(−1)nG1
n(t, s)q(s)f

(
s,

∫ σ(s)

a

y(τ)∆τ

)
∆s

=

∫ σ(b)

a

|G1
n(t, s)|q(s)f

(
s,

∫ σ(s)

a

y(τ)∆τ

)
∆s,

(3.6)

where G1
n(t, s) is the Green’s function given in (2.2). A fixed point y∗ of the operator T

is clearly a solution of the boundary value problem (3.4), so x∗(t) =

∫ t

a

y∗(s)∆s is a

solution of (1.1). Let

K = {y ∈ B : y(t) ≥ 0, t ∈ [a, σ2n(b)]T}.

We now list some conditions which will be used in some results in this paper:

(C1) q ∈ C(([a, σ(b)]T), [0,∞)) is not identically zero on any subinterval of [a, σ(b)]T,
and

0 <

∫ ξ

ν

G1(σ(s), s)q(s)∆s <∞,

where ν = max

{
t ∈ [α, ξ]T : t ≤ α + ξ

2

}
and ξ = min{σ(b), βn}.

(C2) f is continuous on [a, σ(b)]T×R and nondecreasing in the second argument with
f(t, u) ≥ 0 for (t, u) ∈ [a, σ(b)]T ×K.

Our first result is an existence criterion for a solution (need not be positive).
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Theorem 3.1. Let (C1) hold and let f be continuous. If M > 0 satisfies θnΛQs0 ≤M ,
where Q > 0 satisfies

Q ≥ max
‖y‖≤M

∣∣∣∣f(t,

∫ σ(t)

a

y(s)∆s)

∣∣∣∣, for t ∈ [a, σ(b)]T,

Λ = max
t∈[a,σ(b)]T

q(t), (3.7)

and the number s0 is defined in (2.8)|j=0, then CLBVP (1.1) has a solution x∗ ∈
C[a, σ2n+1(b)]T such that max

t∈[a,σ2n+1(b)]T
|x∗(t)| ≤ (σ2n(b)− a)M.

Proof. Let K1 = {y ∈ B : ‖y‖ ≤ M}. We will apply Schauder’s fixed point theo-
rem. The solutions of problem (3.4) are the fixed points of the operator T. A standard
argument guarantees that T : K1 → B is continuous. Next we show T (K1) ⊂ K1. For
y ∈ K1, we obtain

|Ty(t)| =

∣∣∣∣∣
∫ σ(b)

a

(−1)nG1
n(t, s)q(s)f

(
s,

∫ σ(s)

a

y(τ)∆τ

)
∆s

∣∣∣∣∣
≤

∫ σ(b)

a

|G1
n(t, s)|q(s)

∣∣∣∣∣f
(
s,

∫ σ(s)

a

y(τ)∆τ

)∣∣∣∣∣∆s
≤ θnΛQ

∫ σ(b)

a

(σ(s)− a)(σ2(b)− σ(s))∆s

≤ θnΛQs0

≤ M

for all t ∈ [a, σ2n(b)]T. This implies that ‖Ty‖ ≤ M. A standard argument, via the
Arzela–Ascoli theorem, guarantees that T : K1 → K1 is a compact operator. Hence T
has a fixed point y∗ ∈ K1 by Schauder’s fixed point theorem, and note y∗ is a solution

of (3.4). From (3.5), it is easy to see that (1.1) has a solution x∗(t) =

∫ t

a

y∗(s)∆s with

1

(σ2n(b)− a)
max

t∈[a,σ2n+1(b)]T
|x∗(t)| ≤ ‖y∗‖ ≤M.

Corollary 3.2. If f is continuous and bounded on [a, σ(b)]T×R, then the CLBVP (1.1)
has a solution.

