Advances in Dynamical Systems and Applications
ISSN 0973-5321, Volume 10, Number 1, pp. 11-26 (2015)
http://campus.mst.edu/adsa

Limit-point/limit-circle Results for Forced
Second Order Differential Equations

Miroslav Bartusek
Masaryk University Brno
Faculty of Science
Kotlarska 2, 611 37 Brno, Czech Republic
bartusek@math.muni.cz

John R. Graef
University of Tennessee at Chattanooga
Department of Mathematics
Chattanooga, TN 37403 USA
john—graef@utc.edu

Abstract

In this paper, the authors consider both the forced and unforced versions of a
second order nonlinear differential equation with a p-Laplacian. They give suf-
ficient conditions as well as necessary and sufficient conditions for the unforced
equation to be of the strong nonlinear limit-circle type, and they give sufficient
conditions for the forced equation to be of the strong nonlinear limit-circle type.
They also give sufficient conditions for the forced equation to not be of the strong
nonlinear limit-circle type.
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1 Introduction

In this paper, we study the forced second order nonlinear differential equation

(@)Y P~y) +r(t)]y]* seny = e(t) (1.1)
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as well as the unforced equation
(a()ly'I"~y') +r()]y] seny = 0, (1.2)

where R, = [0,00), A > p > 0,a € C*'(R,),r € C*(R,), e € C(R,), and a(t) > 0
and r(t) > 0 on R,. If A\ = p, then these are the well-known half-linear equations.
Since here we have A > p, we are in what is referred to as the super-half-linear case; if
A < p, then it is the sub-half-linear case. This terminology was introduced for the first
time in [2—4].

Remark 1.1. The functions a, 7, and e are smooth enough so that all solutions of (1.1)
and (1.2) are defined on R, (e.g., see [6, Lemma 1(i)]). Moreover, all nontrivial so-
lutions of (1.1) are nontrivial in any neighborhood of co (e.g., see [14, Theorem 9.4]
and [8, Theorem 41]).

It will be convenient to define the following constants:

o p+1 5= A+ 1)p _ p+1
A+2p+1 OCt+2p+1 T o0+
1
5:&7 612’7_%+1a
p
D A+2)p+1
= £ =L P
YT 0 2p+r1l T O DG+D
o A+1D(p+1) B A+p+2)p
’ A—p T+ (A +2p+ 1)
1 1
q max{p+1,w1}< , Q1 1—¢

Notice that « = 1 — /5. We define the functions R, g: R, — R by

al’P(t)R'(t)

R(t) =a"P(t)r(t) and ¢(t) = — et ()

For any continuous function ~: R, — R, we let h(t) = max{h(t),0} and h_(t) =
max{—h(t),0} so that h(t) = hy(t) — h_(t). In order to simplify some of the notation
in what follows, for any solution y: R, — R of (1.1), we let

yU(t) = a()ly' @'Y (1),

1) (5 "
Vi) = L+ or = S OrT el op,
F(t)=R°(t)V (1), (1.3)

Aq(t) = ( mai{ lg(s)| + 1) /0 R™(s)|e(s)|ds, (1.4)
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A(t) = /0 g (s)|ds + 1+ (grgl?é(t\g(s)\ + 1) /0 R™“(s)le(s)|ds, (1.5)

and
G(t)=F(t) A7 (t). (1.6)

Here we are especially interested in studying what are known as the strong nonlinear
limit-circle type solutions of equations (1.1) and (1.2) as defined below. This property
was first introduced in [4] for sub-half-linear equations and in [3] for super-half-linear
equations.

Definition 1.2. A solution y of (1.1) is said to be of the strong nonlinear limit-circle
type if

(9] oo |,[1] 0 © 4
/0 y(®)Mdt < 0o and /0 |yR<(§>)| dt_/o %mmpﬂdt@o.

Equation (1.1) is said to be of the strong nonlinear limit-circle type if every solution is
of the strong nonlinear limit-circle type.

