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Abstract

Motivated by a proportional-derivative (PD) controller, a more precise defini-
tion of a conformable derivative is introduced and explored. Results include basic
conformable derivative and integral rules, Taylor’s theorem, reduction of order,
variation of parameters, complete characterization of solutions for constant coeffi-
cient and Cauchy-Euler type conformable equations, Cauchy functions, variation
of constants, a self-adjoint equation, and Sturm-Liouville problems.
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1 Introduction

Recently a new local, limit-based definition of a so-called conformable derivative has
been formulated [1, 16] via

D®f(t) := lim flt+et™) - f(t),

e—0 £

orin [14] as

pf() = lim 28 ) =IO paroy = fim pegr),

e—0 5 t—0+

provided the limits exist; note that if f is fully differentiable at ¢, then in either case we
have

Df(t) =t (), (1.1)
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where f'(t) = liné[f(t +e¢) — f(t)]/e. A function f is a—differentiable at a point ¢t > 0
E—

if the limits above exist and are finite. Several follow-up papers using at least one of the
above conformable definitions include [2-8,10-13,19].

The adjective conformable may or may not be appropriate here, since D’ f # £, that
is to say, letting & — 0 does not result in the identity operator. Moreover, according to
(1.1), the variable ¢ must satisfy ¢t > 0.

With this in mind, in this paper we introduce a new, more precise definition of a
conformable derivative of order o for 0 < o < 1 and t € R, where D" will be the
identity operator, and D' will be the classical differential operator.

The conformable derivative was initially referred to as a conformable fractional
derivative [1, 14, 16]. However, it lacks some of the agreed upon properties for frac-
tional derivatives [18]. Although the more general definition of the conformable deriva-
tive provided below, in Definition 1.1, satisfies some of the properties of a fractional
derivative, it is best to consider the conformable derivative in its own right, independent
of fractional derivative theory.

Definition 1.1 (Conformable Differential Operator). Let o € [0, 1]. A differential oper-
ator D* is conformable if and only if D° is the identity operator and D' is the classical
differential operator. Specifically, D” is conformable if and only if for a differentiable
function f = f(t),

d
DUf(t) = f(t) and DUf(t) = Zf(t) = f'(t).
Note that under this definition the operator given via (1.1) is not conformable.

Remark 1.2. In control theory, a proportional-derivative (PD) controller for controller
output v at time ¢ with two tuning parameters has the algorithm

d
u(t) = KkpE(t) + I‘idaE(t),
where k,, 1s the proportional gain, x4 is the derivative gain, and £ is the error between
the state variable and the process variable; see [17], for example. This is the impetus for
the next definition.

Definition 1.3 (A Class of Conformable Derivatives). Let o € [0, 1], and let the func-
tions ko, k1 : [0, 1] x R — [0, 00) be continuous such that

lim ky(a,t) =1, lim ko(a,t) =0, VteR,

a—0t a—0t
lim kq(a,t) =0, lim ko(a,t) =1, ViteR, (1.2)
a—1~ a—1~
ki(a,t) £ 0, € [0,1), kKo(a,t) #0,a € (0,1], VteER.
Then the following differential operator D, defined via

Df(t) = k(o t) f(£) + kol 1) f() (1.3)
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d
is conformable provided the function f is differentiable at ¢ and f’ := 7 f. Here, k1

is a type of proportional gain r,, Ko is a type of derivative gain 4, f is the error, and
u = D®f is the controller output. For example, one could take x; = (1 — a)w” and
Ko = aw' ™ for any w € (0,00); or, k1 = (1 — )[t|* and Ko = a|t|'* on R\{0}, so
that

DO f(t) = (1= )t £(2) + alt] (1),

A similar class of conformable derivatives could take the form
D f(t) = cos(am/2)|t|* f(t) + sin(aw/Q)\tP_af’(t).

Note that unfortunately D°D® # D*D® for o, 3 € [0, 1] in general. Also, for o €
(0, 1), if we relax the nonzero condition on x; in (1.2) and for t > 0 we take x4 (a,t) =0

and k(o t) = at' ™%, then for ¢ replaced by a==T we have
-1 —1 11—«
Koo, t) = Ko <a, OzmT> =« (amT) =T,

and we recover (1.1). Thus for « € (0, 1), definition (1.1) is in some sense a special
case of (1.3).

Definition 1.4 (Partial Conformable Derivatives). Let o € [0, 1], and let the functions
Ko, k1 ¢ [0,1] x R — [0, 00) be continuous and satisfy (1.2). Given a function f : R* —

R such that En f(t, s) exists for each fixed s € R, define the partial differential operator
Dy via
0
Dgf(t,s) = ki(a,t)f(t,s) + kola, t)af(t, s). (1.4)

Remark 1.5 (Extension to Time Scales). Let T be a time scale (any nonempty closed
subset of real numbers). Then (1.3) can be extended to T via

Df(t) = ra(a, ) () + role, ) f2(1)

for A-differentiable functions f on T, where f2 is the delta derivative of f. This in-
cludes and generalizes the conformable time scales derivative introduced in [9].