Next let

P =

{
y ∈ B : min

t∈[a,σ2n(b)]T
y(t) ≥ 0 and min

t∈[α,βn]T
y(t) ≥ γn‖y‖

}
⊂ K. (3.8)

It is easy to check that P is a cone of nonnegative functions in C[a, σ2n(b)]T. Now
assume (C1) and (C2) hold. Next we will apply Theorem 2.6. First we show T : P → P
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(see (3.6) for the definition of T ). Now (C1) and (C2), y ∈ P implies that Ty(t) ≥ 0 on
[a, σ2n(b)]T and

min
t∈[α,βn]T

Ty(t) =

∫ σ(b)

a

min
t∈[α,βn]T

(−1)nG1
n(t, s)q(s)f

(
s,

∫ σ(s)

a

y(τ)∆τ

)
∆s

≥
∫ σ(b)

a

γn max
t∈[a,σ2n(b)]T

|Gn(t, s)|q(s)f
(
s,

∫ σ(s)

a

y(τ)∆τ

)
∆s.

It follows that
min

t∈[α,βn]T
Ty(t) ≥ γn‖Ty‖.

Thus Ty ∈ P which means T (P ) ⊂ P . A standard argument, via the Arzela–Ascoli
theorem, guarantees that T : P → P is continuous and completely continuous.

Theorem 3.3. Let (C1) and (C2) hold. Also assume

(C3) lim
y→0+

f(t, y)

y
= 0, lim

y→∞

f(t, y)

y
=∞, for t ∈ [a, σ(b)]T.

Then the CLBVP (1.1) has at least one positive solution.

Proof. We will apply Theorem 2.6 with the cone P defined in (3.8). Since

lim
y→0+

f(t, y)

y
= 0,

there exists an r1 > 0 such that

f(t, y) ≤ ηy, 0 ≤ y ≤ r1, a ≤ t ≤ σ(b), (3.9)

where η =
1

θnΛ(σ(b)− a)s0

and the numbers Λ and s0 are defined in (3.7) and (2.8)|j=0,

respectively. Let Ω1 =

{
y ∈ B : ‖y‖ < r1

σ(b)− a

}
. For y ∈ P ∩ ∂Ω1, we have

∫ σ(b)

a

y(τ)∆τ ≤
∫ σ(b)

a

‖y‖∆τ ≤ r1

σ(b)− a
(σ(b)− a) = r1. (3.10)

Using Lemma 2.1, (3.10) and (3.9), we find for t ∈ [a, σ2n(b)]T that

Ty(t) =

∫ σ(b)

a

(−1)nG1
n(t, s)q(s)f

(
s,

∫ σ(s)

a

y(τ)∆τ

)
∆s

≤ η

∫ σ(b)

a

θnG1(σ(s), s)q(s)

(∫ σ(b)

a

y(τ)∆τ

)
∆s
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≤ η

∫ σ(b)

a

θnG1(σ(s), s)q(s)r1∆s

≤ Ληθnr1

∫ σ(b)

a

G1(σ(s), s)∆s

≤ θnΛηr1s0 =
r1

(σ(b)− a)
= ‖y‖,

and so

‖Ty‖ ≤ ‖y‖ for all y ∈ P ∩ ∂Ω1. (3.11)

Since lim
y→∞

f(t, y)

y
=∞, there exists an R > 0 such that

f(t, y) ≥ µy, y ≥ R, a ≤ t ≤ σ(b), (3.12)

where µ =

(
(ν − α)γnψn(1/4)

∫ ξ

ν

G1(σ(s), s)q(s)∆s

)−1

. Let

R1 = max

{
2r1

σ(b)− a
,

R

(ν − α)γn

}
and Ω2 = {y ∈ B : ‖y‖ < R1}. For y ∈ P ∩ ∂Ω2, we have∫ ν

α

y(τ)∆τ ≥
∫ ν

α

min
t∈[α,βn]T

y(τ)∆τ ≥ (ν − α)γn‖y‖ = (ν − α)γnR1 ≥ R. (3.13)

