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Abstract
In this paper we give a necessary and sufficient conditions for approximate con-

trollability of a wide class of semilinear nonautonomous systems in Hilbert spaces.
This is done by employing skew-product semi-flows technique. As an application
we prove the approximate controllability of a broad class of nonautonomous semi-
linear reaction diffusion equations which includes the semilinear heat equation.
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1 Introduction
In this paper we study the approximate controllability of the following nonautonomous
evolutionary system

z′ = A(θ · t)z +B(θ · t)u+ F (θ · t, z, u(t)), t ∈ [0, τ ], θ ∈ Θ, z(t) ∈ Z, (1.1)
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where the control u belongs to L2(0, τ ;U), and Z, U are Hilbert spaces. Here Θ is a
compact topological Hausdorff space which is invariant under the flow σ(θ, t) = θ ·t, for
all θ ∈ Θ, t ∈ [0, τ ], A(θ) is the generator of a strongly continuous compact evolution
operator Φ(θ, t) in Z, with common domain D(A(θ)) = D, B(θ) ∈ L(U,Z) and the
mapping θ → B(θ)z is continuous in θ for all z fixed. L(U,Z) is the Banach space
of bounded linear operators from U to Z, in particular L(Z) = L(Z,Z). On the other
hand, we assume that the linear equation

z′ = A(θ · t)z, z ∈ Z, θ ∈ Θ, t ≥ 0, (1.2)

generates a linear skew-product semiflow π = (Φ, σ) on E = Z × Θ according to
Definition 2.1, given by

π(z, θ, t) = (Φ(z, θ, t), θ · t), t ≥ 0, (1.3)

where Φ(θ, t) is the evolution operator associated with (1.2), such that Φ(θ, 0) = I , the
identity operator in Z. This work has been motivated by the works [2, 30, 31] where
the authors study nonautonomous evolution equations using skew-product semi-flow
technique.

The following hypothesis will be assumed: The nonlinear function F : Θ×Z×U →
Z is smooth enough and there are a, b ∈ R and

1

2
≤ β < 1 such that

‖F (θ, z, u)‖Z ≤ a‖u‖β + b, ∀u ∈ U, z ∈ Z, θ ∈ Θ, (1.4)

and
z′ = A(θ · t)z +B(θ · t)u(t), (1.5)

is approximate controllable.
Remark 1.1. The condition (1.4) can be replaced by the following more general one:

There are a, b, c ∈ R and
1

2
≤ β < 1 such that

‖F (θ, z, u)− cz‖Z ≤ a‖u‖β + b, ∀u ∈ U, z ∈ Z, θ ∈ Θ,

which implies

‖F (θ, z, u)‖Z ≤ a‖u‖β + c‖z‖+ b, ∀u, z ∈ Z, θ ∈ Θ.

The approximate controllability of semi-linear autonomous evolution equations has
been studied by several authors, but the nonlinear term F (z) depends only on the spatial
variable z and is bounded or sub-linear at infinity. To mention some of them, we have
the work done in, e.g., [10, 11, 24–26, 28, 29]. The approximate controllability of the
heat equation under a nonlinear perturbation f(z) independent of the variables t and u

zt = ∆z + 1ωu(t, x) + f(z) in (0, τ ]× Ω,
z = 0, on (0, τ)× ∂Ω,
z(0, x) = z0(x), x ∈ Ω,

(1.6)
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has been studied by several authors, particularly in [12–14], depending on conditions
impose to the nonlinear term f(z). For instance, in [13, 14] the approximate controlla-
bility of the system (1.6) is proved if f(z) is sublinear at infinity, i.e.,

|f(z)| ≤ d|z|+ e. (1.7)

Also, in the above reference, they mentioned that when f is superlinear at the infinity,
the approximate controllability of system the (1.6) fails. However, to our knowledge,
the approximate controllability of nonautonomous evolution equations in Hilbert spaces
has been little studied,we can mention the papers [2, 30, 31].