Definition 1.6 (Conformable Exponential Function). Let o € (0, 1], the points s,¢ € R
with s < ¢, and let the function p : [s,t] — R be continuous. Let kg, <1 : [0,1] x R —
[0,00) be continuous and satisfy (1.2), with p/ko and k;/k¢ Riemann integrable on
s, t]. Then the exponential function with respect to D in (1.3) is defined to be

ft p(D)=ry(aT) 4o

_ ot 51(e,7)
ep(t, ) i=els w1 e(t,s) =e Js Sotam @7,

s Kro(a,T)

(1.5)

Using (1.3) and (1.5) we have the following basic results.
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Lemma 1.7 (Basic Derivatives). Let the conformable differential operator D be given
as in (1.3), where o« € [0,1]. Let the function p : [s,t] — R be continuous. Let
ko, k1 : [0,1] X R — [0,00) be continuous and satisfy (1.2), with p/rko and k1 /Ko
Riemann integrable on [s,t]. Assume the functions f and g are differentiable as needed.
Then

(i) D*laf + bg] = aD*[f] + bD"|g| for all a,b € R;
(ii) D% = cky(«, ) for all constants ¢ € R;
(iii) D*[fg] = fD[g] + gD*[f] — fgri(e,-);

o gDfI = fPlgl |, f .
(iv) D[f/g] = 7 +g (@, )

(v) for a € (0,1] and fixed s € R, the exponential function satisfies
Dta [ep(ta S)] = p(t)ep(ta S) (16)
forey(t,s) given in (1.5);

(vi) for a € (0, 1] and for the exponential function ey given in (1.5), we have

[/ fﬁoe‘) (t5) }zf@f). (1.7)

Proof. Ttems (i) and (ii) follow easily from (1.3). For (iii), we use (1.3) to get that
(suppressing the variable)

Dfg]l = ro(fg' + f'g) +rifg
= (frog" + fr1g) + (grof' + gk1f) — fgk1 = fD% + gD*f — fgr.

The proof of (iv) is similar and is omitted. To prove (v), apply the partial derivative (1.4)
to e, from (1.5) to obtain

Die,(t,s) = ko(a,t) (W) ep(t,s) + ki1(a, t)ey(t, s)
= (p(t) — ki(a,t)) ep(t, s) + ki(a, t)ey(t, s) = p(t)ey(t,s).

Finally for (vi), using (1.3) and (1.5) again we have

[/ fﬁoeots 1 ~ hola dt(/ fﬁoeots )

t
—i—mat/f ot s)
/io
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~ wfan (2 [ fﬁoeots  Haltd)

Ko(a, t) Ko(a,t)

ets
+l€10&t/f 0
/‘fo

_ _mat/fﬁoe“tsdjtf(t)

+m1at/fﬂeot8
0
= f(t),

and the proof is complete. [

Definition 1.8 (Integrals). Let o € (0, 1] and ¢, € R. In light of (1.5) and Lemma 1.7
(v) & (vi), define the antiderivative via

/Da ( ) + Ceo(t to) ce R

Similarly, define the integral of f over [a, 0] as

/f eotst—/f eots S,  dns:= L ds; (1.8)
/{0 )

Ko(a, s

recall that -
t k1 (a,7 dr ot
eo(t’ S) s ko(a,T) =e fs K1 (O‘vT)thT

from (1.5).

Lemma 1.9 (Basic Integrals). Let the conformable differential operator D* be given as
in (1.3), the integral be given as in (1.8) with o € (0, 1]. Let the functions ko, k1 be
continuous and satisfy (1.2), and let f and g be differentiable as needed. Then

(i) the derivative of the definite integral of f is given by

D> Uatf(s)eo(t,S)dﬁ} = f(t);

(ii) the definite integral of the derivative of f is given by
/ DO(f()]eo(t. 8)das = f(s)eolt, s)|'_ = F(t) — F(aen(t,a):
(iii) an integration by parts formula is given by
[ ropaoiat.ons = oo,
-/ g0 (DL (0)]— (0, ) F ) b, 1)t
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(iv) a version of the Leibniz rule for differentiation of an integral is given by

D[ [ttt ntas] = [ 081109 = w010 ) et )
' +af (t,1),

using (1.4); or, if ey is absent,

o[ [ teoytes] = .01+ [ Dlste s

Proof. The proof of (i) follows directly from (1.7) and (1.8). Using Lemma 1.7 (ii) with
c = 1, (i1) here is a special case of (iii). To prove (ii1), use Lemma 1.7 (iii) and the
definition of the integral in (1.8). For the second expression in (ii1), we have used (1.3),
(1.8), and o # O to see that

D f(t) — ri(a,t) f(2)
Ko(a, t)

f(t)dt = dt = (Df(t) — rr(a, t) f(t)) dat.

To prove (iv), we use the (aw = 1) Leibniz rule to get

e

B /ftseots
B dt

t
+/~€1at/f eo S

— lat) /: eo(t,s) (—m(a,t)f(t,s)

Ko(a, s) Ko(a, t)

+%f(t, s)) ds
+f(t,t)—|—/<cl(oz,t)/ %&)(st)dbﬁ

= [ DR (e5)) = a9 calt )
+f(t,1).

For the second expression in (iv), if ey (%, s) is absent from the integral expression, then

[ eond] - o[ 22

= /fo(a,t)i/ f(t—’s))dsjwﬁ(a,t)/ Mds

dt J, rola,s Ko(a, s)
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P I A (%)) Cal(ts)
= folest) [/ﬂo(a,t) +/a mo(a,s)d ]

+r1(a,t) %ds

= 50+ [ DL

and the proof is complete. ]

A useful result for solving first-order conformable differential equations is given in
the following lemma.

Lemma 1.10 (Variation of Constants). Assume ko, k1 satisfy (1.2). Let f,p : [tg, 00) —
R be continuous, let e, be as in (1.5), and let uy € R. Then the unique solution of the
initial value problem

D%u(t) — p(t)u(t) = f(t), ulto) = uo,
is given by

u(t) = upep(t, to) +/ ep(t,s)f(s)dys, t € [to,00). (1.9)

to

Proof. Let u be given by (1.9). Using Lemma 1.7 (v) and Lemma 1.9 (iv),

Du(t) = uop(t)ep(t,tg)—i—ep(t,t)f(t)+/ttp(t)ep(t,s)f(s)das
= p(u(t) + f(1),

which completes the proof of the lemma. [

2 Taylor Series

Now that we have integration defined, we will introduce core functions that will serve
the role that polynomials do in Taylor series expansions for the regular derivative (o =
1). Let the functions ko, k1 : [0,1] x R — [0, 00) be continuous such that the conditions
in (1.2) are satisfied. When a@ = 1 and n € Ny, the polynomials are given by h,,(t, s) =
1 . . . .
—‘(t — s)". To generalize this to the present context, define recursively the functions
n!

h, : R? - R, n € Ny via

ho(t,s) =1 forall t,seR 2.1

and .
hn(t,s) = / hp_1(1,8)do7, m €N, forall t,s€R. 2.2)
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By Lemma 1.7 (ii) and Lemma 1.9 (iv), we have the key relationship
Dih,(t,s) = hp_1(t,s) + k1(a, t)h,(t, s). (2.3)

Before we present and prove Taylor’s formula for the conformable derivative (1.3),
we need the following preliminary result.