Using Lemma 2.3, (C2), (3.12) and (3.13) we find for t0 ∈ [α, βn]T that

Ty(t0) =

∫ σ(b)

a

(−1)nG1
n(t0, s)q(s)f

(
s,

∫ σ(s)

a

y(τ)∆τ

)
∆s

≥
∫ ξ

α

ψn(1/4)G1(σ(s), s)q(s)f

(
s,

∫ σ(s)

a

y(τ)∆τ

)
∆s

≥ ψn(1/4)

∫ ξ

ν

G1(σ(s), s)q(s)f

(
s,

∫ ν

α

y(τ)∆τ

)
∆s

≥ ψn(1/4)

∫ ξ

ν

G1(σ(s), s)q(s)µ

(∫ ν

α

y(τ)∆τ

)
∆s

≥ ψn(1/4)

∫ ξ

ν

G1(σ(s), s)q(s)µ(ν − α)γnR1∆s

≥ ψn(1/4)µ(ν − α)γnR1

∫ ξ

ν

G1(σ(s), s)q(s)∆s

≥ R1 = ‖y‖,
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and so

‖Ty‖ ≥ ‖y‖ for all y ∈ P ∩ ∂Ω2. (3.14)

Consequently, Theorem 2.6 guarantees that T has a fixed point y ∈ P ∩(Ω2 \Ω1). From

(3.3), note a positive solution of (1.1) is x(t) =

∫ t

a

y(s)∆s.

Theorem 3.4. Let (C1) and (C2) hold. Also assume

(C4) lim
y→0+

f(t, y)

y
=∞, lim

y→∞

f(t, y)

y
= 0, for t ∈ [a, σ(b)]T.

Then the CLBVP (1.1) has at least one positive solution.

Proof. Since lim
y→0+

f(t, y)

y
=∞, there exists an r2 > 0 such that

f(t, y) ≥ µy, 0 < y ≤ r2, a ≤ t ≤ σ(b),

where µ ≥ µ; here µ is given in the proof of Theorem 3.3. Let

Ω1 =

{
y ∈ B : ‖y‖ < r2

ν − α

}
.

For y ∈ P ∩ ∂Ω1, we have for t0 ∈ [α, βn]T that

Ty(t0) =

∫ σ(b)

a

(−1)nG1
n(t0, s)q(s)f

(
s,

∫ σ(s)

a

y(τ)∆τ

)
∆s

≥
∫ ξ

α

ψn(1/4)G1(σ(s), s)q(s)f

(
s,

∫ σ(s)

a

y(τ)∆τ

)
∆s

≥ ψn(1/4)

∫ ξ

ν

G1(σ(s), s)q(s)f

(
s,

∫ ν

α

y(τ)∆τ

)
∆s

≥ ψn(1/4)

∫ ξ

ν

G1(σ(s), s)q(s)µ

(∫ ν

α

y(τ)∆τ

)
∆s

≥ ψn(1/4)γnr2µ

∫ ξ

ν

G1(σ(s), s)q(s)∆s

≥ r2

ν − α
= ‖y‖,

and so ‖Ty‖ ≥ |y‖ for all y ∈ P ∩ ∂Ω1. Since lim
y→∞

f(t, y)

y
= 0, there exists an r2 such

that

f(t, y) ≤ ηy, y ≥ r2, a ≤ t ≤ σ(b), (3.15)
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where η = (θnΛ(σ(b)− a)s0)−1.
Case 1. Suppose that f is bounded. Then, there exists some N > 0 such that

f(t, y) ≤ N, t ∈ [a, σ(b)], y ∈ [0,∞). (3.16)

Let r3 = max{r2 + 1, NθnΛs0} and Ω2 = {y ∈ B : ‖y‖ < r3}. For y ∈ P ∩ ∂Ω2,
using Lemma 2.1, (C2) and (3.16), we get

Ty(t) =

∫ σ(b)

a

(−1)nG1
n(t, s)q(s)f

(
s,

∫ σ(s)

a

y(τ)∆τ

)
∆s

≤ NθnΛ

∫ σ(b)

a

G1(σ(s), s)∆s

≤ NθnΛs0 ≤ r3 = ‖y‖.