Now, we shall describe the strategy of this work: First, we observe that the ap-
proximate controllability of the linear system (1.5) is equivalents to the controllability
operator has dense range, which allows us to find an approximate right inverse of such
operator. After that, we observe that the approximate controllability of the semilin-
ear system (1.1) is equivalent to the semilinear controllability operator to has dense
range. Finally, the approximate controllability of the system (1.1) follows from the
approximate controllability of (1.5), the compactness of the evolution operator Φ(θ, t)
generated by the operator A(θ), the bound (1.4) satisfied by the nonlinear term F and
applying Rothe’s fixed point Theorem.

In order to reach our goal, we shall use the following preliminaries results:

Proposition 1.2 (See [4, 7]). Let π = (Φ, σ) be linear skew-product semiflows on E .
Then there exist constants M ≥ 1, W > 0 such that

‖Φ(θ, t)‖ ≤MeWt, θ ∈ Θ, t ∈ R+.

Proposition 1.3. Let (X,Σ, µ) be a measure space with µ(X) < ∞ and 1 ≤ q < r <
∞. Then Lr(µ) ⊂ Lq(µ) and

‖f‖q ≤ µ(X)
r−q
rq ‖f‖r, f ∈ Lr(µ). (1.8)

Proof. By putting p =
r

q
> 1 and considering the relation

∫
X

(|f |q)pdµ =

∫
X

|f |rdµ, ∀f ∈ Lr(µ)

the proof follows from [3, Theorem I.V.6].

Theorem 1.4 (See [2]). If Φ(θ, t)x0 is weakly continuous in t, uniformly in θ, then for
each θ ∈ Θ, the function Φ(θ, ·) is strongly continuous in [0,+∞).

Corollary 1.5 (See [2]). Let X be a reflexive Banach space. Then for each θ ∈ Θ fixed,
the function Φ?(θ, ·) is strongly continuous in [0,+∞).
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Lemma 1.6 (See [8, Lemma 3.14, p. 62]). Let {αj}j≥1 and {βi,j : i = 1, 2, . . . ,m}j≥1

be two sequences of real numbers such that: α1 > α2 > α3 · · · . Then

∞∑
j=1

eαjtβi,j = 0, ∀t ∈ [0, τ ], i = 1, 2, · · · ,m

iff
βi,j = 0, i = 1, 2, · · · ,m; j = 1, 2, · · · ,∞.

Theorem 1.7 (Rothe’s Theorem, [16, page 129]). Let E(τ) be a Hausdorff topological
vector space. Let B ⊂ E be a closed convex subset such that the zero of E is contained
in the interior of B. Let Φ : B → E be a continuous mapping with Φ(B) relatively
compact in E and Φ(∂B) ⊂ B (∂B denotes the boundary of the set B). Then there is a
point x∗ ∈ B such that Φ(x∗) = x∗.

2 Controllability of Linear Systems
In this section we characterize the approximate controllability of the linear system (1.5).
To this end, notice that for all arbitrary z0 ∈ Z and u ∈ L2(0, τ ;U) the initial value
problem {

z′ = A(θ · t)z +B(θ · t)u(t), θ ∈ Θ, z ∈ Z, t ∈ [0, τ ],

z(0) = z0,
(2.1)

admits only one mild solution given by the formula

z(t) = Φ(θ, t)z0 +

∫ t

0

Φ(θ · s, t− s)B(θ · s)u(s)ds, t ∈ [0, τ ]. (2.2)

From now on we will use the parameter θ ∈ Θ only when it is necessary.

Definition 2.1 (Approximate Controllability). The system (1.5) is said to be approx-
imately controllable on [0, τ ] if for all θ ∈ Θ and z0, z1 ∈ Z, ε > 0 there exists
u ∈ L2(0, τ ;U) such that the solution z(t) of (2.2) corresponding to u verifies

‖z(τ)− z1‖ < ε.

Remark 2.2. Whenever there is no confusion we will omit the variable θ if it is necessary,
it is understood that the controllability is uniform in θ variable.

Definition 2.3. For the system (1.5) we define the following concept: The controllability
map (for τ > 0) G = G(θ) : L2(0, τ ;U)→ Z is given by

Gu =

∫ τ

0

Φ(θ · s, τ − s)B(θ · s)u(s)ds,
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whose adjoint operator G∗ : Z → L2(0, τ ;Z) is

(G∗z)(s) = B∗(θ · s)Φ∗(θ · s, t− s)z, ∀s ∈ [0, τ ], ∀z ∈ Z, (2.3)

as a consequence of Corollary 1.5.