Lemma 2.1. Let n € N. If f is n times differentiable and the functions py, 0 < k <
n — 1, are differentiable at some t € R with

D1 (t) = p(t) + k1(a, t)ppsi(t)  forall 0<k<n-—2 2.4)
then we have

v [Z P07 ] (=) (DY + (D%po — i (a, )po) £

k=0
att.

Proof. Using Lemma 1.7 (i) & (iii) and (2.4), we find that

n—1 n—1
D Z(—nkpkw“)kf] = S (1A D" [p(D*) ]
k=0 k=0
n—1
= Z(—l)k {p(D)Hf + (D*pr — ra (e, -)pi) (D)*
k=0
n—2
= D (U'm(D) 4+ (1) paa (DY) f
k=0
n—1
(DM (D — maa )pi) (DM + (Dpo — (e, )po) f
k=1
n—2
= D (U'm(D) 4+ (1) pua (DY) f
k=0
n—2
+ > (=DM (D1 — mr(e, )pega) (DY) f + (Dpo — ka(a, )po) f
k=0
= (=1)"paa(D)"f + (Dpo — k(v )po) f
holds at . This proves the lemma. 0

Theorem 2.2 (Taylor’s Formula). Let n € N, and suppose [ is n times differentiable on
[to, ). Let t, s € [tg, 0), and define the functions hy. by (2.1) and (2.2), i.e.,

t
ho(t,s) =1 and hgii(t,s) = / hi (7, 8)doT for k € Ny.
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Then we have

—_

ft) = eolt,s) p_(=1) (s, )(D*)* f(s)

0

+(=1)" ! / R 1 (1, 6)(D*)" f(T)eo(t, T)doT

3

i

fort € [ty, 00) .

Proof. By (2.3) and Lemma 2.1 we have

D® [Z(_l)khk('at)(Da)kf] (7) = (=1)" ha (7,1} (D) f(7)

k=0

for all T € [tg, 00). Integrating the above equation from s to ¢ we obtain
t
(1)t / Rt (7, 8)(D*)" f(T)eo(t, T)doT

:/ D [ S (—1)khk(-,t)(D“)kf] (T)eo(t, T)daT

t

=) (=) (m )(D*)" f(7)eo(t, T)

=0 T=sS
n—1
= f(t) = ) (=) hi(s,0) (DY) f(s)eolt, 5),
k=0
where we used Lemma 1.9 (i1). ]

In the next few examples, we explore these new functions A, (¢, s) given in (2.2).

Example 2.3. For a € (0, 1], let wy,w; € (0, 00), let x; satisfy (1.2), and take

Ko(a, t) = awy ™.

By (1.8), ' X
doT = dT = ——dr.
Ko(a, T) awy ™

Letting ho(t,s) = 1 asin (2.1), we calculate h; via (2.2) to get

1 t—s

t t
) = [ holros)dar = —i 10 =

awy QW
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additionally,
t 1/ t—s)\"
batts) = [ inrsdar = 5 (S5 )
s 2 \awy ™

In general we have that
1 /[ t—s)\"
ho(t,s) = — | —— | .
(t,9) n! (awé_‘")

Note that at &« = 1 we have

as expected. 0

Example 2.4. For a € (0, 1], let wp, w; € (0,00), let k; satisfy (1.2), and this time take
Ko(a,t) = a(wet)' ™, t€[0,00).
By (1.8),

a—1

doﬂ' = ﬂdT.
Wy

Again starting with ho (¢, s) = 1, we see that

t 1 t o go
hi(t, s) :/ ho(T,8)daT = ﬁ/ Tl =

2
Wy aw

t 1 [t — s>
hg(t, 3) - / hl(Ta S)daT = 5 (OéQCdl_a> '
s : 0

Continuing, we find that
1 $o g n
hn(tys) = (—S> )

n! azwé_o‘

and

1
which is just —(t — )" ata = 1. O
n!
Example 2.5. Let
1—a 2 (T @ .o (T «
Ko(a,t) =t % cos (5(1 —a)t ) and ki(a,t) =sin (5(1 —a)t ) :
One can readily verify that these functions satisfy (1.2). Of course hy = 1, so

roeldr

Mt s) = /s cos? (2(1 — o))’

The substitution v = 7%, du = a7 'dr gives

1 d
hi(t,s) = —/ -

a Jeo cos? (2(1 - a)u)
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tan (2(1 — a)t*) — tan (2(1 — a)s®)
ol —a)l '

One verifies the recovery of the regular polynomial by (for convenience) letting x =
(1— a)g and taking the limit as Y — 0" (meaning o — 1). First, series expansion
gives

tan yt* — tan ys®  xt* — xs
N ax N ax

hl (t, S)

and then
lim  hy(t,s) =1t —s.

x—0t (a—1)

The h,,(¢, s) are a bit more complicated than in the previous examples, but nevertheless
are amenable to solution. First,

¢
ho(t,s) = /h1(7,5>da7'

1 /t (tan Y7 — tan xs®) 7% tdr
ax Js cos? YT '

Again, the substitution u = 7%, du = at® 'dr gives

ho(t, ) 1 /ta tan yu — tan ys*du
S =
2 2a2x Jsa cos? xu
1
= 523 (sec® xt* — sec® xs* — 2 tan xt* tan ys® + 2 (tan XSQ)Q) :
azx

Consequently,

i ; 1 2 2

1 ho(t — 1 — (1=-1 )2 — a2 9\ 0y 0

Xaoir(rclval) 2(t;5) X%O}fr(gﬁl) 202y ? ( + ()" = () XEXS

+2(xs%)° + O [x"])

. 1 2 2 4
- 1 1Y% = 2tys” + (ys*)’ + O
i o () = 2™ + ()" + O [xY])

((t* = 5 + O [x*])

= lim —
Xx—0t (a—1) 202

= %(t—s)Q.