Hence, ‖Ty‖ ≤ ‖y‖ for all y ∈ P ∩ ∂Ω2.
Case 2. Suppose that f is unbounded. In this case let

g(r) := max{f(t, y) : t ∈ [a, σ(b)], 0 ≤ y ≤ r}

such that lim
r→∞

g(r) =∞.We choose r3 > max

{
2r2

ν − α
,

r2

(ν − α)γn

}
such that g(r3) ≥

g(r) and let Ω2 = {y ∈ B : ‖y‖ < r3}. For y ∈ P ∩ ∂Ω2, we have using Lemma 2.1,
(C2) and (3.15) that

Ty(t) =

∫ σ(b)

a

(−1)nG1
n(t, s)q(s)f

(
s,

∫ σ(s)

a

y(τ)∆τ

)
∆s

≤ ηθn

∫ σ(b)

a

G1(σ(s), s)q(s)

(∫ σ(b)

a

y(τ)∆τ

)
∆s

≤ ηθnΛ‖y‖(σ(b)− a)

∫ σ(b)

a

G1(σ(s), s)∆s

≤ ηθnΛ(σ(b)− a)s0‖y‖ = ‖y‖,

and so ‖Ty‖ ≤ ‖y‖ for all y ∈ P ∩ ∂Ω2. It follows from Theorem 2.6 that T has a
fixed point y ∈ P ∩ (Ω2 \ Ω1). From (3.3), note a positive solution of (1.1) is x(t) =∫ t

a

y(s)∆s.

Theorem 3.5. Let (C1) and (C2) hold. Also assume

(C5) lim
y→0+

f(t, y)

y
=∞, lim

y→∞

f(t, y)

y
=∞, for t ∈ [a, σ(b)]T.

(C6) There exists constant ρ1 such that f(t, y) ≤ Γρ1, for y ∈ [0, (σ(b) − a)ρ1],

where Γ =
1

θnΛs0

.
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Then the LBVP (3.4) has at least two positive solutions y1 and y2 such that

0 < ‖y1‖ ≤ ρ1 < ‖y2‖

and the CLBVP (1.1) at least two positive solutions x1 and x2 with x1(t) =

∫ t

a

y1(s)∆s

and x2(t) =

∫ t

a

y2(s)∆s.

Proof. Since lim
y→0+

f(t, y)

y
=∞ there exists ρ∗ ∈ (0, ρ1) such that

f(t, y) ≥ µ1y for 0 ≤ y ≤ ρ∗, a ≤ t ≤ σ(b), (3.17)

where µ1 ≥ µ; here µ is given in the proof of Theorem 3.3. Choose

ρ∗ = min

{
ρ∗

ν − α
, ρ1

}
and set Ω1 = {y ∈ B : ‖y‖ < ρ∗}. For y ∈ P ∩ ∂Ω1, we have∫ ν

α

y(τ)∆τ ≤
∫ ν

α

max
t∈[a,σ2n(b)]T

y(t)∆τ ≤ (ν − α)ρ∗ ≤ ρ∗. (3.18)

Using Lemma 2.3, (C2), (3.17) and (3.18), we find for t0 ∈ [α, βn]T that

Ty(t0) =

∫ σ(b)

a

(−1)nG1
n(t0, s)q(s)f

(
s,

∫ σ(s)

a

y(τ)∆τ

)
∆s

≥
∫ ξ

α

ψn(1/4)G1(σ(s), s)q(s)f

(
s,

∫ σ(s)

a

y(τ)∆τ

)
∆s

≥ ψn(1/4)