Proposition 2.4. For all C ∈ L∞(0, τ ;L(U,Z)), the operator W : L2(0, τ ;U) → Z
given by

W (u) =

∫ τ

0

Φ(θ · s, τ − s)C(s)u(s)ds

is compact.

Proof. In fact, for 0 < δ < τ , the operator W can be written as

W (u) =

∫ τ−δ

0

Φ(θ · s, τ − s)C(s)u(s)ds+

∫ τ

τ−δ
Φ(θ · s, τ − s)C(s)u(s)ds.

By setting

Wδ(u) =

∫ τ−δ

0

Φ(θ · s, τ − s)C(s)u(s)ds

and

Sδ(u) =

∫ τ

τ−δ
Φ(θ · s, τ − s)C(s)u(s)ds,

we obtain
W = Wδ + Sδ.

Claim 1. The operator W is compact. In fact,

Wδ(u) =

∫ τ−δ

0

Φ(θ · s, τ − s)C(s)u(s)ds

=

∫ τ−δ

0

Φ(θ · s, τ − δ − s+ δ)C(s)u(s)ds

=

∫ τ−δ

0

Φ(θ · s · (τ − δ − s), δ)Φ(θ · s, τ − δ − s)C(s)u(s)ds

=

∫ τ−δ

0

Φ(θ · (τ − δ − s+ s), δ)Φ(θ · s, τ − δ − s)C(s)u(s)ds

=

∫ τ−δ

0

Φ(θ · (τ − δ), δ)Φ(θ · s, τ − δ − s)C(s)u(s)ds

= Φ(θ · (τ − δ), δ)
∫ τ−δ

0

Φ(θ · s, τ − δ − s)C(s)u(s)ds

= Φ(θ · (τ − δ), δ)Hδ(u).
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where

Hδ(u) =

∫ τ−δ

0

Φ(θ · s, τ − δ − s)C(s)u(s)ds.

Since Φ(θ · (τ − δ), δ) is compact and the operator Hδ is bounded, then Wδ is compact.
Claim 2. For ε > 0, there exists δ > 0 such that ‖Sδ‖ < ε. In fact, applying Hölder’s

inequality, we obtain

‖Sδ‖ =

∥∥∥∥∫ δ

τ−δ
Φ(θ · s, τ − s)C(s)u(s)ds

∥∥∥∥
≤

∫ τ

τ−s
‖Φ(θ · s, τ − δ)‖ ‖C(s)‖ ‖u(s)‖ds

≤ M‖C‖∞
∫ τ

τ−δ
‖u(s)‖ds ≤ M‖C‖∞δ

1
2‖u‖L2 .

By taking
δ

1
2 ≤ ε

M ‖C‖∞
,

we obtain that
‖W −Wδn‖ = ‖Sδ‖ < ε.

So, we can build a sequence {δn}n≥1 such that it goes to zero and

‖W −Wδn‖ ≤ ‖Sδn‖ <
1

n
, n = 1, 2 · · · .

Hence, the sequence of compact operators {Wδn} converges uniformly toW . Therefore,
applying results from linear operator theory, we obtain that W is compact.

Corollary 2.5. The operator G(θ) is compact.

The following lemma holds in general for a linear bounded operator G : W → Z
between Hilbert spaces W and Z.

Lemma 2.6 (See [8, 9, 20]). The equation (1.5) is approximately controllable on [0, τ ]
if and only if for all θ ∈ Θ one of the following statements holds:

a) Rang(G(θ)) = Z.

b) Ker(G(θ)∗) = {0}.

c) 〈G(θ)G(θ)∗z, z〉 > 0, z 6= 0 in Z.

d) lim
α→0+

α(αI +G(θ)G(θ)∗)−1z = 0.

e) B∗(θ · s)Φ∗(θ · s, t− s)z = 0, ∀t ∈ [0, τ ], → z = 0.
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f) For all z ∈ Z we have G(θ)uα = z − α(αI +G(θ)G(θ)∗)−1z, where

uα = G(θ)∗(αI +G(θ)G(θ)∗)−1z, α ∈ (0, 1].