One can consider the exponential function for this example as well. Here,

t /\—fil(a,f)d
ex(t,s) = els Trotan T
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The integral can be evaluated to

/t)\—l'ﬁ(a,T)dT _ /t A —sin® (2(1 — a)7%) i

Kol(a, T) 1= cos? (3(1 — a)7%)
A—1)tan (5(1 — a)t® t
= ( Jtan (5 ) +—+C,
a(l —a)f
where the constant C' is given by
o _()\ — 1) tan (3(1 — a)s®) s
ol —a)l a
Thus,
(A*l)tan(%(lfa)ta)_‘rﬁ
ex(t,s) =Ae -3 >
where A = ¢©. Note the special case,
e(t,s) = Ae's .
Also note that again with y = (1 — a)g we have
. B : A-DXE+210[x2] _ 4 x
lim ey(t,s)= lim Ae ox T a = Ae™.

x—0t (a—1) x—0t (a—1)

3 Second-Order Linear Conformable Derivatives

An important equation in mathematics, mathematical physics, mathematical biology,
physical chemistry, and engineering is the second—order linear homogeneous ordinary
differential equation with constant coefficients given by

ay”"(t) + by’ (t) + cy(t) =0, teR.
In a spring-mass system, one thinks of a as mass, b as the damping coefficient, and c as
the spring constant. Using (1.3), in this section we will explore the analogous second-
order linear homogeneous conformable differential equation with constant coefficients
aD*Dy(t) + bDy(t) + cy(t) =0, t € [ty,00).

In addition, we will also analyze the related Cauchy-Euler type conformable equation

atD* [tD%y(t)] + bt Dy(t) + cy(t) =0, t € [to,00), to > 0.
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Theorem 3.1 (Constant Coefficient CDEs). Lef g, k1 : [0, 1] X R — [0, 00) be contin-

uous and satisfy (1.2), and let D be as given in (1.3). Let a, b, c € R be constants and
a € (0,1]. From (1.5) recall that

t A—k1(a,7) t _
ex(t,to) = elio TRotanr 47 = ligA—ml@m)dar

for constant \. Then the constant coefficient homogeneous conformable differential
equation

aD“D%y(t) + bDYy(t) + cy(t) =0, t € [tg, 00), 3.1

has the associated auxiliary equation
aX’ +bA +c =0, 3.2)
and the general solution to (3.1) is given by one of the following for constants c1, cy € R:

(i) if A1, Ao € R are distinct roots of (3.2), then

y(t) = cren, (t, to) + caen, (t, to);

—b
(ii) if A\ = % is a repeated root of (3.2), then
a
t
y(t) = crex(t, to) + coen(t, to)/ 1d,s;
to

(iii) if A = ¢ £ 10 is a complex root of (3.2), then

y(t) = crec(t, to) cos (/t ﬁdas) + coec(t, to) sin (/t ﬂdas) :

Proof. Begin with the trial solution

t A—r1(a,T) dr

y=y(t) =e(t to) = effo ICEOR

where ) is a complex constant to be determined. Plugging ¥ into (3.1), this leads via
(1.6) to the same auxiliary equation as in the classical case of @ = 1, namely (3.2). Thus
there are three cases. If there are two real and distinct roots to the auxiliary equation,
the result is a linear combination of exponentials for the general solution as given in (i)
above.

—b
Suppose A € R is a root of (3.2) of multiplicity two, namely \ = % Then
a

y1(t) = ex(t, to) = e%(t, to)
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is one solution of (3.1). When @ = 1, we know that y, = ty; is a second linearly
independent solution, so we try

yg(t) = 6)\<t, to)hl (t, to) = 6/\(t, to) /t 1daS.

to

Thus, using (1.3) or (2.3), we have
t t
Day2<t) = 6)\(t,t0) <1 + )\/ 1da8> y DaDay2<t> = 6,\(t,t0) (2)\ + )\2/ 1da8) )
to to

checking
aDO‘Dayg (t) + bDayQ(t) + Cy2(t)

with A = —b/(2a), we see that

¢ ¢ t
aex(t, to) (2)\ + )\2/ 1das) + bey(t, to) (1 + )\/ 1das> + cek(t,to)/ ldys
to to to

t
= ex(t, to) (aX* +bX +¢) / ld,s =0

to

as A is a zero of the auxiliary polynomial.
Finally, assume the roots of (3.2) are complex numbers of the form A = { £ if5.
Then a complex-valued solution of (3.1) is

y(t) = ec+ip (t o) = ec(t, to) (COS (/t: ﬁdQS) +isin (/t: B%S))

by Euler’s formula and (1.5); the real and imaginary parts of this expression are linearly
independent solutions of (3.1). [

The next theorem supplies the general solutions for second-order linear homoge-
neous Cauchy-Euler conformable differential equations.

Theorem 3.2 (Cauchy-Euler CDEs). Let kg, k1 : [0, 1] xR — [0, 00) be continuous and
satisfy (1.2), and let D* be as given in (1.3). Let a, b, ¢ € R be constants and v € (0, 1].
Then the homogeneous Cauchy-Euler type conformable differential equation

atD* [tD%y(t)] + btDy(t) + cy(t) =0, t € [ty,0), to >0, (3.3)

has the associated auxiliary equation (3.2), and the general solution to (3.3) is given by
one of the following for constants cy,cy € R:

(i) y(t) = ciex, j1(t, to) + caen, ji(t, to), where A1, Ao € R are distinct roots of (3.2);

t
b
(ii) y(t) = crex(t, to) + caense(t, to) / s 1d,s, where A = 5 is a repeated root of
to a
(3.2);
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¢
(iii) y(t) = crecsi(t, to) cos <ﬂ/ —1d S) + coec/i(t, o) sin (ﬂ/ s_ldas), where
to
A = ( tif is a complex root of (3.2).