2 Preliminary Lemmas

In this section, we present some lemmas that will be needed in the proofs of our main
results. Our first lemma provides some basic information about the behavior of solutions
of equation (1.1).

Lemma 2.1. Let y be a solution of (1.1). Then:

(1) the estimates

1

ly(@)] < S R™¥ (1) F (1) 2.1)
and
()] < RE(1) PR (1) (2.2)
hold for t > 0;
(i) for 0 < 7 < t, we have
F(t) = F(r) = ag(m) y(r)y" () + ag(t) y(£)y" (1)

- a/ g (s)y(s)yM(s)ds + I(t,7), (2.3)
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where

I(t,T)Z/ [0R™(s)lyM (s)[V7 sgnyM(s) — ag(s) y(s)] e(s) ds.
Moreover,

[I(t,7)| < / R™(s)[6FY P (s) 4+ ady|g(s) [PV ()] le(s)| ds.  (2.4)

Proof. The estimates (2.1), (2.2), and (2.3) were proved in [6, Lemma 1]; (2.4) follows
from these. O

Next, we need to show that the function G is bounded.
Lemma 2.2. For any solution y of (1.1), the function G is bounded.

Proof. Let y be a solution of (1.1). Since G(¢) > 0 on R, we only need to show that
G is bounded from above. So suppose that this is not the case; then there is a sequence
{tx}re; such that lim ¢, = oo and

— 00

lim G(t),) = 0o (2.5)

k—o0

It follows from (1.6) that klim F(tx) = oo, so we may assume that F'(t;) > 1 for k > 1.
—00

Hence, there exist two sequences {0y }7>; and {74 }72; with ¢, < oy < 74 such that

Glty) = Glow) = %G(Tk) 2.6)
and
G(oy) <G(t) <G(m) for op <t<m, k=1,2,... 2.7
From (1.6) and (2.7), we see that
max [F(t)=F(r,) and F(t)>1 on [0}, k. (2.8)

o <t<Ty

Now, g is locally of bounded variation, so

()] = 19(0)] < 1g() — 9(0)] < / g/ (s)] ds 2.9)

for t € [0}, 7k]. Furthermore, Lemma 2.1(i) and (2.8) imply the existence of ky €
{1,2,...} and C' > 0 (not depending on k) such that
Tk
ol < [ BEEF() + abilglo) FYO(5) fe(s)| ds
Ok
Tk
< [0+ ad Jmax |g(s)|}/ R () FY/®* D ()|e(s)| ds
<s<7k o

Tk

< C( max lg(s)| + PV () [ R(s)el)] ds

Ok

< CA;(1,) VP (1) (2.10)
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for k > k.
Letting 7 = o0} and ¢t = 73 in part (i1) of Lemma 2.1 and using (2.1), (2.2), (2.8),
(2.9), and (2.10), we obtain

|y(t)y[1](t)| < 0 F' (1) for t € [ox, Tk
and
F(r) = Flow) < P () (lao) + o)l + [ 195 ds)
-+ CAl(Tk)Fl/(p+1)(Tk)

< Fi(){2alg(0)] + 301 [ 1g(0)lds +CAi(m)} @D
0

for k > ko, where ay = ay~ Y/

a constant M > 0 such that

. It is easy to see that there is an integer k; > kg and

Tk
2ailg@) < 2( [ 19 olds+1) for k.
0
From, (1.4), (1.5), and (2.11), we obtain
F(ry) — F(og) < My A(ry) FU(73)

for k > ki, where M; = max{C, M + 3a; }. From this, (1.6), and (2.6), we have

1
§Aq1 (Tk)G(Tk) = A(h (Tk) [G(Tk) — G(Uk)] S Aql (Tk)G(Tk) — AQ1 (Uk)G(Uk)
= F(Tk) — F(O‘k) S M1A1+qq1 (Tk)Gq(Tk),
or
Gl_q(Tk) S 2M1
for k > k;. This contradicts (2.5) and completes the proof of the lemma. 0

The following result is well known in the case m = 2, however we will need it for
other not necessarily integer values.