So, lim
α→0

G(θ)uα = z and the error Eαz of this approximation is given by the
formula

Eαz = α(αI +G(θ)G(θ)∗)−1z, α ∈ (0, 1].

Remark 2.7. Lemma 2.6 implies the family of linear operators Γα : Z → L2(0, τ ;U),
defined for 0 < α ≤ 1 by

Γαz = B∗(θ · s)Φ∗(θ · s, τ − s)(αI +G(θ)G(θ)∗)−1z = G(θ)∗(αI +G(θ)G(θ)∗)−1z,

is an approximate inverse for the right of the operator G(θ), in the sense that

lim
α→0

G(θ)Γα = I, ∀θ ∈ Θ,

in the strong topology.

Proposition 2.8. If Rang(G(θ)) = Z, then

sup
α>0
‖α(αI +G(θ)G(θ)∗)−1‖ ≤ 1. (2.4)

3 Controllability of Nonlinear Systems
In this section we shall prove the main result of this paper, the approximate controllabil-
ity of the semilinear time varying system (1.1). To this end, we notice that for all z0 ∈ Z
and u ∈ L2(0, τ ;U) the initial value problem{

z′ = A(θ · t)z +B(θ · t)u(t) + F (θ · t, z, u(t)),

z(0) = z0

(3.1)

where t ∈ [0, τ ] and z ∈ Z, admits only one mild solution given by

zu(t) = Φ(θ · s, t− s)z0 +

∫ t

0

Φ(θ · s, t− s)B(θ · s)u(s)ds

+

∫ t

0

Φ(θ · s, t− s)F (θ · s, zu(s), u(s))ds, t ∈ [0, τ ].

Definition 3.1 (Approximate Controllability). The system (1.1) is said to be approxi-
mately controllable on [0, τ ] if for every θ ∈ Θ and z0, z1 ∈ Z, ε > 0 there exists
u ∈ L2(0, τ ;U) such that the solution z(t) of (3.2) corresponding to u verifies

‖z(τ)− z1‖ < ε.
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Definition 3.2. For the system (1.1) we define the following concept: The nonlinear
controllability map (for τ > 0) GF = GF (θ) : L2(0, τ ;U)→ Z is given by

GFu =

∫ τ

0

Φ(θ · s, t− s)B(θ · s)u(s)ds

+

∫ τ

0

Φ(θ · s, t− s)F (θ · s, zu(s), u(s))ds

= G(u) +H(u),

where H = H(θ) : L2(0, τ ;U)→ Z is the nonlinear operator given by

H(u) =

∫ τ

0

Φ(θ · s, t− s)F (θ · s, zu(s), u(s))ds, u ∈ L2(0, τ ;U). (3.2)

The following lemma is trivial.

Lemma 3.3. The equation (1.1) is approximately controllable on [0, τ ] if and only if for
all θ ∈ Θ Rang(GF (θ)) = Z.

Definition 3.4. The following equation will be called the controllability equations as-
sociated to the nonlinear equation (1.1)

u = Γα(z −H(uα)) = G∗(αI +GG∗)−1(z −H(u)), (0 < α ≤ 1).

Theorem 3.5. The system (1.1) is approximately controllable on [0, τ ]. Moreover, for
all θ ∈ Θ a sequence of controls steering the system (1.1) from initial state z0 to an
ε-neighborhood of the final state z1 at time τ > 0 is given by

uα(t) = B∗(θ · s)Φ∗(θ · s, τ − s)(αI +GG∗)−1(z1 − Φ(θ, τ)z0 −H(uα)),

and the error of this approximation Eα is given by

Eα = α(αI +GG∗)−1(z1 − Φ(θ, τ)z0 −H(uα)).

Proof. For each θ ∈ Θ and z ∈ Z fixed, we shall consider the family of nonlinear
operators Kα : L2(0, τ ;U)→ L2(0, τ ;U) given by

Kα(u) = Γα(z −H(u)) = G∗(αI +GG∗)−1(z −H(u)), (0 < α ≤ 1).