∫ ξ

ν

G1(σ(s), s)q(s)f

(
s,

∫ ν

α

y(τ)∆τ

)
∆s

≥ ψn(1/4)

∫ ξ

ν

G1(σ(s), s)q(s)µ1

(∫ ν

α

y(τ)∆τ

)
∆s

≥ ψn(1/4)(ν − α)γnρ∗µ1

∫ ξ

ν

G1(σ(s), s)q(s)∆s

≥ ρ∗ = ‖y‖,

and so

‖Ty‖ ≥ ‖y‖ for all y ∈ P ∩ ∂Ω1. (3.19)

Since lim
y→∞

f(t, y)

y
=∞, there exists ρ∗ > ρ1 such that

f(t, y) ≥ ηy for y ≥ ρ∗, (3.20)
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where µ2 ≥ µ; here µ is given in the proof of Theorem 3.3. Choose

ρ∗ > max

{
ρ∗

(ν − α)γn
, ρ1

}
and set Ω2 = {y ∈ B : ‖y‖ < ρ∗}. For any y ∈ P ∩ ∂Ω2, we get∫ ν

α

y(τ)∆τ ≥
∫ ν

α

min
t∈[α,βn]T

y(t)∆τ ≥ (ν − α)γn‖y‖ = (ν − α)γnρ∗ > ρ∗. (3.21)

Using Lemma 2.1, (C2), (3.20) and (3.21), for t0 ∈ [α, βn]T, we have

Ty(t0) =

∫ σ(b)

a

(−1)nG1
n(t0, s)q(s)f

(
s,

∫ σ(s)

a

y(τ)∆τ

)
∆s

≥
∫ ξ

α

ψn(1/4)G1(σ(s), s)q(s)f

(
s,

∫ σ(s)

a

y(τ)∆τ

)
∆s

≥ ψn(1/4)

∫ ξ

ν

G1(σ(s), s)q(s)f

(
s,

∫ ν

α

y(τ)∆τ

)
∆s

≥ ψn(1/4)

∫ ξ

ν

G1(σ(s), s)q(s)µ1

(∫ ν

α

y(τ)∆τ

)
∆s

≥ ψn(1/4)(ν − α)γnρ∗µ1

∫ ξ

ν

G1(σ(s), s)q(s)∆s

≥ ρ∗ = ‖y‖,

which yields

‖Ty‖ ≥ ‖y‖ for all y ∈ P ∩ ∂Ω2. (3.22)

Let Ω3 = {y ∈ B : ‖y‖ < ρ1}. For y ∈ P ∩ ∂Ω3 from (C6), we obtain

Ty(t) =

∫ σ(b)

a

(−1)nG1
n(t, s)q(s)f

(
s,

∫ σ(s)

a

y(τ)∆τ

)
∆s

≤
∫ σ(b)

a

θnG1(σ(s), s)q(s)f

(
s,

∫ σ(b)

a

y(τ)∆τ

)
∆s

≤ θn

∫ σ(b)

a

G1(σ(s), s)q(s)Γρ1∆s

≤ θnΛΓρ1

∫ σ(b)

a

G1(σ(s), s)∆s

≤ θnΛs0Γρ1 = ρ1 = ‖y‖,

which yields

‖Ty‖ ≤ ‖y‖ for all y ∈ P ∩ ∂Ω3. (3.23)
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Hence, since ρ∗ ≤ ρ1 < ρ∗ and from (3.19), (3.22) and (3.23) it follows from Theorem
2.6 that T has a fixed point y1 in P ∩ (Ω3\Ω1) and a fixed point y2 in P ∩ (Ω2\Ω3). Note
both are positive solutions of the LBVP (3.4) satisfying

0 < ‖y1‖ ≤ ρ1 < ‖y2‖.

From (3.3), two positive solutions of (1.1) are x1 and x2 such that x1(t) =

∫ t

a

y1(s)∆s

and x2(t) =

∫ t

a

y2(s)∆s.