Lemma 2.3. Letm > 0, f € C'(R,), f" be bounded on R, and

/Oo|f(t)|mdt<oo. (2.12)
0

Then

lim f(t) =0. (2.13)

t—o0
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Proof. Let M > 0 be such that
If')| <M <oo on Ry, (2.14)

limsup f(t) = N, and li{ninff(t) = N, for some N and N; with —oo < N; <
t—o0 o0

N < o0. Suppose that (2.13) does not hold. Then, in view of (2.12), we see that
—00 < N; <0,0 <N < oo, and we do not have N = N; = 0.
If N > 0, then there are sequences {t } and {t } such that

_ N _ N
ty <tp <tpit, f(tn):§7 and tn:tn—l-m for n:1,2,....
Now (2.14) implies —M < f'(t), so the function f lies above the line passing through
N _
the points [¢,, 5} and [t,,, 0], i.e.,

N

f(t) > E—M(t—tn) >0 for t€ [ty,t,].

Hence,
/0 |mdt>2/ dt>2/ t—t)}mdt

=Zm(g)m+lz‘”’

n=1

contradicting (2.12).
It N =0, then N; < 0, and a similar argument will again yield a contradiction. []

3 Strong Nonlinear Limit-circle Results

Our first result in this section gives sufficient conditions for equation (1.2) to be of the
strong nonlinear limit-circle type, as well as a necessary and sufficient condition for this
to happen.

Theorem 3.1. (i) If

e’} t wa
/ Rﬂ(t)(/ \g’(s>yds+1) dt < oo, 3.1)
0 0

then equation (1.2) is of the strong nonlinear limit-circle type.
(i1) Assume that

/oo g'(s)] ds < oc. (3.2)
0
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Then equation (1.2) is of the strong nonlinear limit-circle type if and only if

/ RP(t)dt < . (3.3)

Proof. (i) Let y be a solution of (1.2). If g is not identically constant on R, then
by [7, Lemma 2.4], there is a constant A > 0 such that

t o
:th)(/ |g’(s)|ds+1> <K for teR,. (3.4)
0

If ¢ is identically constant on R, the boundedness of (G; = F' follows from [7, Lemma
2.9]. From this, (1.3), and (3.4), we have

/OOV(t)dt:/OOR_ﬂF(t)dt
= [T ( [ el +1) e i
< K/OOO R‘B(t)</0t |g'<s)|ds+1)”2 dt < oc

by (3.1). Hence, y is of the strong nonlinear limit-circle type and part (1) is proved.
(ii) If (3.3) holds, then part (i) implies equation (1.2) is of the strong nonlinear limit-

circle type. Let
/ RP(t)dt = oo
0

Then, by [7, Lemma 2.2], there is a solution y of (1.1), a constant Cy > 0, andaty € R,
such that

3

From this and (1.3),

v )P e+ / TR () de

to to
= / RP(t)F(t)dt > %CO/ R7P(t)dt =

to to

o0

Hence, either / ly ()|} dt = oo or /Rl(t)]ym (t)° dt = oo and so y is not of the

strong nonhnear limit-circle type. ThlS proves (ii). [
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Remark 3.2. A result similar to Theorem 3.1(i), but for equation (1.1), is proved in [6,
Theorem 1 and Remark 1] if

/OO R(t)|e(t)] dt < oo (3.6)
0

holds and w, in (3.1) is replaced by ¢;. The following theorem provides a strong non-
linear limit-circle result for equation (1.1) without assuming condition (3.6) holds.

Theorem 3.3. If
/ RP()AD () dt < oo, 3.7)
0

then equation (1.1) is of the strong nonlinear limit-circle type.