First, we shall prove that for all α ∈ (0, 1] the operator Kα has a fixed point uα. In fact,
since F is smooth and satisfies (1.4) and the evolution operator Φ(θ, t) given by (1.2)
is compact, then using the ideas of the proof of Proposition 2.5 and (1.4) we can prove
that the operator H is compact. Moreover,

lim‖u‖L2
→∞
‖Kα(u)‖L2

‖u‖L2

= 0. (3.3)
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In fact, from the definition of the operator H(u), Propositions 1.2 and 1.3 we have, for
u ∈ L2(0, τ ;U), the estimate

‖H(u)‖ ≤
∫ τ

0

Meω(τ−s)‖F (s, zu(s), u(s))‖ds

≤
(∫ τ

0

M2e2ω(τ−s)ds

)1/2(∫ τ

0

‖F (s, zu(s), u(s))‖2ds

)1/2

= N

(∫ τ

0

‖F (s, zu(s), u(s))‖2ds

)1/2

≤ N

(∫ τ

0

(
a‖u(s)‖β + b

)2
ds

)1/2

≤ N

(∫ τ

0

(4a2‖u(s)‖2β + 4b2)ds

)1/2

≤ 2Na

(∫ τ

0

‖u(s)‖2β

)1/2

+ 2b
√
τ

≤ 2Na

{(∫ τ

0

‖u(s)‖2β

)1/(2β)
}β

+ 2b
√
τ

= 2aN‖u‖βL2β
+ 2b
√
τ .

Now, since 1/2 ≤ β < 1 iff 1 ≤ 2β < 2, applying Proposition 1.3, we obtain that:

‖H(u)‖ ≤ 2aNτ
1−β
2β ‖u‖βL2

+ 2b
√
τ .

Therefore,

lim‖u‖L2
→∞
‖H(u)‖L2

‖u‖L2

= 0.

Consequently,

lim‖u‖L2
→∞
‖Kα(u)‖
‖u‖L2

= 0.

Then, from condition (3.3) we obtain that, for a fixed 0 < ρ < 1, there exists Rα such
that

‖Kα(u)‖L2 ≤ ρ‖u‖L2 , ‖u‖L2 = Rα.

Hence, if we denote by B(0, Rα) the ball of center zero and radio Rα > 0, we get that
Kα(∂B(0, Rα)) ⊂ B(0, Rα). Since Kα is compact and maps the sphere of ∂B(0, Rα)
into the interior of the ball B(0, Rα), we can apply Rothe’s fixed point theorem (Theo-
rem 1.7) to ensure the existence of a control uα ∈ L2(0, τ ;U) such that

uα = Kαuα = Γα(z −H(uα)) = G∗(αI +GG∗)−1(z −H(uα)), (0 < α ≤ 1).
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Claim. The family of fixed pint {uα}0<α≤1 is bounded. In fact, for the purpose of
contradiction, let us assume the contrary. Then, there exists a subsequence {uαn}n≥1 ⊂
{uα}0<α≤1 such that

lim
n→∞

‖uαn‖L2 =∞.

On the other hand, from (3.3) we get for all fixed α ∈ (0, 1] that

limn→∞
‖Kα(uαn)‖
‖uαn‖Z

= 0.

Hence,

‖Kα1(uα1)‖
‖uα1‖Z

‖Kα1(uα2)‖
‖uα2‖Z

‖Kα1(uα3)‖
‖uα3‖Z

. . .
‖Kα1(uαn)‖
‖uαn‖Z

→ 0

‖Kα2(uα1)‖
‖uα1‖Z

‖Kα2(uα2)‖
‖uα2‖Z

‖Kα2(uα3)‖
‖uα3‖Z

. . .
‖Kα2(uαn)‖
‖uαn‖Z

→ 0

...
...

...
...

...
...

...
...

...
...

...
...

‖Kαn(uα1)‖
‖uα1‖Z

‖Kαn(uα2)‖
‖uα2‖Z

‖Kαn(uα3)‖
‖uα3‖Z

. . .
‖Kαn(uαn)‖
‖uαn‖Z

→ 0.

Now, applying Cantor’s diagonalization process, we obtain that

limn→∞
‖Kαn(uαn)‖
‖uαn‖Z

= 0.

From the fixed point property, we have that uαn = Kαnuαn . So,

‖uαn‖L2 = ‖Kαnuαn‖L2 ⇐⇒
‖Kαn(uαn)‖L2

‖uαn‖L2

= 1.