Theorem 3.6. Let (C1) and (C2) hold. Also assume

(C7) lim
y→0+

f(t, y)

y
= 0, lim

y→∞

f(t, y)

y
= 0, for t ∈ [a, σ(b)]T.

(C8) There exists constant ρ2 such that f(t, y) ≥ Θρ2, y ∈ [(ν − α)γnρ2, (ν − α)ρ2],

where Θ =

(
ψn(1/4)

∫ ξ

ν

G1(σ(s), s)q(s)∆s

)−1

.

Then the LBVP (3.4) has at least two positive solutions y1 and y2 such that

0 < ‖y1‖ ≤ ρ2 < ‖y2‖.

and the CLBVP (1.1) at least two positive solutions x1 and x2 with x1(t) =

∫ t

a

y1(s)∆s

and x2(t) =

∫ t

a

y2(s)∆s.

Example 3.7. Let T = Z. We consider the following complementary Lidstone bound-
ary value problem on T:

x∆(5)

(t) + f(t, xσ(t)) = 0, t ∈ [0, 7]T,
x(0) = 0, x∆(0) = x∆(σ4(7)) = 0, x∆(3)

(0) = x∆(3)

(σ2(7)) = 0.
(3.24)

Note (3.24) is a particular case of (1.1) with q(t) = 1 and a = 0, b = 7, n = 2. Since
T = Z, σ(t) = t + 1, σj(t) = t + j and x∆(t) = ∆x(t), x∆(j)

(t) = ∆jx(t). We notice
that our complementary Lidstone boundary value problem is the following difference
complementary Lidstone boundary value problem:

∆5x(t) + f(t, x(t+ 1)) = 0, t = 0, 1, . . . , 7
x(0) = 0, ∆x(0) = ∆x(11) = 0, ∆3x(0) = ∆3x(9) = 0.

The Green’s function G1
2(t, s) is

G1
2(t, s) =

∫ σ3(7)

0

G2(t, r)G1
1(r, s)∆r =

9∑
r=0

G2(t, r)G1
1(r, s),
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where

G2(t, s) =
−1

σ4(7)

{
t(σ4(7)− σ(s)), t ≤ s,
σ(s)(σ4(7)− t), σ(s) ≤ t

=
−1

11

{
t(10− s), t ≤ s,
(s+ 1)(11− t), s+ 1 ≤ t

and

G1
1(t, s) = G1(t, s) =

−1

σ2(7)

{
t(σ2(7)− σ(s)), t ≤ s,
σ(s)(σ2(7)− t), σ(s) ≤ t

=
−1

9

{
t(8− s), t ≤ s,
(s+ 1)(9− t), s+ 1 ≤ t.

In Lemma 2.1, we find θ2 =
s2

σ4(7)σ2(7)
=

s2

11.9
, where

s2 =
1

6

{
(σ4(7))3 +

∑
t∈A2

µ(t)2[3(σ4(7))− 2(t+ 2σ(t))]

−
∑
t∈B2

µ(t)2[2(t+ 2σ(t))− 3(σ4(7))]

}

=
1

6

{
113 +

4∑
t=0

29− 6t−
10∑
t=5

6t− 29

}
= 220,

withA2 = {0, 1, 2, 3, 4} andB2 = {5, . . . , 10}. In Lemma 2.3, we note α = 1, β2 = 10,
ξ = 8, ν = 4 and we have

S2 =
1

6

{
1269 +

4∑
t=1

29− 6t−
9∑
t=5

6t− 29

}
= 210

and
ψ2(δ) = δ2 S2

11× 9
, γ2 =

210

16× 220
.

For condition (C2), we note

0 <

∫ ξ

ν

G1(σ(s), s)q(s)∆s =

∫ 8

4

σ(s)(σ2(7)− σ(s))∆s =
8∑
s=4

(s+ 1)(8− s) = 60.