Proof. Let y be a solution of (1.1). By Lemma 2.2, the function G is bounded, say
0 < G(t) < Gy < ¢ fort € R,. From this, (1.6), and (3.7), we have

/0 V() dt =+ / P+ / TR0 de
_ / TR F() dt = / TR AT (H)G(E) dE < oo,

so y is of the strong nonlinear limit-circle type. 0

A
Remark 3.4. (i) For equation (1.2), note that ¢ = w; if and only if p > T 2; in this

case q; = wo. Hence, if p > , then Theorem 3.1(i) is a special case of Theorem

A
A+2
33. If p < %4_2, then ¢; > w, and the conditions in Theorem 3.1 are weaker than
those in Theorem 3.3. In this case, (1.6) and (3.4) imply tlgélo G(t) =0.

A

) Ifp < T

condition used in Theorem 1 and Remark 1 in [6] where a result similar to Theorem
3.1(i) above was proved for the forced equation (1.1).

5 so that ¢; > wy, then condition (3.1) above is better than the

(iii) Consider Equation (1.2) with (3.2) holding. Then G(t) > F(t)(/ 1g'(s)] ds+
0

1) ' and according to [7, Lemma 2.2], there is a solution y, a constant C' > 0, and ¢y €
R such that (3.5) holds. Hence, h%n inf G(¢) > 0 and so in general the boundedness of
— 00

G cannot be replaced by 1tlim G(t) = 0in Lemma 2.2.
—00
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4 Non Strong Limit-circle Type Equations

19

In this section we give conditions that ensure equation (1.1) is not of the strong nonlinear

limit-circle type.

Theorem 4.1. Assume that

/0°° le(t)] exp {pi : /Ot JZ(S) ds} dt < co.

/Oooexp{— Otljé(is)) ds}dt:oo,

then (1.1) is not of the strong nonlinear limit-circle type.

If

Proof. For any solution y of (1.1), we see that

€O o — 1Ol ey _ gy v
T VO = Ty = e IR0

< Je(t)| R (VYD (1),

[y (t)\‘s)l/ 1)
R(t)

A straight forward calculation gives

et)

V() = () 9O + 555 v (0.

Hence, in view of (4.3),

R (t)
R

V'(t)

vV

V() = [e(®)| R (VP (E).

Setting Z = Vl/‘s, we obtain

and so

4.1)

(4.2)

4.3)
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R (1) . .
where K (t) = R Integrating and applying (4.1), we have
1 t
Z(t) exp {5 / K(s) ds}
0

> Z(0) — %R_l/‘s(()) /000 le(t)| exp {5/0 R(S ds} dt > —oo 4.4)

fort € R,.
Now, let y be a solution of (1.1) such that

R7'°(0) /Ooo |€(t)|exp{1/0t }Z_(S) ds} dt+1.

From this and (4.4), we obtain

Z(0) >

| =
[«%)

V(t) = Z°(t) zexp{ —/OtK(s)ds}, teR,.

Integrating and applying condition (4.2), we see that

/Ot V(s)ds = /Ot [% +7|y(8)!”1} ds -5 oo 45)

as t — oo, and hence, y is not of the strong nonlinear limit-circle type. This completes
the proof of the theorem. 0

In order to interpret the content of the above theorem, we first recall the definitions
of nonlinear limit-point and nonlinear limit-circle solutions as well as that of a strong
nonlinear limit-point solution.

Definition 4.2. A solution y of (1.1) is said to be of the nonlinear limit-circle type if

/ |y ()| dt < oo, (NLC)
0

and it is said to be of the nonlinear limit-point type otherwise, i.e., if

/OO ly ()M dt = 0o (NLP)
0

Equation (1.1) will be said to be of the nonlinear limit-circle type if every solution y of
(1.1) satisfies (NLC) and to be of the nonlinear limit-point type if there is at least one
solution y for which (NLP) holds.

The definition of a strong nonlinear limit-point solution was first presented in [5].
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Definition 4.3. A solution y of (1.1) is said to be of the strong nonlinear limit-point type
if

N g )
ly(t)|"™ dt = 00 and dt = 0. (SNLP)
0 o R(t)
Equation (1.1) is said to be of the strong nonlinear limit-point type if every nontrivial
solution is of the strong nonlinear limit-point type.