Hence,

lim‖uαn‖L2
→∞
‖Kαn(uαn)‖L2

‖uαn‖L2

= 1,

which is evidently a contradiction. Then, the claim is true and there exists γ > 0 such
that

‖uαn‖L2 ≤ γ, (0 < α ≤ 1).

Therefore, without loss of generality, we can assume that the sequenceH(uα) converges
to y ∈ Z. So, if

uα = Γα(z −H(u)) = G∗(αI +GG∗)−1(z −H(uα)),
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then

Guα = GΓα(z −H(u)) = GG∗(αI +GG∗)−1(z −H(uα))

= (αI +GG∗ − αI)(αI +GG∗)−1(z −H(uα))

= z −H(uα)− α(αI +GG∗)−1(z −H(uα)).

Hence,

Guα +H(uα) = z − α(αI +GG∗)−1(z −H(uα)).

To conclude the proof, it enough to prove that

lim
α→0
{−α(αI +GG∗)−1(z −H(uα))} = 0.

From Lemma 2.6.d) we get that

lim
α→0
{−α(αI +GG∗)−1(z −H(uα))} = − lim

α→0
{−α(αI +GG∗)−1H(uα)}

= − lim
α→0
−α(αI +GG∗)−1y − lim

α→0
−α(αI +GG∗)−1(H(uα)− y)

= lim
α→0
−α(αI +GG∗)−1(H(uα)− y).

On the other hand, from Proposition 2.8, we get that

‖α(αI +GG∗)−1(H(uα)− y)‖ ≤ ‖(H(uα)− y)‖.

Therefore, since H(uα) converges to y, we get that

lim
α→0
{−α(αI +GG∗)−1(H(uα)− y)} = 0.

Consequently,

lim
α→0
{−α(αI +GG∗)−1(z −H(uα))} = 0.

So, putting z = z1 − Φ(θ, τ)z0 and using (3.2), we obtain the nice result:

z1 = lim
α→0+

{
Φ(θ, τ)z0 +

∫ τ

0

Φ(θ · s, τ − s)B(θ · s)uα(s)ds

+

∫ τ

0

Φ(θ · s, τ − s)F (s, zuα(s), uα(s))ds}.

This completes the proof.
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4 Applications
In this section we use the foregoing results to prove the interior approximate controlla-
bility of the following broad class of nonautonomous reaction diffusion equation in the
Hilbert space Z = L2(Ω) given by{

z′ = A(θ · t)z +B(θ · t)u(t) + F (θ · t, z, u(t)), t ∈ [0, τ ], θ ∈ Θ
z(0) = z0

(4.1)

where the control u ∈ L2(0, τ ;L2(Ω)), with U = Z, Θ is a compact Hausdorff space,
A(θ · t) = −a(θ · t)A with a : Θ→ R+ a continuous function, the operator B : Z → Z
is a linear and bounded and A : D(A) ⊂ Z → Z is an unbounded linear operator with
the following spectral decomposition:

Az =
∞∑
j=1

λj

γj∑
k=1

〈z, φj,k〉φj,k =
∞∑
j=1

λjEjz, (4.2)

with 〈·, ·〉 denoting an inner product in Z, and

Ejz =

γj∑
k=1

〈z, φj,k〉φj,k.

The eigenvalues 0 < λ1 < λ2 < · · · < λj < · · ·λn → ∞ of A have finite multiplicity
γj equal to the dimension of the corresponding eigenspace, and {φj,k} is a complete
orthonormal set of eigenvectors of A. So, {Ej} is a complete family of orthogonal

projections in Z and z =
∞∑
j=1

Ejz, z ∈ Z. The nonlinear function F : Θ× Z × U → Z

is smooth enough and there are a, b ∈ R, R > 0 and 1/2 ≤ β < 1 such that

‖F (θ, z, u)‖Z ≤ a‖u‖β + b, ∀u, z ∈ Z, θ ∈ Θ. (4.3)

The operator −A(θ · t) generates a compact evolution operator Φ(θ · t) given by

Φ(θ · t)z = T (gθ(t))z =
∞∑
j=1

e−λjgθ(t)Ejz,

where gθ(t) =

∫ t

0

a(θ · s)ds > 0, t 6= 0.