Proof. 1In this case begin with the trial solution

y(t) = exn(t, to),

where )\ is a complex constant to be determined, and the exponential function is given
as in (1.5). Plugging this y into (3.3) leads to the auxiliary equation (3.2), and thus three
cases again. If there are two real and distinct roots to the auxiliary equation, the result
is clear and we have (i).

—b
Suppose A € R is a root of (3.2) of multiplicity two, namely A = v Then
a
y1(t) = exs(t, to) is one solution of (3.3). Setting

t
plt) = (8) / s,
to

we see that

t
atD* [tD%yy(t)] + bt DYy (t) + cya2(t) = 2atD%y(t) + atD*[tDy(1)] / s dys

to

+by1(t) + (btD%y1 (1)) /t s td,s

to
¢
+cy1(t)/ s dys
to
=0

and we have (ii), as y; is a solution, and A = —b/(2a).
Finally, assume the roots of (3.2) are complex numbers of the form A = ¢ + .
Then one complex-valued solution of (3.3) is

t t
y(t) = 6(44_@-5)/15(15,250) = €</t(t,t0) (COS (ﬁ/ slda5> + 72sin (ﬂ/ sldas)) ;
to to

once again the real and imaginary parts of this expression are linearly independent so-
lutions of (3.3). [

4 Self-Adjoint Conformable Equations

Let o € [0,1], and let D be as in (1.3). In this section we are concerned with the
formally self-adjoint equation with two iterated conformable derivatives

Lxr =0, where Laxz(t)=D"[p(D% — k1(a,-)x)] (t) + q(t)z(t). 4.1)
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Throughout we assume that p, ¢ are continuous on [ty, c0) and
p(t) #0 forall ¢ € [tg,00).

Define the set ID to be the set of all functions x : [ty,00) — R such that D%z : [tg, 00) —
R is continuous and such that D [p (D% — k1 («, )x)] : [te,0) — R is continuous.
A function z € D is then said to be a solution of (4.1) provided Lz(t) = 0 holds for
all t € [tg,00). Recall that g, k1 satisfy (1.2), D® is given in (1.3), and the integral is
defined in (1.8).

We next state a theorem concerning the existence-uniqueness of solutions of initial
value problems for the inhomogeneous self-adjoint equation Lz = f(t).

Theorem 4.1. Assume ko, k1 satisfy (1.2). Let o € (0,1], and let D* be as in (1.3).
Assume p, q, f is continuous on [ty,00) with p(t) # 0, and suppose z,x1 € R are
given constants. Then the initial value problem

Lz = f(t), xz(ty) =mz9, D%(ty)=
has a unique solution that exists on [ty, 00).

Proof. We will write Lx = f as an equivalent vector equation, and then invoke the
standard (o« = 1) result to complete the argument. Let x be a solution of Lx = f, and

set
y(t) = p(t) (D" (t) — ra(e, )z (t)) ,

o B 1
Dx(t) = ky(a, t)x(t) + my(t)

Using the fact that x is a solution of Lz = f for L defined in (4.1), we have

D%y(t) = —q(t)x(t) + f(1).

Therefore, if we set the vector

so that

then z is a solution of the vector equation

D%z(t) = A(t)z(t) + b(t), A(t) = { (e,

AQ
\-/@F
N——
H
Z
o3
~~
S—
| I
[yl
—
~
SN——
1
kﬁ
= O
N—
—_

By the definition of D in (1.3), we thus have

1
0 0
0= | g @] 0+ | 0 |
ko(a,t)  Ko(a,t) ro(a, )

and the result follows from the standard (o« = 1) proof, since all the functions here are
continuous; see, for example, [15, Theorem 5.4]. O]
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Example 4.2. Assume ko, k1 satisfy (1.2), such that x, is differentiable on [0, c0). Let
a € (0,1], and let g, z; € R be given constants. If

p(t) := €2, (,0) = €0(0,1), q(t) := (1 + D% (a,1)) p(t), t€[0,00),

then one can check that (4.1) reduces to D“D%x 4+ x = 0. The unique solution to the
initial value problem

DD+ =0, xz(0)=umxz D(0)=ux

is given by

t t
x(t) = woeo(t, 0) cos (/ 1das) + x1€0(t,0) sin (/ 1das) ,
0 0

which follows from Theorem 3.1. If wp, w; € (0, 00) and
Ko(a,t) = awy ™, ki(a,t) = (1 — a)wf,

then by (1.5) and (1.8) we have

(1—l)wa71wat 1 1 ! 13
eo(t,0) = el ") ¥ d s = ———ds = ——=ds, ldos = ——.
Ko(a, s) awy ™ 0 awy @
Thus the solution in this example is
(1—l)w°‘71w°‘t 13 (1—i)wa71wo‘t . 13
x(t) = xoe\ "o/ “1fcos — | F el T/ “itsin — | -
aw aw
It is easy to see that as « — 1, x(t) — g cost + x1 sint, as expected. O

Theorem 4.3 (Reduction of Order). Assume kg, ky satisfy (1.2). If y, is a solution of
the linear homogeneous equation (4.1), in other words if Ly, = 0, then

t1 Dy(s)
Y2(t) =y t/ ey, (s, a)dys, Yi(s) := 2k1(a, s) — 2=—222 0 (4.2)
2() 1() o p(S) 1( ) 1( ) 1( ) y1<8)
is a second linearly independent solution of (4.1), for ey, defined as in (1.5).