The properties defined above are nonlinear generalizations of the well known limit-
point/limit-circle properties introduced by Weyl [15] more than 100 years ago for second
order linear equations. Weyl’s work has generated a great deal of interest over the
last century. The nonlinear limit-point/limit-circle problem originated in the work of
Graef [10, 11] and Graef and Spikes [12]. For the history and a survey of what is known
about the linear and nonlinear problems as well as their relationships to other properties
of solutions such as boundedness, oscillation, and convergence to zero, we refer the
reader to the monograph by Bartusek, Dosla, and Graef [1] as well as the recent papers
of BartuSek and Graef [2—7] and others.

Now in the proof of Theorem 4.1, we showed that (4.5) holds. Notice that this does
not prevent y from being a nonlinear limit-circle type solution as defined in Definition
4.2 above. It is also possible that y is a strong nonlinear limit-point type solution (see
Definition 4.3).

Corollary 4.4. (i) Let

[ B, [[rwa=ce, aa [Tlewla<o. @0
o R(t) 0 0

Then (1.1) is not of the strong nonlinear limit-circle type.
(i1) Let

/0°° %(g) dt <oo and /Ooo R™Y2(t)|e(t)| dt < oo 4.7)

Then (1.1) is not of the strong nonlinear limit-circle type.

Proof. (i) The first and the third inequalities in (4.6) imply that (4.1) holds. Also,

00 t / o] t t /

R (s) } R(s) R (s)

exp —/ ds dt:/ exp —/ ds—/ —— > ds p dt

/o { o R(s) 0 o R(s) o R(s)
o "R (s) R(0)

= exp —/ ds} —=dt
/0 { o Lis) R(t)

ol [ o -

Hence, (4.2) holds and the conclusion follows from Theorem 4.1.
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(i) Now (4.2) follows from the first inequality in (4.7). Since

/Ooo}e(t)‘exp{pil/ot RI(()) ds}dt
:/Ooo|e<t);exp{ e /R’(<S)> —_ %(S)ds}dt
% R, (s o0 R(0)N /5
gexp{ﬁ/o R(i’)) ds}/o }e(t)‘(%) dt < oo,

we see that (4.1) holds, and the conclusion again follows from Theorem 4.1. ]

Theorem 4.5. Assume that there is a positive constant K such that
> t
/ Pt dt < oo and rlt) <K (4.8)
0 a(t)

fort € R.. In addition, assume that one of the following conditions holds:

@) - -
/ a YP(t)dt =00 and / e(t)dt =
0 0
or

(i) fort € Ry,

R(t) < Ry <oo, r(t)<rg<oo, le(t)]<M < oo, (4.9)
and
t ¢
—oo < lim inf/ e(s)ds < lim sup/ e(s)ds < oo. (4.10)
t—o0 0 t—00 0

Then no solution of (1.1) is of the strong nonlinear limit-circle type, and so equation
(1.1) is not of the strong nonlinear limit-circle type.

Proof. Let y be a solution of (1.1) and suppose, to the contrary, that it is of the strong
nonlinear limit-circle type. Then Definition 1.2 and the second inequality in (4.8) imply

/ ly(t)*tdt < oo and / ly/ (1) dt < . (4.11)
0 0

From this and Sz.-Nagy’s inequality (see [9, Chap. V, Theorem 1]), y is bounded on
R, , say

ly@)] < My, teRy. (4.12)
Hence, (4.8), (4.11), and Holder’s inequality imply

1

/Ooor(t)ly(t)lkdt < </OOO (D) dt)ﬁﬂ(/ooo e dt)ﬁ .
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and we see that -
/ r(t)|y(t)[ sgny(t)dt = My € R. (4.13)
0

An integration of (1.1) on [0, t] gives

U (t) = 41 (0) / r(s)ly(s)] sgmy(s) ds + / e(s)ds.  (414)

[e.o]

(i) Suppose / e(t)dt = oo; the case / e(t) dt = —oo can be handled similarly.
0

0
Then (4.13)—(4.14) imply
tlim yU(t) = 0.
—00

Hence, from this and the hypotheses in part (i),

t t
y(t) —y(0) = / y'(s)ds = / a YP(s)|y!(s)| VP sgnyltl(s)ds — 0o as t— 0.
0 0

This contradicts (4.12) and proves part (1).
(ii) Since R(t) < Ry, Definition 1.2 implies