Theorem 4.1. If for all θ ∈ Θ the vectors B∗(θ)φj,k are linearly independent in Z,
then the system (4.1) is approximately controllable on [0, τ ]. Moreover, a sequence of
controls steering the system (4.1) from initial state z0 to an ε neighborhood of the final
state z1 at time τ > 0 is given by

uα(t) = B∗(θ · t)Φ∗(θ · t, τ − t)(αI +GG∗)−1(z1 − Φ(θ, τ)z0 −H(uα)),
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and the error of this approximation Eα is given by

Eα = α(αI +GG∗)−1(z1 − Φ(θ, τ)z0 −H(uα)),

where

H(u) =

∫ τ

0

Φ(θ · s, τ − s)F (θ · s, zu(s), u(s))ds, u ∈ L2(0, τ ;U).

Proof. It is enough to prove that the linear part of this system (4.1){
z′ = A(θ · t)z +B(θ · t)u(t), t ∈ [0, τ ], θ ∈ Θ
z(0) = z0

(4.4)

is approximately controllable on [0, τ ]. To this end, we shall apply Lemma 2.6.e). We
observe that

Φ?(θ, t)z = T ∗(g(θ · t))z =
∞∑
j=1

e−λjg(θ·t)Ejz,

where g(θ · t) =

∫ t

0

a(θ · s)ds 6= 0. Then,

B∗(θ · t)Φ∗(θ, t)z = B∗(θ · t)
∞∑
j=1

e−λjg(θ·t)Ejz

=
∞∑
j=1

e−λjg(θ·t)B∗(θ · t)Ejz = 0, ∀ t ∈ [0, τ ].

Therefore, from Lemma 1.6 we obtain that

B∗(θ · t)Ejz =

γj∑
k=1

〈z, φj,k〉B∗(θ · t)φj,k = 0, j = 1, 2, . . . .

Since, by hypothesis, the set of all vectors B∗(θ · t)φj,k are linearly independents, we
obtain that

〈z, φj,k〉 = 0 j = 1, 2, . . . . and k = 1, 2, . . . , γj.

So, Ejz = 0, j = 1, 2, . . . , which implies that z = 0 Hence, the system (4.4) is
approximately controllable on [0, τ ].

Example 4.2 (The Interior Controllability of the nD Time-Varying Heat Equation).
In this case, as an example, we prove the interior approximate controllability of the
semilinear time-varying heat equation

zt(t, x) = a(θ · t)∆z(t, x) + 1ωu(t, x) + f(θ · t, z, u(t, x)) in (0, τ ]× Ω,
z = 0, on (0, τ)× ∂Ω,
z(0, x) = z0(x), x ∈ Ω,

(4.5)
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where Ω is a bounded domain in RN(N ≥ 1), z0 ∈ L2(Ω), ω is an open nonempty subset
of Ω, 1ω denotes the characteristic function of the set ω, the distributed control u belongs
to L2([0, τ ];L2(Ω; )), with a : Θ→ R+ and the nonlinear function f : Θ×R×R→ R
is smooth enough and there are a, b ∈ R and 1/2 ≤ β < 1 such that

|f(θ, z, u)| ≤ a|u|β + b, ∀u, z ∈ R, θ ∈ Θ. (4.6)

In this case B(θ · t)f = 1ωf .

To this end, we shall describe the space in which this problem will be situated as
an abstract ordinary differential equation. Let us consider Z = L2(Ω) and the linear
unbounded operator A : D(A) ⊂ Z → Z defined by A(θ · t)φ = −a(θ · t)∆φ, where

D(A) = H1
0 (Ω) ∩H2(Ω). (4.7)

The operator A has the following very well known properties: The spectrum of A con-
sists of only eigenvalues

0 < λ1 < λ2 < · · · < λj →∞,

each one with multiplicity γj equal to the dimension of the corresponding eigenspace.

a) There exists a complete orthonormal set {φj,k} of eigenvectors of A.

b) For all z ∈ D(A) we have

−∆z =
∞∑
j=1

λj

γj∑
k=1

〈z, φj,k〉φj,k =
∞∑
j=1

λjEjz, (4.8)

where 〈·, ·〉 is the inner product in X and

Enz =

γj∑
k=1

〈z, φj,k〉φj,k. (4.9)