(i) Consider the complementary Lidstone dynamic equation (3.24) with the function
f(t, x) = x2(t+ x). It is easy to see that f satisfies condition (C2). Since

lim
y→0+

f(t, y)

y
= lim

y→0+

y2(t+ y)

y
= 0,
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lim
y→∞

f(t, y)

y
= lim

y→∞

y2(t+ y)

y
=∞,

for t ∈ [0, 8]T, condition (C3) is fulfilled. Therefore, according to Theorem 3.3 the
complementary Lidstone BVP (3.24) has at least one positive solution.

(ii) Consider the complementary Lidstone dynamic equation (3.24) with the function
f(t, x) =

√
x+ t2. It is easy to see that f satisfies condition (C2). Also we obtain

lim
y→0+

f(t, y)

y
= lim

y→0+

√
y + t2

y
=∞,

lim
y→∞

f(t, y)

y
= lim

y→∞

√
y + t2

y
= 0,

for t ∈ [0, 8]T, so condition (C4) is fulfilled. From Theorem 3.4, the complementary
Lidstone BVP (3.24) has at least one positive solution.

(iii) Consider the complementary Lidstone dynamic equation (3.24) with the func-
tion

f(t, x) =


5x3

32× 1052(1 + x)
, x ≥ 4;

√
x

1052
, 0 ≤ x < 4.

The function f is continuous on [0, 8]T × R and nondecreasing in the second argument
with f(t, x) ≥ 0 for (t, x) ∈ [0, 8]T × K. Hence condition (C2) is fulfilled. Also we
have

lim
y→0+

f(t, y)

y
= lim

y→0+

√
y

1052y
=∞,

lim
y→∞

f(t, y)

y
= lim

y→∞

5y3

32× 1052(1 + y)y
=∞,

for t ∈ [0, 8]T. Thus (C5) is satisfied. Furthermore, we note Λ = 1 and

s0 =
1

6

{
(σ2(7))3 +

∑
t∈A0

µ(t)2[3(σ2(7))− 2(t+ 2σ(t))]

−
∑
t∈B0

µ(t)2[2(t+ 2σ(t))− 3(σ1(7))]

}

=
1

6

{
93 +

3∑
t=0

23− 6t−
9∑
t=4

6t− 23

}
= 120,

and Γ =
1

θ2Λs0

=
99

210× 120
. If we choose ρ1 =

1

2
, and noting f is nondecreasing,

then we have

f(t, y) =

√
y

1052
≤ 1, for 0 ≤ y ≤ 4, t ∈ [0, 8]T
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so condition (C6) is satisfied. Thus all the conditions of Theorem 3.5 are satisfied so the
CLBVP (3.24) has at least two positive solutions.

(iv) Consider the complementary Lidstone dynamic equation (3.24) with the func-
tion

f(t, x) =


√
x− 1 + 7, x ≥ 1;

14x2

1 + x
, 0 ≤ x < 1.

The function f is continuous on [0, 8]T × R and nondecreasing in the second argument
with f(t, x) ≥ 0 for (t, x) ∈ [0, 8]T × K. Hence condition (C2) is fulfilled. Also we
have

lim
y→0+

f(t, y)

y
= lim

y→0+

14y2

(1 + y)y
= 0,

lim
y→∞

f(t, y)

y
= lim

y→∞

√
y − 1 + 7

y
= 0,

for t ∈ [0, 8]T. Thus (C7) is satisfied. Now if we calculate the number Θ in Theorem

3.6, then we obtain Θ =
1

ψ2(1/4)60
=

1

350
. If we choose ρ2 =

1

3
, and noting f is

nondecreasing, then we have

f(t, y) =
14y2

1 + y
≥ 11

350
× 1

3
, for

21

16× 22
≤ y ≤ 1, t ∈ [0, 8]T

so condition (C8) is satisfied. Thus all the conditions of Theorem 3.6 are satisfied so the
CLBVP has at least two positive solutions.
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