Proof. Referring to (4.1), assume ¥ is a solution of Ly = 0, and let y, take the form
(4.2). Using Lemma 1.7, we have

Dya(t) = i)D" / ﬁeyxs,a)das
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() “ tie S, a)dys
by (ta) (0o (0) [ o5 a)das

Then
p(t) (D%ya(t) — ki(a, t)ya(t))
1

= y1(t)ew, (1, @) + p(t) (Dyu(t) — Hl(a,t)yl(t))/ men(s,a)da&

to

so that (suppressing the arguments)
D [p(D%: — kiy2)] = yiYiey, + ey (D1 — kay)
1 Ll
+p (D% — K1y (—ey +K / ——ey,(s,a da5>
( 1 11) P 1 1 t0p<5) 1( )
b1
— gy + rap(D%y1 — K1y / ——ey, (5,a)dys,
to p(s) '

where in the last line we have used the fact that ; is a solution. Continuing to simplify,
we have

(67

D
yl) + D%y — /‘flyl) ey,
U1

D [p (D% — K1y2)]

—qY2 + (yl <2/<1 -2
+p (D%y1 — K1y1) (%61/1 + O)

= —qY2.
where we have used the form of Y; in (4.2). ]

We now address the question under which circumstances an equation of the form
DD + a(t) D%z + b(t)x =0
can be rewritten in self-adjoint form (4.1).

Theorem 4.4. Assume ky, 1 satisfy (1.2). If ky is differentiable on [ty, 00) and a,b :
[to, 00) — R are continuous functions, then the iterated conformable equation

DD + a(t)D + b(t)x =0, t € [tyg,o0), 4.3)
can be written in self-adjoint form (4.1), where
p(t) = €a+t2k (t, Z50)7 Q(t) = p(t) (ﬁl (057 t)a<t> + b(t) + Da'%l(a> t)) ) (44)

fort € [ty, 00).
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Proof. Assume x is a solution of (4.3). By (4.4), after suppressing the arguments, we
see that

pa= D —2pk1,  pb=q—paki —pD®ky = q— D*(pr1) +pri.  (4.5)
Multiplying both sides of (4.3) by p and using (4.5), we get

0 = pD*D% + paD%x + pbx
= pD*(D%x) + (D“p — 2pr1)Dx + (q — D*(pk1) + pr3)x
= pD*(D%x) + (D*x)(D*p — pk1) — pk1D“x + (g — D*(pk1) + pri)x
= D®[pD%x] — D* [pr1z] + qx.
By the linearity of D this equation is in self-adjoint form Lz = 0 with p, ¢ given by
(4.4). ]

Definition 4.5 (Wronskian). Let kg, %1 : [0,1] x R — [0, 00) be continuous and sat-
isfy (1.2). If z,y : [to,00) — R are differentiable on [tq, 00), then the conformable
Wronskian of x and y is given by

W(z,y)(t) = det (Df‘(xtgt) Dya(ytzt)> for t € [ty, ), (4.6)

for D given in (1.3).

Definition 4.6 (Lagrange Bracket). If z,y : [tg,00) — R are differentiable on [tg, c0),
then the Lagrange bracket of = and y is defined by

{z;y}(t) = p(OW (z,y)(t)  for ¢ € [ty,0),
where W is the Wronskian given in (4.6).

Theorem 4.7 (Lagrange Identity). If x,y € D, then

w(t)Ly(t) — y(t)La(t) = D{x;y}(t)  for L€ [to,00).
Proof. By the conformable product rule we have
D¥x;yt = D%[ap (D% — kry) — yp (D% — k1))
= 2D [p (D% — r1y)] + p(D*y — k1Y) (D% — K12)
—yD*[p (D — k12)] — p(Dw — k12) (DY — K1y)
= 2D [p (D% — ryy)] —yD* [p (D"z — k1)]
= z{gy+ D% [p (D% — may)l} —y{qz + D [p (D2 — r1z)]}
= xLy—ylLx

on [tg, 00). O
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From Theorem 4.7 we have the following two corollaries.

Corollary 4.8 (Abel’s Formula). If z and y both solve (4.1), then

cep (t, to)

W) () = 0

forall te€ [ty,0),

where c € R is a constant.

Proof. Assume x and y both solve (4.1). By the Lagrange identity,
D*{x;y}(t) =0 for te [ty,00),

whence {x; y}(t) must be constant with respect to D, that is

{.I', y}(t) = 660(t7t0)7 te [t()v OO))
for any constant ¢ € R. [

Corollary 4.9. If © and y both solve (4.1), then either
W(z,y)(t) =0 forall tE€ [ty,o0)

or

W(x,y)(t) #0 forall t€ [tg,o0),

where the first case occurs if and only if x and y are linearly dependent on [ty, o), and
the second occurs iff x and y are linearly independent on [ty, 00). Note that the results
hold for o = 1.

Proof. Assume x and y both solve (4.1). By Abel’s formula, Corollary 4.8,

CEo (t, to)
p(t)

for all ¢ € [ty,00). If x and y are linearly dependent, clearly W (z,y)(t) = 0 for all
t € [to, 00).On the other hand, if W (z,y)(t) = 0 for all ¢ € [ty, 00), then

Wz, y)(t) =

0=2xD% —yD% = z(koy' + k1y) — y(kor' + k12) = Ko(zy — 2'y),
so that x and y are linearly dependent. [

Remark 4.10. Define the conformable inner product of two continuous functions to be

b
(4,2) = / y(1)=(t)eo(b, 1)dat
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in terms of the conformable exponential function (1.5) and integral (1.8). Recall the
Lagrange bracket of x and y is

{z;9}(t) = p(OW (2, y)(t)  for ¢ € [to, 0),

where W is the Wronskian given in (4.6). Integrating the Lagrange identity (Theorem
4.7) and switching to the inner product notation,

(x, L) — (y, La) = / D () (t)eolb. £)dat
— g0 - o y@)elb.a)
— O (2, y)b) - p@)W (. y)(a)eolb, a).