So, {Ej} is a family of complete orthogonal projections in Z and

z =
∞∑
j=1

Ejz, z ∈ Z. (4.10)

c) −a(θ)∆ generates a compact evolution operator Φ(θ · t) given by

Φ(θ · t)z = T (gθ(t))z =
∞∑
j=1

e−λjgθ(t)Ejz,

where gθ(t) =

∫ t

0

a(θ · s)ds 6= 0.
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The system (4.5) can be written as an abstract equation in the space Z = L2(Ω){
z′ = −A(θ · t)z +B(θ · t)u(t) + F (θ · t, z, u), z ∈ Z,
z(0) = z0,

(4.11)

where the control function u belongs to L2(0, τ ;Z) and F : Θ×Z×U → Z, is defined
by F (θ, z, u)(x) = f(θ, z(x), u(x)), ∀x ∈ Ω.

Proposition 4.3. The vectors B∗(θ)φj,k = 1ωφj,k are linearly independent in Z.

Proof. Consider any linear combination of the form

γj∑
k=1

aj,kB
∗(θ · t)φj,k(z) =

γj∑
k=1

aj,k1ωφj,k(z) = 0, ∀z ∈ Ω.

Therefore,
γj∑
k=1

aj,k1ωφj,k(z) =

γj∑
k=1

aj,kφj,k(z) = 0, ∀z ∈ ω.

Now, putting g(z) =

γj∑
k=1

aj,kφj,k(z), z ∈ Ω, we obtain that

{
(∆ + λjI)g ≡ 0 in Ω,
g(x) = 0 ∀x ∈ ω.

Then, from the classical unique continuation for elliptic equations (see [27]), it follows
that g(z) = 0, z ∈ Ω. So,

γj∑
k=1

aj,kφj,k(x) = 0, ∀x ∈ Ω.

On the other hand, {φj,k}is a complete orthonormal set in Z = L2(Ω), which implies
that aj,k = 0.

Proposition 4.4. Under the condition (4.6), the function F : θ×Z×U → Z defined by
F (θ · t, z, u)(x) = f(θ · t, z(x), u(x)), x ∈ Ω, satisfies for all u, z ∈ Z = L2(Ω), θ ∈ Θ:

‖F (θ, z, u)‖Z ≤ 2aµ(Ω)(1−β)/2‖u‖βZ + 2b
√
µ(Ω). (4.12)
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Proof. We have

‖F (θ, z, u)‖Z =

(∫
Ω

|f(θ, z(x), u(x))|2dx
)1/2

≤
(∫

Ω

(
a|u(x)|β + b

)2
dx

)1/2

≤
(∫

Ω

(4a2‖u(x)‖2β + 4b2)dx

)1/2

≤ 2a

{(∫
Ω

‖u(x)‖2β

) 1
2β

}β

+ 2b
√
µ(Ω)

= 2a‖u‖βL2β(Ω) + 2b
√
µ(Ω).

Now, since 1/2 ≤ β < 1 iff 1 ≤ 2β < 2, we obtain

‖F (θ, z, u)‖Z ≤ 2aµ(Ω)
1−β
β ‖u‖βZ + 2b

√
µ(Ω)

by applying Proposition 1.3.

Using the compactness of the evolution operator

Φ(θ · t)z = T (gθ(t))z =
∞∑
j=1

e−λjgθ(t)Ejz

generated by−a(θ)∆, where gθ(t) =

∫ t

0

a(θ ·s)ds > 0, and the foregoing two proposi-

tions, we can prove that the semilinear heat equation (4.5) is approximately controllable
on [0, τ ].

Theorem 4.5. The system (4.5) is approximately controllable on [0, τ ]. Moreover, a
sequence of controls steering the system (4.5) from initial state z0 to an ε neighborhood
of the final state z1 at time τ > 0 is given by

uα(t) = 1ωT (gθ(τ − t))(αI +GG∗)−1(z1 − T (gθ(t))z0 −H(uα)),

and the error of this approximation Eα is given by

Eα = α(αI +GG∗)−1(z1 − T (gθ(τ))z0 −H(uα)),

where

H(u) =

∫ τ

0

T (gθ(τ − t))F (θ · s, zu(s), u(s))ds, u ∈ L2(0, τ ;U)
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