/ Iy () |° dt < oo (4.15)
0
From (1.1), (4.9), and (4.12), we see that
(ym(t))/ isboundedon R, .
Applying Lemma 2.3 to (4.15) with f = yWandm =6 gives

lim yM(¢) = 0.

t—o00

t
Then (4.13) and (4.14) imply tlim / e(s) ds exists, which contradicts (4.10). This
— 00 t
proves part (i) and completes the proc;)f of the theorem. [

The results in this section can be reformulated as giving necessary conditions for
equation (1.1) to have a strong nonlinear limit-circle solution. For example, Theorem
4.1 could be presented as follows.

Theorem 4.6. Assume (4.1) holds. If equation (1.1) has a strong nonlinear limit-circle

solution, then .
* R, (s)
exp{— ds}dt<oo.
/o o R(s)
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S Applications and Examples

The following application of Lemma 2.2 gives global estimates on solutions of equation
(1.1) and their derivatives.

Theorem 5.1. Let y be a solution of (1.1). Then there are positive constants C and C
such that

[y(®)] < CR™ () A/ (1)
and

[Y/(0)] < Cra”s (RO (1) A/ D (1)
onR,.

The following examples show that Theorems 4.1 and 4.5 are independent of each
other even in case R(t) < Ry < 0.

Example 5.2. Consider a special case of (1.1), namely,
y' +t7(2 +sint)y® =sint, t>1. (5.1

Here, p = 1, A = 3, and a = 1. The hypotheses of Theorem 4.5(ii) are satisfied, so

equation (5.1) is not of the strong nonlinear limit-circle type. Theorem 4.1 cannot be

applied since (4.2) does not hold. To see this, let ko € {1,2,...} and let {c;};,, . and
3 5 7

{dy}7=, be sequences such that ¢, € (; + 2km, 37 + 2km), dy, € (gﬂ' + 2km, — +

cost 7 1 7

— — >0on[cg,dg], k= ko, ko+1,...,and let K = - — — > 0. Then,
Clko Clky

e R (¢ di t 1 1
/ +<)dt2/ <COS —l>dt2—_l(dk_0k)2__7—ﬂ-:](
ck R(t) ck 3 Cko 3 Cko 3 Cko

2k;7r),

and

/OooeXp{_/otJj;S) ds}dtgmiexp{_;ko/j %(S)ds}

k=ko

§C’+§:exp{—K(k—k0)}<oo,

k=ko

‘Ry(5)
where C' = / exp { — / ds} dt. Thus, (4.2) does not hold.
0 o R(s)
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The following example shows that strong nonlinear limit-circle solutions may exist
o0

even if R is positive and small and / e(t) dt exists.
0

Example 5.3. Consider the equation
3 21
Y+t = 3 gin g — §t’7/4 cost + Ef”“ sint +¢t°/%sin’¢.

Wehave p =1, A\ =3,a = 1,and r(t) = +~Y4 This equation has the strong nonlinear

limit-circle solution y(t) = ¢t~*/*sint, ¢ > 1. Note that the condition / M) dt < oo

0
00

in Theorem 4.5 is not satisfied. In addition, we see that / e(t) dt is convergent by [13,

0
Paragraph 3.761].

We conclude this paper with one final example.

Example 5.4. Consider the equation
(Iy'"~"y) + [y sgny = 0. (5.2)

1
If v > ——, then (3.2) holds, and so by Theorem 3.1(ii), equation (5.2) is of the strong
«

A+2 1 1 1
nonlinear limit circle type if and only if v > ﬂ = —. If v < ——, then

(A+1)p o] a
Theorem 4.1 implies (5.2) is not of the nonlinear limit-circle type. Hence, in summary,

(5.2) is of the strong nonlinear limit-circle type if and only if v > —.

B
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