It follows that equation (4.1) is formally self adjoint with respect to the inner product
above, that is, the identity

(z, Ly) = (y, Lx)

holds provided that x and y satisfy the self-adjoint boundary conditions at a and b,
namely

pO)W (2,y)(b) = p(a)W (x,y)(a)eo(b, ).

The following concept of the Cauchy function will help for the study of self-adjoint
equations.

Definition 4.11 (Cauchy Function). A function x : [ty, 00) X [tg, 00) — R is the Cauchy
function for (4.1) provided for each fixed s € [ty, 00), z(-, s) is the solution of the initial
value problem

Lz(-,s) =0, x(s,s) =0, D%(s,s)= ]%

It is easy to verify the following example.

Example 4.12. In (4.1), if ¢ = 0, then the Cauchy function for

D [p(t) (D (t) — ra (e, )a(t))] = 0

o(t,s) = / Ceolrs),

p(7)
for all t, s € [tg, 00). This can be seen by using Lemma 1.10. O

is given by

We now state and prove a theorem that gives a formula for the Cauchy function for
4.1).



130 Anderson and Ulness

Theorem 4.13. If u and v are linearly independent solutions of (4.1), then the Cauchy
Sfunction x(t, s) for (4.1) is given by

u(s)o(t) — v(s)u(t)
p(s)[u(s)Dv(s) — v(s)Du(s)]

Proof. Let y(t, s) be defined by the right-hand side of equation (4.7). Then note that
for each fixed s, y(-, s) is a linear combination of the solutions « and v and as such is a
solution of (4.1). Clearly y(s, s) = 0. Also note that

u(s)D(t) — v(s)Du(t)
p(s)u(s)D>v(s) — v(s)Du(s)]’
Using the definition of the Wronskian (4.6), we get that

W (u,v)(s) 1
D%y(s,s) = = :
) = W w0 )
From the uniqueness of solutions of initial value problems (Theorem 4.1) we have that
for each fixed s,

x(t,s) = for t,;s € [ty, 00). 4.7)

D%y(t,s) =

x(t,s) = y(t, s),
which gives us the desired result. ]

Theorem 4.14 (Variation of Constants Formula). Assume f is continuous on [to, c0)
and a € [tg, 00). Let x(t, s) be the Cauchy function for (4.1). Then

t
x(t) :/ z(t,s)f(s)das, tE€ [ty,o0)
is the solution of the initial value problem
Lz = f(t), z(a)=0, D%(a)=0.
Proof. Let x(t, s) be the Cauchy function for (4.1) and set
t
z(t) = / x(t, 8)f(s)dys.

Note that z(a) = 0. Taking the conformable derivative D“ of z and using Lemma 1.9
(iv), we get that

Dx(t) = x(t,t)f(t)+/ Da[x(t,s)}f(s)das:/ D[x(t, 8)] f(s)das,

since the Cauchy function satisfies x(¢,¢) = 0. Note that in the integral, D® denotes the
derivative with respect to the first variable ¢; thus D%z (a) = 0. From

p(t) (D% (t) — ra(a, t)x(t)) =/ p(t) (D%x(t, s) = wi(a, )z (t, 5)) f(s)das
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we conclude from Lemma 1.9 (iv) again that

D“[ ()(D“ (t) =k (a, )a(t))
t

]
t) (D%x(t,t) — ma(e, t)a(t, 1)) f(2)

j[ D [p(t) (D2 (t, 5) — ra (e, )t )] f(5)dus

— () + / (—q(t)(t, 5)) F(5)das
— () — qlt)a(t).

by all of the properties of the Cauchy function. Consequently, Lz(t) = f(t). O

The following corollary follows immediately.

Corollary 4.15. Assume [ is continuous on [ty,o0) and a € [ty,00). Let x(t, s) be the
Cauchy function for (4.1). Then

t
WFW®+/ﬂmﬁ@%&tEMm)
is the solution of the initial value problem
Lz = f(t), z(a)=A, D%(a)= B,

where A and B are constants, and where u is the solution of the initial value problem

Lu =0, u(a) = A, D*u(a) = B.

Theorem 4.16 (Comparison Theorem for IVPs). Assume the Cauchy function x for
(4.1) satisfies x(t,s) > 0 fort > s. If u,v € D are functions satisfying

Lu(t) > Lo(t) forall t € [a,b], wu(a)=1v(a), DY u(a)= D(a),

then
w(t) > v(t) forall tE€ [a,b].

Proof. 1f we let u and v be as in the statement of this theorem and set
w(t) :=u(t) —v(t) forall ¢t € [a,b],

then
h(t) .= Lw(t) = Lu(t) — Lv(t) >0 forall t € [a,b].

Consequently w solves the initial value problem
Lw(t) = h(t), w(a)= D(a)=0.
It follows from the variation of constants formula (Theorem 4.14) that

w(t) = / x(t, s)h(s)das > 0,

completing the proof. [
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5 Sturm-Liouville Problems

Let o € [0,1], and let D* be as in (1.3). In this section we are concerned with the
Sturm-Liouville conformable differential equation

D [p(D% — k1(ay, -)x)] (t) + (Ar(t) + ¢(t)) z(t) = 0. (5.1
Throughout we assume that p, ¢, r are real and continuous functions on [ty, c0) with
p(t) #0 forall t € [tg,o0),

and r(t) > 0is not identically zero on [t(, 00). Using (4.1), equation (5.1) can be written
as
Lz = —Xr(t)z.

Our main focus here is the Sturm—Liouville problem
Lz = —\r(t)z,
Ca(a) — fDx(a) = 0, (5.2)
yz(b) + 6Dz (b) = 0,
where (, (3,7, 0 are real constants satisfying
G+ >0, Y+8*>0.

Definition 5.1. The number )\ is an eigenvalue for the Sturm—Liouville problem (5.2)
if and only if (5.2) with A = )\ has a nontrivial (not identically zero) solution x, called
the eigenfunction corresponding to .

Example 5.2. Let kg, 51 : [0,1] x R — [0, 00) be continuous and satisfy (1.2), and let
k1(a,t) = k1(a), areal constant. In (5.2) let p(t) = 1, let £ > 0, and set 2¢ = k().
With these choices, find the eigenpairs for the Sturm-Liouville problem (5.2), namely

DDx(t) — 2¢Dx(t) + Az(t) = 0,
z(0) =0 = z({).

By Theorem 3.1, solutions take the form e,,(t,0), where m is a root of the auxiliary
equation

m? —2(m+ A =0, m=CE/C2 =\
If)\<§2,then

l‘(t) = 61€<+m(t, 0) + 62647\/@—7)\@7 O),

though the boundary conditions at 0 and ¢ require ¢; = 0 = c3, so there are no eigen-
values in this case.
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If\= (2, then
t
x(t) = crec(t,0) + coec(t, 0)/ ldys,
0

but again the boundary conditions force ¢; = 0 = ¢5, so there is no eigenvalue in this
case.

If A > (2, then

() = crec(t, 0) cos ( /0 t Mdas) + cpec(t,0) sin < /0 t Mdas) :

immediately x(0) = 0 implies ¢; = 0, and z(¢) = 0 implies

¢
/ VA—=Cdys =nm, néeN.
0

Solving for A yields the eigenvalues

2
A:)\”:CQ—F( nm ) , HEN,

with corresponding eigenfunctions

z(t) = z,(t) = ec(t,0) sin (M> .

f(f 1d,s

Ata = 1 (¢ = 0) the eigenpair reduces to the familiar (\,, 7,,) = ((n7/£)?, sin(nxt/()).
0J

Theorem 5.3. All eigenvalues of the Sturm—Liouville problem (5.2) are real and simple.
Corresponding to each eigenvalue there is a real-valued eigenfunction. Eigenfunctions
corresponding to distinct eigenvalues of (5.2) are orthogonal with respect to the weight
function r and eq on [a, ], that is to say

b
/ x1(t) o (t)r(t)eo(b, t)dot =0
for eigenfunctions x1 and x4 corresponding to distinct eigenvalues.

Proof. The proof is very similar to the classic (o« = 1) and is thus omitted. [
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6 Gronwall Inequality

We begin this section with a comparison theorem, throughout which we let o € (0, 1],
t € [ty,0), and Ko, k1 satisfy (1.2).

Lemma 6.1. Let p,y, f be continuous functions on [ty,o0), and let the exponential
function e, be as in (1.5). Then

Doy(t) < p(t)y(t) + f(t) forall 1€ [to,o0)
implies

y(t) < y(to)e,(t, to) +/ ep(t,s)f(s)das forall t € [ty,00).

to

Proof. Using the conformable product rule (Lemma 1.7 (iii)), we see that

D [y(t)en, —p(t, to)] = [Dy(t) — p()y(1)]ex, —p(t, to)-
Multiplication by eq(¢, s) and integration of both sides yields via Lemma 1.9 (ii)

t

y(S)G,ﬂ_p(S, to)eo (ta S)

s=to

- / [D°y(5) = p(s)y(5))ews (s, o)eot, 5)das
Y(t)ew—p(t, to) — y(to)eo(t, to) < /tf(S)em—p(&to)@o(t»S)daS

so that

(t, to) 3 to)eo(t, s
y(t) S y(to 60 0 / f 6 1—P S 0)6()( )das.
€r1—p(t; To) € —p(t, to)

Now by (1.5) we have that

t.t wr—plS, T t,
—60( o) =e,(t,ty) and erip(5:to)eo(t, 5) = e,(t, s).
eﬁl—}?(tv tO) eﬁl—P(t7 tO)
As a result, the assertion follows. L]

Theorem 6.2 (Gronwall’s Inequality). Let p,y, f be continuous functions on [ty,c0),
with p > 0. Then

y(t) < f(t) —I—/ p(s)y(s)eo(t, s)dys forall t € [ty, o)
implies

y(t) < f(t) + /tp(s)f(s)ep(t,s)das forall t € [ty,00).

to
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Proof. If we set

2(t) = / p()y(3)eo(t, 5)dus,

to

then z(to) = 0, and by Lemma 1.9 (i) we have

D2(t) = p(t)y(t) < p)[f(t) + 2()] = p(¢) f(t) + p(t)2(1).
By Lemma 6.1,

A0 < [ et p(s) ()

to

and hence the claim follows because of y(t) < f(t) + z(t). O

Corollary 6.3. Let p,y be continuous functions on [ty, o0), with p > 0. Then

y(t) < /tp(s)y(s)eo(t, s)dys forall t e [ty,o0)

to
implies
y(t) <0 forall te [ty,0).
Proof. This is Theorem 6.2 with f(t) = 0. O]

Corollary 6.4. Let p,y be continuous functions on [ty,00) with p > 0, and let 6 € R.
Then

y(t) < (5—1—/ p(s)y(s)eo(t, s)das forall t € [ty,o0)

to

implies

¢
y(t) < dey(t,to) + 5/ ki(a, s)ey(t,s)das  forall t € [ty,00).

to
Proof. First, note that
ep(t,s) = ex—p(s,t)en(t, s). (6.1)
If we let f(¢) = 0 in Theorem 6.2 and use Theorem 1.7 (v), then by (6.1) we have

y(t) < o {1+/tp(s)em_p(s,t)eo(t, S)das}

to

= 0 {1 - /t (k1(a, 8) — p(8)) exy—p(s,t)en(t, s)dys

to

+ /t K1y, 8)es —p(s,t)eo(t, S)dozs}

to

_ [1_/t0tm (ers (5. )) ol s)da5+/t k1(c, 8)ey (¢, 8)das

to
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s=t

) {1 — ey (5, t)eo(t, 5)

T / (e s S)das}

s=t to

=9 {em_p(to,t)eo(t,to)+/t k1 (a, s)ep(t, s)das]

to

t
= (5ep(t,t0)—|—5/ ri(a, s)ep(t, s)das.

to

This completes the proof. [
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